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Abstract

We propose a notion called “self-accessibility” to study repeated games with
possibly asymmetric discounting, but without public randomization devices
(PRDs). We show that existing techniques for studying repeated games with
symmetric discounting do not extend to the asymmetric case without PRDs.
However, self-accessibility delivers an exact folk theorem: Any given point in
the interior of the feasible and strictly individually rational (FSIR) set of the
stage-game can be supported in equilibrium without PRDs, for any sequence
of discount factor vectors provided the pairwise ratios of discount rates are
bounded and each discount factor is close enough to one. For two-player games,
we identify points outside the FSIR set that can be supported in equilibrium
when discounting is small and asymmetric. Unlike the traditional approach,
our methods are constructive, leading to computational algorithms; they also
simplify proofs of older results in the special case of symmetric discounting.§

Keywords: Repeated Games, Folk Theorems, Asymmetric Discounting, Public Randomization

∗International Maritime Business Department, Massachusetts Maritime Academy and Economics
Department, Boston University.
†Economics Department, Boston University.
§We thank Drew Fudenberg, Michael Manove, Eric Maskin, Andy Newman, Jawwad Noor, Wo-

jciech Olszewski, Juan Ortner, Phil Reny, Larry Samuelson, and Satoru Takahashi for helpful com-
ments. We are grateful to Bart Lipman and Hsueh-Ling Huynh for numerous discussions, and to
Beixi Zhou for research assistance. All errors are ours.



1 Introduction

Folk theorems can be construed as the foundation of the argument that self-interested
agents may ‘cooperate’ with one another precisely because the myopic gain from op-
portunism is offset by drastic retribution in the future. Fudenberg and Maskin (1986),
hereafter FM 1986, established the discounted perfect folk theorem: Any feasible and
strictly individual rational (hereafter FSIR) payoff profile is the discounted sum of
payoffs arising in a subgame perfect Nash equilibrium (hereafter SPNE) of the re-
peated game, if each player’s discount factor is high enough. This paper is concerned
with two critical assumptions made by FM 1986. The first is the availability of a
public randomization device (hereafter PRD), which is used to convexify the feasible
set. The second is the assumption that all players have the same discount factor.

We establish the first (exact) folk theorem that permits asymmetric discounting while
dispensing with PRDs. Specifically, we show that any given point in the interior of
the feasible and strictly individually rational (FSIR) set of the stage-game can be
supported in equilibrium, for any sequence of discount factor vectors provided the
ratio of discount rates stay bounded and each discount factor is close enough to
one. The key to our proofs is a new geometric concept – self-accessibility – which
not only tackles both equal and unequal discounting, but also readily translates into
computational algorithms.

Dispensing with PRDs is not a minor addendum because it is problematic to argue
that all players have access to a correlating device fine enough to realize all FSIR
payoffs. One way out of this difficulty is to impose additional conditions on the
stage-game and then use communication among players to construct a correlation
device; see Forges (1986) and Ben-Porath (1998) for example. However, communica-
tion exposes players to charges of collusion, and, in industrial organization contexts,
runs foul of anti-trust regulations. Assuming symmetric discounting is unwarranted
too, in our opinion. If individuals are allowed to have non-identical utility functions
defined over goods, why hold them to identical time preferences? Indeed, asymmetric
discounting is the raison d’être of the reputation literature, where a relatively patient
player with private information plays against one or more relatively impatient play-
ers. Yet, paradoxically, the complete-information literature has given less attention
to asymmetric discounting.
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To establish a given FSIR payoff as an equilibrium payoff without resorting to PRDs,
two questions must be addressed. The first is: Is this payoff feasible in the repeated
game using only pure actions? If this is answered in the affirmative, the second
question is: Is this an equilibrium (SPNE) payoff? We shall henceforth call these
questions those of attainability and sustainability respectively; of course, sustainability
is not relevant without attainability.

