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Figure 1. Static correlation functions for different values of the phonon frequency
ω0/t at λ = 0.35, and for a quarter-filled band (n = 0.5). The panels show (a) the
charge structure factor, (b) the pairing correlator, (c) the spin structure factor, and
(d) the momentum distribution function. Here L = 28 and βt = 40.

upon increasing the phonon frequency, signalling competing ordering mechanisms as

well as enhanced lattice fluctuations. The linear form of the charge structure factor

at long wavelengths [see figure 1(a)] indicates a 1/r2 power-law decay of the real-space
charge correlations and hence a metallic state.

In figure 1(b), we present the pair correlation function in the onsite s-wave channel,

P (r) = ⟨∆̂†
r∆̂0⟩ , ∆̂†

r = ĉ†r↑ĉ
†
r↓ . (8)

In contrast to the density correlator which picks up diagonal order, P (r) detects off-
diagonal order characteristic of a superconducting state. In the Peierls state obtained

for classical phonons, diagonal long-range charge order leads to an exponential decay of

pairing correlations at long distances. The fluctuations resulting from a finite phonon

frequency close the charge gap, and render the pairing correlations critical. Comparing

figures 1(a) and 1(b), we see that the suppression of the 2kF charge correlations is

accompanied by an increase of the pairing correlations, especially at large distances.
A possible interpretation is that with increasing phonon frequency, the trapping of

bipolarons in the 2kF lattice modulation gives way to a “condensation” (in the usual

sense of superfluidity in one dimension) of those preformed pairs.

The above interpretation relies on the electron pairs remaining bound upon

increasing the phonon frequency. Evidence for the existence of bound pairs is provided

Peierls to superfluid crossover in the one-dimensional quarter filled Holstein model  @ 𝜆=0.35 

M.	
  Hohenadler,	
  	
  FFA.	
  J.	
  Phys.:	
  Condens.	
  Ma>er	
  25,	
  014005	
  (2013)	
  

L=28, 𝛽t=40  Charge correlation s-wave pairing correlations 

   
ω0 << t     Pairs of electrons  form a commensurate CDW (diagonal LRO).  

ω0 >> t     Pairs condense to form an s-wave superconductor  (off diagonal LRO). 
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2

FIG. 1. Honeycomb lattice and the regions A and B. In the
figure region A has a width of WA = 4.

be taken to be the dimerized Kane-Mele model. Using
the spinor notation ĉ†i =

�
ĉ†iii", ĉ

†
iii#
�

ĤT =
X

iii,jjj

ĉ†iii [tiiijjj + i�iiijjj · �] ĉjjj . (2)

The hopping matrix takes non-vanishing values be-
tween nearest neighbors of the honeycomb lattice,
iii� jjj = ±���1,±���2,±���3 (see Fig. 1), and we have imple-
mented the following dimerization:

tiiijjj =

8
<

:

�t if iii� jjj = ±���2,±���3
�t0 if iii� jjj = ±���1
0 otherwise

. (3)

The intrinsic spin-orbit term is given by

���iiijjj = �

(
(iii�rrr)⇥(rrr�jjj)
|(iii�rrr)⇥(rrr�jjj)| if iii, jjj are n.n.n.

0 otherwise
, (4)

where rrr is the intermediate site involved in the next near-
est neighbor (n.n.n.) hopping process from site iii to jjj.

The PQMC algorithm is based on filtering out the
ground state from a Slater determinant trial wave func-
tion:

| Ti =
NpY

n=1

 
NX

x=1

ĉ†xPxn

!
|0i . (5)

The trial wave function is thus defined by the rectangu-
lar N ⇥Np matrix P with Np the number of particles.
Given this trial wave function, and assuming that it is
non-orthogonal to the ground state, observables can be
obtained from

hÔi0 = lim
⇥!1

h T|e�⇥ĤÔ e�⇥Ĥ | Ti
h T|e�2⇥Ĥ | Ti

, (6)

for large but finite values of the projection parameter ⇥.
To compute the imaginary time propagation one first dis-
cretizes the imaginary time, L⇥�⌧ = 2⇥, and then car-
ries out a Trotter decomposition to isolate the Hubbard

interaction term,

e�2⇥Ĥ =
L⇥Y

⌧=1

e��⌧ĤT /2e��⌧ĤU e��⌧ĤT /2 +O(�⌧2) .

