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Outline	  
•  Brief	  review	  of	  the	  gauge/gravity	  duality	  

•  Role	  of	  strong	  coupling	  in	  the	  emergence	  of	  the	  
interior	  

•  Role	  of	  entanglement	  in	  the	  shape	  of	  the	  
geometry.	  Wormholes	  and	  entanglement.	  	  

•  Vague	  similarity	  between	  tensor	  networks	  and	  
space4me	  geometry.	  	  

	  



Dynamical  
Space-time 
(General relativity) 
    string theory 

Quantum Field  
Theory  
 
Theories of quantum 
interacting particles 

Gauge/Gravity Duality  
(or gauge/string duality, AdS/CFT, holography) 



Field Theory       =    Gravity theory 

Gauge Theories, 
Yang Mills, 
Chern Simons 

Quantum Gravity 
String theory 



Example	  

•  	  Maximally	  supersymmetric	  SU(N)	  Yang	  Mills	  
theory	  	  at	  large	  N.	  (Four	  dimensional	  gauge	  theory	  with	  
some	  scalars	  and	  fermion	  fields,	  adjusted	  to	  that	  it	  has	  the	  
maximum	  amount	  of	  supersymmetry).	  	  

	  SU(N)	  	  Super	  Yang	  Mills	   string	  theory	  	  
on	  AdS5	  x	  S5	  =	  

	  	  	  	  	  	  	  increases	  as	  the	  coupling	  constant	  of	  the	  gauge	  theory	  increase	  
	  
Strong	  gauge	  theory	  coupling	  à	  	  large	  radius	  space	  =	  general	  rela4vity	  descrip4on	  	  

JM	  
R

ls



3+1	  	  	  à	  AdS5	  	  	  à	  	  	  	  radial	  dimension	  

z	   Boundary	  

Interior	  

The	  extra	  dimension	  

ds2 =
dxµdxµ + dz2

z2



Large	  N	  	  

•  Large	  number	  of	  colors	  à	  semiclassical	  
geometry	  =	  small	  GN	  

GN ∼ 1

N2



Gluon	  chains	  à	  strings	  

String	  Interac4ons	  	  	  	  	  	  	  

Effec4ve	  gluon	  interac4ons	  =	  	  g2	  N	  =	  size	  of	  quantum	  effects	  in	  the	  boundary	  	  
	  field	  theory.	  	  	  	  

(g2N)p ∼ Radius of curvature of space

Size of graviton

Effec4ve	  gauge	  theory	  coupling	  

∼ 1

N
∼

�
GN



Ordinary	  Einstein	  gravity	  theory	  	  à	  Strongly	  coupled	  field	  theory	  	  

The	  emergence	  of	  the	  bulk	  space4me	  could	  be	  understood	  completely	  within	  the	  	  
	  planar	  approxima4on	  (weakly	  coupled	  string	  theory,	  large	  N).	  	  	  
	  
We	  need	  to	  tackle	  strongly	  coupled	  systems:	  	  

Approaches	  
1)	  Integrability:	  	  Use	  very	  special	  symmetries	  of	  maximally	  supersymmetric	  Yang	  Mills	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  à	  Anomalous	  dimensions,	  amplitudes,	  etc.	  
	  
2)	  Use	  supersymmetry	  to	  compute	  special	  quan44es.	  	  	  (Sphere	  par44on	  func4ons,	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Wilson	  loops)	  
	  
3)	  Computer	  simula4ons	  	  	  (matrix	  quantum	  mechanics)	  
	  
4)	  Assume	  the	  duality	  and	  use	  it	  to	  gain	  intui4on	  about	  strongly	  coupled	  systems	  	  (AdS/QCD,	  	  
AdS/CMT	  )	  	  

Hanada	  et	  al	  

Pestun,	  Kapus4n,	  Jacobs,	  Willet,	  etc.	  

Review:	  see	  Beisert	  et	  al..	  

Large	  N	  à	  weakly	  	  coupled	  string	  theory	  in	  the	  bulk	  	  



Black	  holes	  in	  AdS	  

Thermal	  configura4ons	  in	  AdS.	  	  
	  	  
	  	   	  	  

	  	  

	  	  
	  	  

	  Entropy:	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  SGRAVITY	  =	  Area	  of	  the	  horizon	  =	  
	  SFIELD	  THEORY	  	  =	  	  
	  	  	  	  	  	  	  	  	  	  	  Log[	  Number	  of	  states]	  	  
	  

	  
Evolu4on:	  	  Unitary	  	  

Strominger-‐Vafa	  

Long	  distance	  fluctua4ons	  of	  the	  horizon	  à	  hydrodynamics	  

Interior	  	  =	  ?	  



Conclusions	  

•  Numerics	  can	  give	  interes4ng	  checks	  of	  the	  
duality.	  	  