Fudenberg and Maskin (1991), hereafter FM 1991, was the first paper to explore
the consequences of dropping PRDs under symmetric discounting. Attainability is
ensured by their Lemma 1, a result they credit to Sylvain Sorin and one important
in its own right for its geometric insight. It shows that if a polytope in Rn has L
vertices, then for a discount factor δ ≥ 1 − 1/L any point in the polytope may be
represented as the discounted sum of an infinite sequence of these vertices. Going
from attainability to sustainability requires work; the sequence of pure actions given
by Sorin’s lemma may not be an equilibrium path. The standard text Mailath and
Samuelson (2006) notes that, “Dispensing with public correlation by inserting these
sequences as continuation outcome paths whenever needed in the folk theorem strate-
gies does not give us an equilibrium. The difficulty is that some of the continuation
values generated by these sequences may fail to be even weakly individual rational.”
Lemma 2 of FM 1991 uses Sorin’s lemma and shows that the representation may be
done to keep all continuation payoffs near the target payoff when the common dis-
count factor is high enough. This lemma leads to a folk theorem without PRDs but
with equal discounting. However, complications may arise when the game is repeated
finitely many times without PRDs; see Olszewski (1998) for a class of games where
folk theorem type results do not hold.

We introduce the the recursion-based notion of “self-accessibility” to address both
attainability and sustainability simultaneously. For exposition restrict attention to
symmetric discounting. Let C be the finite set of payoffs of pure action profiles of
a stage-game G. The convex hull of C is the feasible set F . A set S ⊂ F is self-
accessible if there is a δ ∈ [0, 1) such that any point x ∈ S can be represented as
a convex combination of a point in C and another point in S itself, with weight
δ on the latter. Suppose S is self-accessible and contains the FSIR payoff x; write
x = (1−δ)c+δy, where c ∈ C and y ∈ S. Now we can write y itself as another convex
combination of a point in C and another point in S. Repeating this argument, x can
be written as the discounted sum of points in C, allowing us to attain all payoffs in S
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without using a PRD when G is repeated, thus ensuring attainability. Furthermore,
if S is small, all continuation payoffs are close to x and hence in the FSIR set,
facilitating sustainability. We show that any closed ball (of non-zero radius) in the
relative interior of a convex polytope X is self-accessible for a high enough discount
factor. This in turn generates a straightforward proof of the main result in FM 1991
without appealing to Sorin’s lemma.

The geometric nature of self-accessibility makes it easy to translate our proofs into
algorithms for computing a discount factor bound above which a given FSIR payoff
point is attainable even without a PRD. Solving a simple non-linear programming
problem (NLP) gives such a bound. Yamamoto (2010) shows that even for large
enough common discount factors, the set of SPNE payoffs is non-convex, i.e. it
contains “holes”; our algorithm, aided by the constructive nature of the equilibrium
strategies, can deliver a bound such that if the common discount factor lies above
this bound, the target payoff will not fall in one of those holes.

At the other end of the spectrum, a small body of research has examined the effect
of dropping the symmetric discounting assumption, while maintaining the availabil-
ity of PRDs. Lehrer and Pauzner (1999) have explored the general theoretical case
identifying the frontier of the attainable set when all players are patient, keeping
fixed the ratios of discount rates. Their key insight is that temporal tradeoffs due to
differential time preferences may allow this frontier to extend well beyond the feasible
set of the stage-game. Sugaya (2010) extends these results to imperfect-monitoring
repeated games with an arbitrary number of players, using a “self-generation” argu-
ment originally advanced in Abreu, Pearce and Stachetti (1990).1 In applied settings,
Harrington (1989) and Haag and Lagunoff (2007) have examined the impact of dif-
ferential discounting, the former exploring price-setting oligopolies, and the latter
studying collective effort-expending games.2

That strange things can happen when we drop both assumptions has only been re-
cently noted. For example, Salonen and Vartiainen (2008) find a 2-player repeated
game where the attainable payoff set is totally disconnected,3 and the Pareto frontier
function is totally discontinuous under asymmetric discounting although the discount

1Chen and Fujisighe (2013) offer results about attainable outcomes and their monotonicity prop-
erties for two-player finitely repeated games.