(7)
Hereafter we neglect the systematic and controllable
Trotter error [26]. The key point of the algorithm is to
use a Hubbard-Stratonovitch (HS) transformation to re-
formulate the many-body imaginary time propagator as
a sum of one-body problems by introducing an auxiliary
field. We have adopted the discrete decomposition [27],

e��⌧ U
2 (n̂iii�1)2 = �

X

s=±1

es↵(niii"�niii#) , (8)

with cosh(↵) = e�⌧U/2 and � = 1
2e

��⌧U/2. With this
transformation, the imaginary time propagation reads

e�2⇥Ĥ = �NL⇥
X

sss1···sssL⇥

L⇥Y

⌧=1

eĉ
†A(sss⌧ )ĉe��⌧ ĉ†Tĉ , (9)

with A(sss⌧ )xy = �xy siii⌧ � ↵. Recall that x = (iii�) and that
� takes the value 1 (�1) for the up (down) z-component
of the spin. For a given configuration of Ising variables,
sss ⌘ {sss1 · · ·sssL⇥}, we now have to solve a free Fermion
problem in an external space and time dependent field.
Since under a single body propagator a Slater determi-
nant remains a Slater determinant,

eĉ
†hĉ

NpY

n=1

�
ĉ†P

�
n
|0i =

NpY

n=1

�
ĉ†ehP

�
n
|0i , (10)

and the overlap of two slater determinants defined by P
and P0 is a determinant,

h 0
T| Ti = det

�
P0†P

�
, (11)

we can integrate out the fermions to obtain:

hÔi0 =
X

sss

PssshÔisss . (12)

Here,

Psss =
det (U<

sss U
>
sss )P

sss det (U
<
sss U

>
sss )

, (13)

with

U>
sss =

0

@
L⇥/2Y

⌧=1

eA(sss⌧ )e��⌧T

1

AP ,

U<
sss = P†

0

@
L⇥Y

⌧=L⇥/2

eA(sss⌧ )e��⌧T

1

A .

For a single Ising field configuration sss, Wick’s theorem
holds, such that it su�ces to compute the single particle
Green function,

Gxy(sss) ⌘ hĉ†xĉyisss =
h
U>

sss

�
U<

sss U
>
sss

��1
U<

sss

i

yx
, (14)

ρ̂A = TrBρ̂ ≡ ∫ dΦP(Φ)ρ̂A(Φ) ρ̂A(Φ) : G→GA

 Trρ̂A
n = ∫ dΦ1!dΦnP(Φ1)!P(Φn )Tr ρ̂A(Φ

1)! ρ̂A(Φ
n )⎡⎣ ⎤⎦

3

from which arbitrary observables can be computed. Fi-
nally the sum over the fields will be carried out with
Monte Carlo importance sampling. This completes our
brief review of the PQMC auxiliary field algorithm. For
further details, we refer the reader to Ref. [28].

Alternatively, we can recast the above in terms of a
density matrix,

⇢̂ ⌘ | 0ih 0| =
X

sss

Psss ⇢̂(sss) , (15)

with

⇢̂(sss) = det [1�G(sss)] e�ĉ† ln[G�1(sss)�1] ĉ ,

such that

hÔi0 = Tr
h
⇢̂ Ô

i
. (16)

The above is essentially the central result of Ref. 24 and is
a direct consequence of the validity of Wick’s theorem for
a given configuration of HS fields, as well as the formu-
lation of the density matrix for a Gaussian problem [29]
[30]. Starting from Eq. (15), the reduced density matrix
obtained by splitting the Hilbert space as H = HA ⌦HB

and tracing over HB, reads:

⇢̂A ⌘ TrHB | 0ih 0| =
X

sss

Psss ⇢̂A(sss) , (17)

with

⇢̂A(sss) = det [1�GA(sss)] e
�âaa† ln[G�1

A (sss)�1]âaa .

Here ĉ† =
⇣
âaa†, b̂bb

†⌘
and [GA(sss)]zz0 = hâ†z âz0isss is the

Green function restricted to subsystem HA [31].

B. Numerical stabilization for Renyi entropies

The nth Renyi entropy is defined as:

Sn = � 1

n� 1
lnTrHA [⇢̂nA] . (18)

To evaluate the above quantity, one introduces n replicas,
(or n independent QMC simulations) such that

e�(n�1)Sn =
X

sss1,··· ,sssn
Psssn · · ·Psss1TrHA

⇥
⇢̂A(sss

n) · · · ⇢̂A(sss1)
⇤

=
X

sss1,··· ,sssn
Psssn · · ·Psss1

nY

m=1

det [1�GA(sss
m)]

⇥ det

"
1+

nY

m=1

GA(sssm)

1�GA(sssm)