•  It	  could	  help	  us	  understand	  bejer	  the	  
emergence	  of	  a	  local	  theory	  in	  the	  bulk.	  	  

•  The	  duality	  could	  also	  serve	  as	  an	  interes4ng	  
test	  case	  for	  new	  numerical	  techniques.	  	  



Entanglement	  and	  the	  gauge/gravity	  
duality	  



Entanglement	  in	  QFT	  

•  In	  QFT	  the	  vacuum	  is	  a	  very	  entangled	  state	  of	  
the	  fundamental	  degrees	  of	  freedom.	  

•  Most	  of	  this	  entanglement	  is	  short	  range.	  	  

•  There	  is	  interes4ng	  QFT	  informa4on	  in	  the	  
dots	  (c,	  f	  theorems)	  

A	   SA =
Area

�2
+ · · ·

Cassini	  Huerta	  



A	  

Minima	  area	  surface	  in	  the	  bulk	  

Ryu-‐Takayanagi	  	  
(Hubeny,	  Rangamani	  ..)	  	  	  	  	  	  
	  	  	  

SA =
Aminimal

4GN
Leading	  order	  in	  GN	  expansion	  

Fursaev,	  Headrick,	  	  
	  Lewkowycz,	  JM	  	  

This	  a	  generaliza4on	  of	  the	  Bekenstein-‐Hawking	  
	  formula	  for	  black	  hole	  entropy	  



Quantum	  correc4on	  

Sq = SBulk entanglement + · · ·
A	  

AB	  

Define	  a	  bulk	  region	  AB	  	  ,	  inside	  the	  minimal	  surface.	  	  
	  
Compute	  the	  entanglement	  of	  the	  bulk	  quantum	  fields	  between	  AB	  and	  the	  rest	  
	  of	  the	  space4me.	  

SA =
Area + α� corrections

4GN
+ Sq

Faulkner,	  Lewkowycz,	  JM	  



Some	  lessons	  

•  Entanglement	  is	  computed	  by	  a	  geometric	  
construc4on.	  	  

•  But	  many	  other	  observables	  are	  also	  
computed	  by	  the	  bulk	  geometry.	  	  

•  We	  think	  that	  the	  bulk	  geometry	  reflects	  more	  
directly	  the	  pajerns	  of	  entanglement	  of	  the	  
gauge	  theory.	  	  



A	  more	  dras4c	  example	  



	  Eternal	  AdS	  black	  hole	  
two interior regions. It is important not to confuse the future interior with the left exterior.

Sometimes the left exterior is referred colloquially as the “interior” of the right black hole,

but we think it is important not to do that. Note that no signal from the future interior

can travel to either of the two exteriors.

Interior
Future

Past 
Interior

L R

Left

Exterior
Right

Exterior

Figure 1: Penrose diagram of the eternal black hole in AdS. 1 and 2, or Left and Right,
denote the two boundaries and the two CFT’s that the system is dual to.

The system is described by two identical uncoupled CFTs defined on disconnected

boundary spheres. We’ll call them the Left and Right sectors. The energy levels of the

QFT’s En are discrete. The corresponding eigenstates are denoted |n�L, |n�R. To simplify

the notation the tensor product state |n�L ⊗ |m�R will be called |n, m�.
The eternal black hole is described by the entangled state,

|Ψ� =
�

n

e
−βEn/2|n, n� (2.1)

where β is the inverse temperature of the black hole. The density matrix of each side is a

pure thermal density matrix.

This state can be interpreted in two ways. The first is that it represents the thermofield

description of a single black hole in thermal equilibrium [6]. In this context the evolution of

the state is usually defined by a fictitious thermofield Hamiltonian which is the difference

of Hamiltonians of the two CFTs.

Htf = HR −HL. (2.2)

The thermofield hamiltonian (2.2) generates boosts which are translations of the usual

hyperbolic angle ω. One can think of the boost as propagating upward on the right side

4

Entangled	  state	  in	  	  
two	  non-‐interac4ng	  	  
CFT’s.	  	  

Israel	  
JM	  

|Ψ� =
�

n

e−βEn/2|En�CPT
L × |En�R
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where β is the inverse temperature of the black hole. The density matrix of each side is a

pure thermal density matrix.

This state can be interpreted in two ways. The first is that it represents the thermofield

description of a single black hole in thermal equilibrium [6]. In this context the evolution of

the state is usually defined by a fictitious thermofield Hamiltonian which is the difference

of Hamiltonians of the two CFTs.

Htf = HR −HL. (2.2)

The thermofield hamiltonian (2.2) generates boosts which are translations of the usual

hyperbolic angle ω. One can think of the boost as propagating upward on the right side

4

Area

4GN
= Entanglement	  entropy	  

|Ψ� =
�

n

e−βEn/2|En�CPT
L × |En�R



•  We	  generate	  a	  spa4al	  connec4on	  despite	  the	  
fact	  that	  the	  two	  quantum	  field	  theories	  are	  
not	  interac4ng	  in	  any	  way.	  	  