2Since the last two have continuous action spaces, the absence of PRDs does not pose challenges.
3A set is totally disconnected if its only connected subsets are empty sets or singletons.
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factors are close to unity! Recently, Chen and Takhashi (2012) proved an asymmet-
ric folk theorem when players become patient keeping constant the pairwise ratios
of the logarithms of the corresponding discount rates; however, without a PRD an
approximate, rather than exact, folk theorem obtains. Unfortunately, we cannot bor-
row existing techniques to prove an exact asymmetric folk theorem without PRDs.
An explicit example in Section 4 shows why: the natural extension of Sorin’s lemma
under asymmetric discounting fails. Thus the standard machinery does not work,
even when all discount factors are arbitrarily large. Fortunately, the situation is not
as negative as it might seem at first blush; the natural asymmetric extension of self-
accessibility leads to our asymmetric folk theorem. This leads to another interesting
insight: we are able to demonstrate a ‘super-folk’ theorem type of result à la Lehrer-
Pauzner (but without the use of PRDs), which shows that for two player games,
‘almost’ all payoff vectors where each coordinate is between the minmax payoff and
the maximum possible payoff of the corresponding player is also supportable in an
SPNE for small enough discounting, provided we are allowed to choose the ratio of
the discount rates.4

The paper is structured as follows. In the next section, we formally define self-
accessibility and provide an example from the field of marketing to illustrate the
basic ideas behind the concept and how it may be used to compute good bounds on
discount factors needed to support certain desirable outcomes when players do not
have access to PRDs. Section 3 uses self-accessibility to prove an improved version of
Sorin’s lemma and the folk theorem in FM 1991; it also provides a computational algo-
rithm for determining discount factors that make balls in affine spaces self-accessible.
Section 4 extends these insights to the asymmetric discounting case; after demon-
strating the difficulties in extending Sorin’s lemma to this situation, it delivers an
asymmetric folk theorem. Section 5 demonstrates the super-folk theorem described
above and in section 6, we explore self-accessibility of sets which are not necessarily
‘ball-like’ in any space. Section 7 concludes. Some of the proofs are relegated to the
appendix.

4The qualifier ‘almost’ precludes payoff vectors that cannot be projected into the FSIR set along
either coordinate.
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2 Self-Accessibility and a Motivating Example

2.1 Self-accessibility

This section defines self-accessibility.5 The affine hull of a set X ⊂ Rn is

aff (X) :=
{

k∑
l=1

λlxl
∣∣∣∣∣xl ∈ X,

k∑
l=1

λl = 1, k ∈ N
}
.

If λl ≥ 0 above, we obtain the convex hull of X, denoted as co(X). For x ∈ X,
the affine (closed) ball in X with center x and radius r is BX(x, r) := {y ∈ aff (X) :
d (y,x) ≤ r}, while B(x, r) denotes the usual (closed) ball in Rn. The relative interior
of X is6

relint(X) := {x : ∃ r > 0 such that BX(x, r) ⊂ X}.

To gain some intuition for the definition below, let C ⊂ Rn be a subset of the pure-
action payoff profiles of a normal-form stage-game with n players. Consider any affine
ball S in the (relative) interior of X := co(C). For some x ∈ S, suppose that we can
find c ∈ C, y ∈ S and δ ∈ [0, 1) such that x = (1− δ) c + δy. This is a “dynamic
programming decomposition” of the target payoff x, with the restrictions that the
current payoff c is generated by a pure action profile and the continuation payoff y
lies in the set S itself. Note that the set of permissible δ’s can vary with the point
x. Requiring a uniform δ in [0, 1) to work for all points in X leads to the concept
of self-accessibility. The definition below states this formally, and applies to possibly
asymmetric discounting.

Definition. Let C ⊂ Rn be a finite set. A set S ⊂ co(C) is said to be self-accessible
relative to C for a vector δ = (δ1, . . . δn) ∈ [0, 1)n if for any x ∈ S there exists y ∈ S
and c ∈ C such that xj = (1− δj)cj + δjyj for j = 1, . . . , n.7

5In what follows vectors are boldfaced while scalars and sets are not. Sequence indices are denoted
by superscripts and sometimes they are enclosed in parentheses to distinguish them from exponents
or from another sequence denoted by the same letter. As an example, cl may denote the l-th vertex
of a polytope C, while {c(t)} may denote an infinite sequence of vertices each element of which is a
cl for some l. Coordinates of vectors are denoted by subscripts.