#
. (19)

Here we have made use of the identity:

Tr
h
eĉcc

†T1ĉcc · · · eĉcc†Tnĉcc
i
= det

⇥
1+ eT1 · · · eTn

⇤
and the

superscripts denote the replicas. At n = 2 one only
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FIG. 2. Renyi entanglement entropies as a function of the
regularization parameter ⇤ (a) and order n (b) for a 6 ⇥ 6
Kane-Mele Hubbard model at U/t = 2, �/t = 0.2 and t0/t = 1
and the region A defined in Fig. 1. Errorbars are smaller
than the symbol size. For these simulations, we have used a
projection parameter ⇥t = 40. This guarantees convergence
within our error-bars. For each replica, we have carried out
500⇥103 sweeps. Each sweep consists of sequentially updating
each Ising spin in the space-imaginary time lattice.

needs the knowledge of GA(sss) to compute the Renyi
entropy and one recovers Eq. (6) of Ref. [24]. For n > 2
we were not able to avoid an explicit calculation of
the inverse of GA(sss) which will also be required to
compute the entanglement spectrum. However, GA(sss)
is in general a singular matrix. To show this, let us first
consider the Green function in Eq. (14). As pointed out
in [32] the Green function in the PQMC algorithm is a
projector operator,

G2(sss) = G(sss) , (20)

such that the eigenvalues of G(sss) are given by 0 or
1. Since the Tr [G(sss)] = Np, G(sss) contains Np non-
vanishing and N � Np vanishing eigenvalues. Thereby

G�1(sss), and by the same token [1�G(sss)]�1, does not
exist. In the absence of interactions, the above is merely
stating that in the zero temperature limit the occupation
number of single-particle eigenstates is given by 1 or 0.
That G�1(sss) does not exist does not necessarily mean
that GA(sss) is singular. In fact for the half-filled case,

Sn = − 1
n −1

lnTrρ̂A
n

n-replicas 
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FIG. 1. Honeycomb lattice and the regions A and B. In the
figure region A has a width of WA = 4.

be taken to be the dimerized Kane-Mele model. Using
the spinor notation ĉ†i =

�
ĉ†iii", ĉ

†
iii#
�

ĤT =
X

iii,jjj

ĉ†iii [tiiijjj + i�iiijjj · �] ĉjjj . (2)

The hopping matrix takes non-vanishing values be-
tween nearest neighbors of the honeycomb lattice,
iii� jjj = ±���1,±���2,±���3 (see Fig. 1), and we have imple-
mented the following dimerization:

tiiijjj =

8
<

:

�t if iii� jjj = ±���2,±���3
�t0 if iii� jjj = ±���1
0 otherwise

. (3)

The intrinsic spin-orbit term is given by

���iiijjj = �

(
(iii�rrr)⇥(rrr�jjj)
|(iii�rrr)⇥(rrr�jjj)| if iii, jjj are n.n.n.

0 otherwise
, (4)

where rrr is the intermediate site involved in the next near-
est neighbor (n.n.n.) hopping process from site iii to jjj.

The PQMC algorithm is based on filtering out the
ground state from a Slater determinant trial wave func-
tion:

| Ti =
NpY

n=1

 
NX

x=1

ĉ†xPxn

!
|0i . (5)

The trial wave function is thus defined by the rectangu-
lar N ⇥Np matrix P with Np the number of particles.
Given this trial wave function, and assuming that it is
non-orthogonal to the ground state, observables can be
obtained from

hÔi0 = lim
⇥!1

h T|e�⇥ĤÔ e�⇥Ĥ | Ti
h T|e�2⇥Ĥ | Ti

, (6)

for large but finite values of the projection parameter ⇥.
To compute the imaginary time propagation one first dis-
cretizes the imaginary time, L⇥�⌧ = 2⇥, and then car-
ries out a Trotter decomposition to isolate the Hubbard

interaction term,

e�2⇥Ĥ =
L⇥Y

⌧=1

e��⌧ĤT /2e��⌧ĤU e��⌧ĤT /2 +O(�⌧2) .