•  Just	  entanglement	  (of	  the	  right	  type)	  has	  
created	  a	  geometric	  connec4on.	  	  



Wormholes	  	  



	  Eternal	  black	  hole	  

Figure 2: Maximally extended Schwarzschild spacetime. There are two asymptotic regions.
The blue spatial slice contains the Einstein-Rosen bridge connecting the two regions.

not in causal contact and information cannot be transmitted across the bridge. This can

easily seen from the Penrose diagram, and is consistent with the fact that entanglement

does not imply non-local signal propagation.

(a) (b)

Figure 3: (a) Another representation of the blue spatial slice of figure 2. It contains a neck
connecting two asymptotically flat regions. (b) Here we have two distant entangled black
holes in the same space. The horizons are identified as indicated. This is not an exact
solution of the equations but an approximate solution where we can ignore the small force
between the black holes.

All of this is well known, but what may be less familiar is a third interpretation of the

eternal Schwarzschild black hole. Instead of black holes on two disconnected sheets, we

can consider two very distant black holes in the same space. If the black holes were not

entangled we would not connect them by a Einstein-Rosen bridge. But if they are somehow

created at t = 0 in the entangled state (2.1), then the bridge between them represents the

entanglement. See figure 3(b). Of course, in this case, the dynamical decoupling is not

7

ER	  bridge	  

Maximally	  extended	  Schwarzschild	  geometry	  
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All of this is well known, but what may be less familiar is a third interpretation of the

eternal Schwarzschild black hole. Instead of black holes on two disconnected sheets, we

can consider two very distant black holes in the same space. If the black holes were not

entangled we would not connect them by a Einstein-Rosen bridge. But if they are somehow

created at t = 0 in the entangled state (2.1), then the bridge between them represents the

entanglement. See figure 3(b). Of course, in this case, the dynamical decoupling is not

7

Einstein-‐Rosen	  bridge	  



Wormhole	  interpreta4on.	  
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7
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All of this is well known, but what may be less familiar is a third interpretation of the

eternal Schwarzschild black hole. Instead of black holes on two disconnected sheets, we

can consider two very distant black holes in the same space. If the black holes were not

entangled we would not connect them by a Einstein-Rosen bridge. But if they are somehow

created at t = 0 in the entangled state (2.1), then the bridge between them represents the

entanglement. See figure 3(b). Of course, in this case, the dynamical decoupling is not

7

Non	  travesable	  
	  
No	  signals	  	  
	  
No	  causality	  viola4on	  	  

Fuller,	  Wheeler,	  Friedman,	  Schleich,	  Wij,	  Galloway,	  Wooglar	  	  



	  ER	  =	  EPR	  	  
	  

Entangled	  black	  holes	  in	  the	  same	  
space4me	  

Figure 2: Maximally extended Schwarzschild spacetime. There are two asymptotic regions.
The blue spatial slice contains the Einstein-Rosen bridge connecting the two regions.

not in causal contact and information cannot be transmitted across the bridge. This can

easily seen from the Penrose diagram, and is consistent with the fact that entanglement

does not imply non-local signal propagation.

(a) (b)

Figure 3: (a) Another representation of the blue spatial slice of figure 2. It contains a neck
connecting two asymptotically flat regions. (b) Here we have two distant entangled black
holes in the same space. The horizons are identified as indicated. This is not an exact
solution of the equations but an approximate solution where we can ignore the small force
between the black holes.

All of this is well known, but what may be less familiar is a third interpretation of the

eternal Schwarzschild black hole. Instead of black holes on two disconnected sheets, we

can consider two very distant black holes in the same space. If the black holes were not

entangled we would not connect them by a Einstein-Rosen bridge. But if they are somehow

created at t = 0 in the entangled state (2.1), then the bridge between them represents the

entanglement. See figure 3(b). Of course, in this case, the dynamical decoupling is not

7

L	   R	  dlong	  
dshort	  

�φφ� = 1

d2short



How	  to	  arrange	  a	  forbidden	  mee4ng	  
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7

Bob	  Alice	  



the stretched-horizon and zone of the black hole. Whether or not they were initially

scrambled, after a time of order M logM they will become scrambled and therefore highly

entangled in all combinations. It seems reasonable to expect the nucleus of figure 12 will

evolve into the interior of the black hole. In other words after the scrambling time (but long

before the Page time) the interior of the black hole is the Einstein-Rosen bridge system

that connects the massively entangled near-horizon system of a black hole.