6When X = co(C), where C = {c1, . . . , cL}, and every point in C is an extreme point of X, then
each point in relint(X) has λl > 0, i.e. relint(X) =

{∑L
l=1 λ

lcl
∣∣∣λl > 0,

∑L
l=1 λ

l = 1
}
.

7When there is no scope of confusion about C, we will sometime abuse terminology and call a
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Why is self-accessibility useful for dispensing with PRDs? Let S ⊂ co(C) be self-
accessible for δ. Fix any x in S. From self-accessibility of S it follows that there
exists c(0) ∈ C such that xj = (1 − δj)c(0)

j + δjy
1
j for each j; since y1 is also in S

we can write y1
j = (1 − δj)c(1)

j + δjy
2
j for each j. By induction there is a sequence of

vertices {c(t)}t≥0 such that

xj = (1− δj)
τ∑
t=0

δtjc
(t)
j + δτ+1

j yτ+1
j ∀j, ∀τ.

Since 0 < δj < 1 and S is bounded, we have ‖ δτj yτ+1
j ‖→ 0 as τ → ∞. Hence any

point x in S has an expansion xj = (1− δj)
∑∞
t=0 δ

t
jc

(t)
j .

We now illustrate the usefulness of this notion using a practical example with sym-
metric discounting, where we explicity compute a discount factor that supports a
salient payoff point in equilibrium.

2.2 An Example: Pulse Advertising

In the marketing literature it is well-known that brands typically engage in out-of-
phase “pulse advertising”: when one brand is spending substantial amount of ad-
vertising dollars, others are relatively silent.8 Villas-Boas (1993) explains this via
supergame models where advertising creates awareness and “consideration” among
customers; in Horsky and Freimer (2010) advertising attracts customers away from
competitors. These papers usually study Markov-perfect equilibria. We use a re-
peated two-player advertising game to illustrate our algorithm for achieving a target
payoff vector as an equilibrium payoff, without the use of PRDs. In our equilibria,
both players never advertise simultaneously.

Example 1. Each of two firms simultaneously decides whether to advertise (A) or
not (N). In every period there are 20,000 potential customers, each with unit demand
and a reservation price of $1. If only one brand advertises, it gets the whole market;
otherwise the market is divided equally. The production cost of each unit is 50 cents;

set “self-accessible” when we mean that it is self-accessible relative to C for δ = δι, where δ < 1
and ι is a vector of ones. Note that if S is self-accessible relative to C for δ, then it is self-acessible
relative to any superset of C for the same δ.

8See Dube, Hitsch and Manchanda (2005) for evidence in the frozen dinner market (their Figure
1); see also Villas-Boas (1993).
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the advertising costs for brand 1 and 2 are $1000 and $3000 respectively. This leads
to payoffs (in units of $1000) given in the matrix below.

A N
A ( 4, 2) (9, 0)
N (0, 7) ( 5, 5)

Henceforth, we refer to the payoff vectors (4, 2), (9, 0), (5, 5) and (0, 7) as a, b, c and d
respectively (see Figure 1). In this asymmetric prisoners’ dilemma game the unique
dominant strategy equilibrium (A,A) is inefficient. Can we support the (efficient)
Nash bargaining payoff vector n = (5.700, 4.125), a convex combination of c and b
with respective weights .825 and .175, in an SPNE of the repeated game without
PRDs?9

1
2
3
4
5
6
7

1 2 3 4 5 6 7 8 9

c

b

a

d

ln
r

Figure 1: Pulse advertising when only c and b are played
(with continuation payoffs always in the segment lr)

We first find a discount factor above which it is possible to generate the payoff n via
play of pure actions only. Choose a one-dimensional ball S ⊂ co({b, c}) containing
n, with extreme points l and r (l being the one closer to c). Let l = λ(5, 5) +

9The point n is the Nash bargaining solution where the shaded feasible set is the possible set of
agreements, with the minmax point a acting as the disagreement point. Given that the firms are
asymmetric, (N,N) probably is not the most salient or fair choice.
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(1 − λ)(9, 0) = (9 − 4λ, 5λ) and r = µ(5, 5) + (1 − µ)(9, 0) = (9 − 4µ, 5µ) with the
requirements

λ ≥ .825 and µ ≤ .825 (2.1)

to ensure that l is closer to c than n and r is closer to b than n, i.e. to ensure that
n ∈ S. We shall find a cutoff δ above which S is self-accessible (relative to {b, c}).