(7)
Hereafter we neglect the systematic and controllable
Trotter error [26]. The key point of the algorithm is to
use a Hubbard-Stratonovitch (HS) transformation to re-
formulate the many-body imaginary time propagator as
a sum of one-body problems by introducing an auxiliary
field. We have adopted the discrete decomposition [27],

e��⌧ U
2 (n̂iii�1)2 = �

X

s=±1

es↵(niii"�niii#) , (8)

with cosh(↵) = e�⌧U/2 and � = 1
2e

��⌧U/2. With this
transformation, the imaginary time propagation reads

e�2⇥Ĥ = �NL⇥
X

sss1···sssL⇥

L⇥Y

⌧=1

eĉ
†A(sss⌧ )ĉe��⌧ ĉ†Tĉ , (9)

with A(sss⌧ )xy = �xy siii⌧ � ↵. Recall that x = (iii�) and that
� takes the value 1 (�1) for the up (down) z-component
of the spin. For a given configuration of Ising variables,
sss ⌘ {sss1 · · ·sssL⇥}, we now have to solve a free Fermion
problem in an external space and time dependent field.
Since under a single body propagator a Slater determi-
nant remains a Slater determinant,

eĉ
†hĉ

NpY

n=1

�
ĉ†P

�
n
|0i =

NpY

n=1

�
ĉ†ehP

�
n
|0i , (10)

and the overlap of two slater determinants defined by P
and P0 is a determinant,

h 0
T| Ti = det

�
P0†P

�
, (11)

we can integrate out the fermions to obtain:

hÔi0 =
X

sss

PssshÔisss . (12)

Here,

Psss =
det (U<

sss U
>
sss )P

sss det (U
<
sss U

>
sss )

, (13)

with

U>
sss =

0

@
L⇥/2Y

⌧=1

eA(sss⌧ )e��⌧T

1

AP ,

U<
sss = P†

0

@
L⇥Y

⌧=L⇥/2

eA(sss⌧ )e��⌧T

1

A .

For a single Ising field configuration sss, Wick’s theorem
holds, such that it su�ces to compute the single particle
Green function,

Gxy(sss) ⌘ hĉ†xĉyisss =
h
U>

sss

�
U<

sss U
>
sss

��1
U<

sss

i

yx
, (14)
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FIG. 4. Replica time displaced single-particle Green function (left) and the corresponding single-particle spectral function
(right) for the Kane-Mele Hubbard model at U/t = 2, �/t = 0.2 and di↵erent values of the dimerization t0/t across the transition
from the QSH insulator to the topologically trivial band insulator. In computing the single-particle spectral function we have
considered the 12⇥ 12 lattice with WA = 8. For the largest system sizes, L = 12, we have used 40⇥ 103 sweeps per replica and
set the imaginary time propagation parameter to ⇥t = 40. The spectral functions are obtained with the stochastic maximum
entropy method [38, 39].
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Relativistic Mott criticality in graphene
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We formulate the effective Gross-Neveu-Yukawa theory of the semimetal-insulator transitions on the hon-
eycomb lattice and compute its quantum critical behavior near three !spatial" dimensions. We find that at the
critical point Dirac fermions do not survive as coherent excitations and that the #1 /r tail of the weak Coulomb
interaction is an irrelevant coupling. The emergent Lorentz invariance near criticality implies a universal ratio
of the low-temperature specific heats of the metallic and the rotational-symmetry-broken insulating phase.
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I. INTRODUCTION

It is well known that the large overlap between the pz
orbitals from neighboring carbon atoms makes graphene an
excellent conductor.1 Nevertheless, one can conceive of situ-
ations in which the relative strength of the repulsive Cou-
lomb interaction between electrons would be higher so that
graphene would turn into a Mott insulator. A recent calcula-
tion suggests that just taking the graphene sheet away from
the substrate may gap out the Dirac points.2,3 If so, varying
the dielectric constant of the surrounding medium over a
sufficiently wide range could in principle be used to tune
through the metal-insulator !MI" transition in graphene. An-
other possibility would be stretching the sheet to reduce the
hopping between the pz orbitals. Such a quantum phase tran-
sition would be the analog of the Higgs mechanism for
gauge-neutral fermions in particle physics, with the Higgs
boson here as a composite field. It would represent maybe
the simplest example of fermionic quantum criticality, in
which the gapless fermions exist only near the isolated points
in the momentum space. A finite gap would also make
graphene more interesting for potential applications in
electronics.4

A unique feature of the Mott phase in graphene is that it
may come in several varieties: from the familiar Néel and
staggered-density phases,5,6 to the more exotic insulators that
break the time-reversal symmetry !TRS".7 There have been
several studies of the MI transition in graphene.2,6–12 Never-
theless, several fundamental questions still await answers.
Among these, the following qualitative issues seem particu-
larly pertinent: !1" what is the role of Dirac fermions in the
critical behavior, !2" how does the criticality depend on the
nature of the order parameter !OP" in the Mott insulator, !3"
what is the fate of fermions near the critical point, !4" is the
long-range tail of the Coulomb interaction relevant? Ques-
tions 1 and 3 echo some of the central themes of the wider
field of quantum critical phenomena,13,14 whereas the last
question, as we will argue, is related to the classic problem
of triviality of the continuum limit in nonasymptotically free-
field theories.

