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Goal

Establishing a strong notion of impossibility of
learning
IBinary supervised classification : Tn = {(xi, yi)}n

i=1.
IClass conditional densities are Gaussian : N (µ±,Σ).
IHigh Dimensional Setting : d/n→∞ as n→∞.
IThe optimal Bayes error does not scale with n and d.
ICan we lower bound worst case probability of error

for any classifier asymptotically?

Preliminaries

ITraining set Tn, with n iid samples from p(x, y|θ).
ILearning rule ŷTn : Rd → {−1, 1}.
IConditional Probability of error :

Pe|Tn,θ = Pr(x,y)(̂yTn(x) 6= y|Tn, θ).
IProbability of error : Pe|θ = ETn(Pe|Tn,θ).
IBayes optimal error : P∗e|θ = min

ŷ
Pe|θ.

ISet of feasible parameters to keep P∗e|θ fixed :
Θ(α) = {θ : P∗e|θ = Q(α/2)}

IWorst case probability of error :
Pe(n, d,Θ(α), ŷ) = sup

θ∈Θ(α)

Pe|θ

IGoal : Evaluation of lim inf
(d,n/d)→(∞,0)

Pe(n, d,Θ(α), ŷTn).

I It is generally known that if the number of samples n
is much less than the VC-dimension V, the learning
is impossible in the distribution free setting.

Theorem (Anthony and Bartlett, 1999)

If P∗e = c and n < V/(320ε2), then for all supervised
learning rules ŷTn, and all ε, δ ∈ (0, 1/64),

sup
p(x,y):P∗e=c

Pr(Pe|Tn,θ − c ≥ ε) ≥ δ

Major Differences in our Results

IThe set of distributions is not as large as all
distributions and is not as small as only a single
distribution.

IThe worst case is evaluated only on a subset of
Gaussian distributions in our results.

Feasible Sets for Gaussian Distribution

Iθ = (µ+, µ−,Σ) and P∗e|θ = Q
(

1
2‖Σ

−1
2(µ+− µ−)‖2

)
IΘ0(α) =

{
(µ+, µ−,Σ) : ‖Σ−1

2(µ+− µ−)‖2 = α
}

IA canonical subset of Θ0(α), which is easier to
analyze

ΘSphere(α) :=
{(

h,−h, β2I
)

: ‖h‖2 = 1, β = 2/α
}
.

Theorem (Main Result)

For any sequence of classifiers ŷTn, and α ≥ 0, we
have

lim inf
(d,n/d)→(∞,0)

Pe(n, d,ΘSphere(α), ŷTn) ≥
1
2

Discussion

IEven in the easier scenario of ΘSphere, there is no
hope to get meaningful classification.

ITrivial to show that the same result holds for
Θ0(α) ⊇ ΘSphere(α).

I It is consistent with the previous results :
I If ML estimation of µ± and Σ are plugged into the optimal

Bayes classifier, error is asymptotically not less than half
[Bickel and Levina, 2004].

ISuppose that Θ1(α) = {(h,−h,hh> + σ2I) : P∗e|h = Q(α/2)}. If
ML estimation of h is plugged into the optimal Bayes
classifier, the performance is no better than a random coin
toss asymptotically [Orten et al, 2011].

Necessary Condition on Θ for Learnability

IΘsubset := {(h,−h, β2I) ∈ ΘSphere,h ∈ H ⊆ Sd−1}.
ILet vol(H) , PrH∼U(Sd−1)(H ∈ H).

Corollary

Suppose that lim
d→∞

vol(H) exists. If for a sequence of
classifiers ŷTn,

lim sup
(d,n/d)→(∞,0)

Pe(n, d,ΘSphere, ŷTn) =
1
2

and
lim sup

(d,n/d)→(∞,0)

Pe(n, d,Θsubset, ŷTn) <
1
2

then
lim

d→∞
vol(H) = 0.

Discussion

IConsistent classifiers exist if h belongs to either of
these sparsity classes [Orten et al, 2011]:
IAssume that sorted absolute values of components of h

(h(1), . . . , h(d)) decay exponentially or polynomially fast :
Hexp =

{
h :
∣∣h(k)

∣∣ = M1(d)αk, 0 < α < 1
}

Hpoly =
{

h :
∣∣h(k)

∣∣ = M2(d)k−β, β > 0.5
}

Figure: Left : Hexp - Right : Hpoly for d = 3.
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