Any x ∈ S can be written as θ(5, 5) + (1 − θ)(9, 0) = (9 − 4θ, 5θ), with µ ≤ θ ≤ λ.
Let δ(x, c) be the lowest value of δ in [0, 1] such that x = (1 − δ)c + δy, for an
arbitrary point y ∈ S; since the farthest continuation payoff within S is r, δ(x, c)
solves x = (1 − δ)c + δr = (1 − δ)(5, 5) + δ(9 − 4µ, 5µ), and therefore δ(x, c) =
(1 − θ)/(1 − µ). Similarly, δ(x, b) = θ/λ. If the discount factor δ is at least as
much as δ∗(x) = min{δ(x, b), δ(x, c)}, then x can be attained by playing the action
profile corresponding to either b or c with the continuation payoff lying in S. Now
consider the maximum of δ∗(x) as x varies over S; it is clear that when a discount
factor exceeds this bound, S becomes self-accessible, and every point in S can be
written as a discounted infinite sum of vertices b and c. Finally, note that if this
maximum is achieved for a certain x, it must be the case that δ(x, b) = δ(x, c), i.e.
(1− θ)/(1−µ) = θ/λ. Eliminating θ and then substituting in either expression gives
the needed bound:

δ := max
x∈S

δ∗(x) = max
x∈S

min{δ(x, b), δ(x, c)} = 1
1− µ+ λ

, (2.2)

where µ and λ define the end points of the ball S. If δ ≥ δ (and (2.1) holds), n
can be attained by playing a sequence of actions from the set {(A,N), (N,N)}. We
now examine additional conditions to support this path in equilibrium by punishing
deviations by Nash reversion to (N,N) once and for all.

Players’ continuation payoffs should not fall below their individually rational payoff
levels, i.e. 4 and 2 respectively. Since S lies to the right of (4, 2), this holds for player
1. For player 2 individual rationality requires

5µ ≥ 2. (2.3)

Finally, we need two incentive compatibility constraints so that receiving the worst
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payoff in the ball for one period is at least as good as receiving the best payoff in the
game once and being minimaxed forever afterwards:

9− 4λ ≥ 9(1− δ) + 4δ, (2.4)
5µ ≥ 7(1− δ) + 2δ. (2.5)

The minimum δ satisfying (2.1), (2.2), (2.3), (2.4), (2.5) is .761, and the corresponding
ball S is given by λ = .952, µ = .639. This suggests that above a reasonable discount
factor we can attain the payoff n in an SPNE where one firm always advertises and
the other never does.

Example 2. Modify the previous example by assuming that if no firm advertises
40% of the customers are lost (they will not buy a product from a firm they have not
heard of, and will migrate to an imperfect substitute). This gives the following game.

A N
A ( 4, 2) (9, 0)
N (0, 7) ( 3, 3)

Now, the Nash bargaining point lies on a line segment joining b and d, the payoffs
corresponding to action profiles (A,N) and (N,A). As in Example 1, we can find a
δ to support n; the critical δ works out to be .887 (with the critical λ and µ being
.493 and .366 respectively). Now, in each period exactly one firm advertises.10

While these two-player examples illustrate our approach and demonstrate its com-
putational advantages, they are special in many ways. How do we compute bounds
on discount factors to make higher-dimensional balls self-accessible? Propositions 2
and 3 address this issue. Also, there may not be an action profile that minmaxes all
players, and player-specific punishments may be in order upon unilateral deviations.
Our theorems follow FM 1986 in tackling this.