In this paper, we present an effective theory of the Mott
transition in graphene which allows us to address these and
related issues in a controlled and transparent way. Our action
contains both the self-interacting bosonic !or “Higgs”" OPs

and the Dirac fermions, coupled by Yukawa-like terms. It
represents a simple modification of the Gross-Neveu theory,
derived previously in the large-N limit,6 but with a crucial
feature: there is an upper critical !space" dimension in the
problem of three. This allows one to perform the !=3−d
expansion, with the Higgs and the fermionic fields at all
stages of the calculation treated on the same footing, thus
placing the Mott criticality in graphene at the same level of
rigor as the textbook "4 theory. We find the MI transition in
graphene to be of the second order, and to be governed by
the critical point laying at a finite Yukawa coupling !Fig. 1".
Although crucial for the critical behavior, Dirac fermions
acquire a small positive anomalous dimension, so that the
residue of the quasiparticle pole continuously vanishes as the
transition is approached from the metallic side. Whereas the
transition may be tuned by increasing the strength of Cou-
lomb repulsion, its #1 /r tail is in fact an irrelevant pertur-
bation to the leading order in !. We determine the depen-
dence of the critical exponents on the broken symmetry of
the Mott phase. Our analytical results compare favorably
with those of a recent numerical work.2 The emergent Lor-
entz symmetry near criticality implies the existence of a par-
ticular universal quantity: the ratio of the low-temperature
specific heats of the semimetal and of the rotationally non-
invariant insulator. Finally, possible analogies between the

�

�

�

!�"

#

FIG. 1. Schematic flow in the critical plane for Mott transitions
in graphene. For any positive bosonic quartic coupling # the tran-
sition is continuous and governed by the fermionic critical point F.
g is the Yukawa coupling between the OP and Dirac fermions. The
other marked fixed points are the Gaussian !G" and the Wilson-
Fisher !WF". The !unmarked" bicritical fixed point is unphysical, as
argued below.
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Figure 1. Static correlation functions for different values of the phonon frequency
ω0/t at λ = 0.35, and for a quarter-filled band (n = 0.5). The panels show (a) the
charge structure factor, (b) the pairing correlator, (c) the spin structure factor, and
(d) the momentum distribution function. Here L = 28 and βt = 40.

upon increasing the phonon frequency, signalling competing ordering mechanisms as

well as enhanced lattice fluctuations. The linear form of the charge structure factor

at long wavelengths [see figure 1(a)] indicates a 1/r2 power-law decay of the real-space
charge correlations and hence a metallic state.

In figure 1(b), we present the pair correlation function in the onsite s-wave channel,

P (r) = ⟨∆̂†
r∆̂0⟩ , ∆̂†

r = ĉ†r↑ĉ
†
r↓ . (8)

In contrast to the density correlator which picks up diagonal order, P (r) detects off-
diagonal order characteristic of a superconducting state. In the Peierls state obtained

for classical phonons, diagonal long-range charge order leads to an exponential decay of

pairing correlations at long distances. The fluctuations resulting from a finite phonon

frequency close the charge gap, and render the pairing correlations critical. Comparing

figures 1(a) and 1(b), we see that the suppression of the 2kF charge correlations is

accompanied by an increase of the pairing correlations, especially at large distances.
A possible interpretation is that with increasing phonon frequency, the trapping of

bipolarons in the 2kF lattice modulation gives way to a “condensation” (in the usual

sense of superfluidity in one dimension) of those preformed pairs.

The above interpretation relies on the electron pairs remaining bound upon

increasing the phonon frequency. Evidence for the existence of bound pairs is provided

Electron-phonon problem Correlation effects in helical liquids 
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FIG. 4. Replica time displaced single-particle Green function (left) and the corresponding single-particle spectral function
(right) for the Kane-Mele Hubbard model at U/t = 2, �/t = 0.2 and di↵erent values of the dimerization t0/t across the transition
from the QSH insulator to the topologically trivial band insulator. In computing the single-particle spectral function we have
considered the 12⇥ 12 lattice with WA = 8. For the largest system sizes, L = 12, we have used 40⇥ 103 sweeps per replica and
set the imaginary time propagation parameter to ⇥t = 40. The spectral functions are obtained with the stochastic maximum
entropy method [38, 39].
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