3.6 Hawking Radiation

The Hawking radiation of a black hole is a scrambled cloud of radiation entangled with

the black hole. The obvious configuration of the Einstein-Rosen bridge would resemble

the standard two-black-hole case except that Alice’s black hole would be replaced by the

Hawking radiation. We can draw a very impressionistic cartoon of the black hole connected

to the radiation by a Einstein-Rosen bridge with many exits, see figure 13.

Black holeBlack hole

.

Hawking radiationBlack hole

Figure 13: Sketch of the entanglement pattern between the black hole and the Hawking
radiation. We expect that this entanglement leads to the interior geometry of the black
hole.

Another representation is shown in figure 14. This figure shows only the geometrical

Einstein-Rosen bridge part of space. On the far left the interior of a young, one-sided black

hole is shown. The black circle represents the horizon which should be identified with the

horizon as seen from the exterior side. In the beginning there is no Hawking radiation.

As we move to the right Hawking quanta are emitted, and since they are entangled with

the black hole, they have to be connected to the bridge. The red dots represent the places

where the Hawking quanta connect to the main body of the bridge. The earlier quanta

are to the right of the later quanta. The green circles represent slices through the bridge

that divide the system into two parts. To the right of the circle the quanta were emitted

21

Black	  hole	  +	  radia4on	  ?	  	  

We	  do	  not	  really	  know	  what	  this	  picture	  means,	  except	  to	  say	  that	  it	  is	  possible	  	  
to	  send	  signals	  behind	  the	  horizon	  by	  manipula4ng	  the	  radia4on.	  	  



Conclusions	  

•  Entanglement	  can	  be	  computed	  simply	  at	  
strong	  coupling	  à	  Minimal	  areas.	  	  

•  Generaliza4ons	  of	  the	  Hawking	  Bekenstein	  
black	  hole	  entropy	  formula.	  	  

•  ER	  =	  EPR:	  Entanglement	  can	  produce	  a	  
geometric	  connec4on	  (view	  it	  as	  a	  constraint	  
on	  quantum	  gravity	  theories).	  	  



Tensor	  networks	  and	  geometry	  



Ψ(s1, · · · , sn) = Tr[T1,s1T2,s2 · · ·Tn,sn ]

s1 s2

si

Ts1 Ts2 Tsi

Matrix	  product	  states	  



Scale	  invariant	  wavefunc4ons	  (MERA)	  

Each	  vertex	  is	  a	  five	  index	  tensor.	  	  	  Each	  line	  is	  an	  index	  contrac4on.	  	  

Indices	  à	  not	  ``real’’	  states.	  	   Vidal	  



This	  is	  similar	  to	  the	  geometry	  of	  AdS	  	  

Think	  of	  the	  tensors	  as	  represen4ng	  
	  the	  AdS	  vacuum	  wavefunc4on.	  	  
	  
Tensor	  index	  contrac4ons	  à	  entanglement	  

Swingle	  



Entanglement	  &	  structure	  of	  space	  

Ryu-‐Takayanagi	  	  
Minimal	  surface	  



Conformal	  invariant	  system	  in	  a	  state	  
with	  a	  mass	  gap.	  	  

	  
eg:	  AdS	  space	  with	  an	  end	  of	  the	  world	  

brane	  in	  the	  IR	  



Time	  dependence	  

I	  

Start	  with	  a	  state	  with	  a	  gap	  and	  evolve	  it.	  	  
Eg.	  Brane	  in	  Ads	  that	  falls	  into	  a	  black	  hole	  

Penrose	  
diagram	  

brane	  

boundary	  
horizon	   t=0	  



I	  

brane	  

boundary	  

Penrose	  
diagram	   t>0	  

Time	  evolu4on	  produces	  a	  wavefunc4on	  that	  can	  be	  represented	  as	  	  a	  geometry	  which	  	  
Is	  simply	  longer.	  	  

Hartman	  &	  JM	  



I	  

brane	  

boundary	  
t>0	  

Addi4on	  of	  par4cles	  à	  changes	  in	  the	  tensors	  



Spa4al	  direc4on	  along	  horizon	  	  





Captures	  bejer	  the	  entanglement	  patern.	  	  
	  Seems	  more	  similar	  to	  the	  ``nice	  slices’’,	  which	  expand.	  The	  two	  horizons	  moving	  away…	  
	  



Conclusions	  
•  There	  are	  similari4es	  between	  tensor	  networks	  
and	  geometry.	  	  	  

•  Both	  are	  construc4ons	  of	  the	  wavefunc4on	  
and	  are	  constrained	  by	  the	  pajerns	  of	  
entanglement.	  	  	  

•  In	  the	  case	  of	  black	  holes,	  it	  might	  help	  for	  
understanding	  the	  interior.	  

•  Growth	  of	  interior	  à	  need	  to	  add	  more	  
tensors	  for	  describing	  the	  increasing	  
complexity	  of	  the	  wavefunc4on.	  	  	  