10Note that firms do not necessarily advertise in alternate periods. For a specific discount factor
above the critical bound, the sequence of actions on equilibrium payoff can be recursively computed,
and generically will not result in (A,N), (N,A), (A,N), ... or in (N,A), (A,N), (N,A), .... The only
thing that can be conclusively said is that when one advertises, the other never does.
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3 Folk Theorem without PRDs: Symmetric
Discounting

We consider a standard infinitely repeated game with equal discounting and perfect
monitoring. At each t ∈ Z+ the (finite) stage-game G = 〈I; (Ai)i; (gi)i〉 is played,
where I = {1, 2, . . . , n} is the set of players, Ai is ith player’s finite set of actions,
and gi is his payoff function. A mixed action of i is αi ∈ 4Ai, where 4E is the set
of all probability distributions on a set E. The repeated game is denoted by G∞(δ).
Let a(t) ∈ A be the action profile played at time t. Under perfect monitoring the
public history at the end of period t is ht = (a(0), . . . ,a(t)) ∈ At+1 (starting with the
empty history h−1). A pure strategy of i is si(t + 1) : H t → Ai (for t = −1, 0, 1, . . .)
where H t denotes the set of histories at the end of period t. The (per-period) average
discounted utility is

ui(
{
a(t)

}∞
t=0

) := (1− δ)
∞∑
t=0

δtgi
(
a(t)

)
.

Let C = g(A). The feasible set is F := co(C), and the feasible strictly individually
rational (FSIR) set is F ∗ := {x ∈ F |xi > wi}. where i’s minmax value wi is

wi := min
α−i∈∆A−i

max
ai

gi(ai,α−i), where ∆A−i := ×j 6=i(∆Aj).

Letmi ∈ A be the profile that minmaxes i, with player i playing a best response. In
the proofs of all our theorems, we will assume without loss of generality that wi = 0
for all i.

3.1 Self-accessibility for Equal Discounting

Lemma 1 of FM 1991 explored the question of attainability: For what values of the
common discount factor can a payoff vector in F be attained via a play of a sequence
of pure actions?11

Lemma 1 (FM 1991, Lemma 1). Let x be in the convex hull of C = {c1, c2, . . . , cL} ⊂
11The following result is known as Sorin’s lemma, as Sorin (1986) had explored a similar problem

where each player could play a mixed action.
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Rn. Then, for all δ ≥ 1 − 1/L there exists a sequence {c(t)}∞t=0 in C such that
x = (1−δ)∑∞t=0 δ

tc(t).

Viewed from the standpoint of self-accessibility, the question can be restated as: With
symmetric discounting, for what values of the discount factor is co(C) self-accessible
relative to C? We offer a slightly stronger result below using self-accessibility. For
a proof of this result and some related observations, the reader is referred to the
appendix.

Proposition 1. Let C = {c1, c2, . . . , cL}, and let m = min{L, n+ 1}. Then for any
δ ∈ [1−1/m, 1), given any x ∈ X = co(C), one can find a sequence of points {c(t)}∞t=0

where for each t, c(t) = cl for some l and x = (1− δ)∑∞t=0 δ
tc(t).

The following proposition uses self-accessibility to construct a Sorin-style represen-
tation, while keeping all continuation payoffs within a given distance of the target
point, thereby achieving both attainability and individual rationality in a single step.
Although the statement of the proposition may not be entirely surprising, the con-
structive nature of the argument will be useful later for computational purposes.

Proposition 2. Let C ⊂ Rn be finite, and let X = co(C). Let S ⊂ relint(X) be an
affine closed ball in X with radius r > 0. Then ∃ δ < 1 such that S is self-accessible
relative to C for any vector δ with δj = δ ≥ δ for all j.

Proof. Since the proposition is obviously true if it holds when we ignore points in C
that are not extreme points of X, we do so henceforth. Let S = BX(o, r). Fix c ∈ C,
x ∈ S and let δ(x, c) solve

min δ ∈ [0, 1] subject to x = (1− δ)c+ δ y, for some y ∈ S.

We note some properties of δ(x, c). Note that if y satisfies the equation x = (1 −
δ(x, c))c + δ(x, c)y, then y must be at the boundary of the ball. Hence, w.l.o.g.
letting o be the origin, it must be that y.y = r2. Writing x−(1−δ(x, c))c = δ(x, c)y,
and equating the (squared) norm of the two sides of this equation implies δ(x, c) must
be a root of the quadratic equation in δ :

δ2(c.c− r2) + 2δc.(x− c) + (x− c).(x− c) = 0. (3.1)
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The quadratic above is convex (since c.c − r2 > 0), strictly positive at 0 (since
(x− c).(x− c) > 0), and non-positive at 1 (since x.x − r2 ≤ 0). Hence, it must
have two roots — one less than or equal to 1 and the other greater than or equal to 1.
Since δ(x, c) ≤ 1, it is the smaller root of (3.1) we seek, which is clearly continuous
in x.

Furthermore, we assert that for one of the c’s, the smaller root must be strictly
less than 1. Clearly this will be true if the quadratic at 1 is strictly negative, i.e.
x.x− r2 < 0. So assume that x.x− r2 = 0. It now suffices to show that the slope of
the quadratic at 1 is strictly positive for some c, which will be true if cl.x > r2 for
at least one l. If not, then for each l, cl.x ≤ r2, but then we claim that each of these
inequalities must actually be an equality. Since we can write x = ∑

l∈L λ
lcl (where L

is some index set and λl’s are strictly positive weights summing to 1), by multiplying
each inequality by λl and summing over l ∈ L, we have (∑l∈L λ

lcl).x ≤ r2. Since
this last relation is an equality (because we have assumed x.x − r2 = 0), the claim
follows. Since o ∈ X we can write o = ∑

l∈L′ θ
lcl for a set of weights θl in some index

set L′ summing to one. Now, multply the equation cl.x = r2 by θl, sum over l ∈ L′,
and this gives o.x = r2, a contradiction.

Let δ∗(x) := min {δ(x, c) | c ∈ C}, with the minimum attained at c∗(x).12 Clearly
δ∗ is continuous, being the minimum of continuous functions. Finally, define δ :=
max{δ∗(x) : x ∈ S}. Since S is compact, this maximum is attained at some x∗.
Since δ(x∗, c) < 1 for at least one c, we have δ = δ∗(x∗) < 1.

Define
y∗(x, δ) := 1

δ
x− 1− δ

δ
c∗(x).

For δ ≥ δ, it is easy to see that y∗(x, δ) is a convex combination of x and y∗(x, δ(x, c∗(x)))
and since both of these points belong to the convex set S, so does y∗(x, δ). Hence,
we have shown that for any ∀x ∈ X, ∀ δ ≥ δ, there exists a vertex c∗(x) and a point
y∗(x, δ) ∈ S such that x = (1− δ)c∗(x) + δy∗(x, δ). �

Figure 2 below clarifies the construction above.
12To achieve well-definition, in case of ties use any ordering among the vertices.
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c2 c3

c1

y2y3

y1
x

Figure 2: How δ∗(x) is constructed

Here, C = {c1, c2, c3} and its convex hull X is a triangle. The ball S is shaded. The
line from cl through x ∈ S to the farthest point in S is called yl. Here,

δ(x, c1) = 1; δ(x, c2) = ‖x− c2‖
‖y2 − c2‖

; δ(x, c3) = ‖x− c3‖
‖y3 − c3‖

.

From the figure, it appears as though, δ∗(x) = δ(x, c3). Once we can calculate δ∗(x)
for any x, the maximum δ∗(x) over all x ∈ S is simply δ. Thus, we follow a two-step
procedure: first, for a given point on the ball we choose an ‘easiest’ corner from which
to enter the ball through that given point, second, we find the ‘hardest’ point of entry.
We will shortly devise an algorithm to actually compute δ.

Remark. We have suppressed the dependence of δ(x, c) on the centre o and the
radius r of the ball; we should have rigorously written it as δ(x, c, o, r). Similarly we
should write δ∗(x, c, r), and δ(o, r). The following corollary to Proposition 1 will be
useful later.

Corollary 1. As long as o and r are such that BX(o, r) ⊂ relint(X), δ(o, r) is
continuous in its arguments.

Proof. The coefficients of various powers of δ in equation (3.1) are jointly continuous
in x, o, and r; hence, so is the smaller root and the function δ∗. The rest is delivered
by the compactness of affine balls and the Maximum Theorem (see Sundaram (1996),
pg 235, for example). �
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We now state the main result of FM 1991, which we prove using self-accessibility. Let
the lower boundary of F be ∂F := {x ∈ F : @y ∈ F such that y << x}.

Theorem 1 (FM 1991). Let F ∗ be full-dimensional. If v ∈ F ∗ \ ∂F there exists
δ ∈ (0, 1) such that for all δ ∈ (δ, 1) there is an SPNE that does not use a PRD and
has discounted average payoff v.

Proof. See the appendix. �

Remark 1. The proof provides explicit formulas for computing a bound needed
for sustainability, and relies on Proposition 2 for the existence of bounds needed for
attainability of both the target payoff and punishment payoffs. The issue of computing
a bound needed for attainability is addressed in the next subsection.

Remark 2. In equilibrium constructions existing in the literature, a deviating player
is minmaxed for N(δ) periods when the common discount factor is δ. The quantity
δN(δ) approaches 1 as δ approaches 1 in both FM 1991 as well as Mailath and Samuel-
son (2006); this makes it difficult to gauge how fast or slowly N(δ) is growing. Our
proof differs in that the limit of δN(δ) is fixed a priori in such a way that the length
of the punishment phase N(δ) can be chosen to be O( 1

ln δ
), simplifying the proof.

3.2 Computational Issues

From a practical standpoint, the whole argument of repeated interaction being a prime
motivator behind co-operation among otherwise selfish individuals is more plausible
when the needed discount factor is say, .7 rather than .999. This suggests it would be
useful to compute a bound.13 Unfortunately, the route taken by FM 1991 is somewhat
involved, and does not lend itself to computation. In contrast, following the proof of
Theorem 1 to support a specific FSIR point v, all we now need to do is to find the
relevant δ’s that will make certain n+ 1 balls self-accessible.

Proposition 2 constructs a discount factor above which a given ball is self-accessible.
However, that construction suffers from two drawbacks. First, since it applies to balls

13For repeated games with symmetric discounting and PRDs, an active body of research computes
all equilibrium payoffs for a fixed δ; see, for example, Cronshaw (1997), Judd, Yeltekin and Conklin
(2003) and Abreu and Sannikov (2013).
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in the relative interior of the set X, we are constrained to choose balls of very small
radii if our target payoff v is very close to the relative boundary of X. Small balls
are self-accessible at high discount factors only; this inflates the bound and falsely
suggests that supporting points close to the Pareto frontier requires discount factors
very close to 1. Proposition 5 in Section 6 tackles this issue by showing that a larger
class of sets than closed balls is self-accessible.

The second drawback is computational. Proposition 2 arrives at δ by solving the
problem P0:

Max
x ∈ S

Min
c ∈ C

Min
δ ∈ F (x, c)

δ,

where C is a finite set, S is an affine ball BX(o, r), and

F (x, c) = {δ : 0 ≤ δ ≤ 1, ∃ y ∈ S such that x = (1− δ)c+ δ y}.

The problem P0 nests three sub-problems — P1, P2, and P3 — with solutions δ(x, c),
δ∗(x), and δ respectively. Existing software cannot solve such nested problems, and
writing a program to perform an elaborate multidimensional grid search is not easy
and anyway blunts our computational edge.

We now show that P0 can be written as a single non-linear program (NLP). The key
is to re-write P2 (finding δ∗(x)) to find a maximum, rather than a minimum. This is
done as follows:

Max δ

subject to

δ ≤ δ(x, ci) ∀ci ∈ C. (1)

For affine balls BX(o, r) in the relative interior of X, we can circumvent solving P1
because an explicit formula for δ(x, ci) is given by the smaller root of equation (3.1).
Let φ(a, b, c) := − 1

2a(b+
√
b2 − 4ac), the formula for the smaller root of the quadratic

ax2 + bx + c = 0. Discarding points of C that are not extreme points of its convex
hull leads to the following straightforward result.

Proposition 3. The following NLP solves P0 for affine balls BX(o, r) ⊂ relint(X),
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where o is not necessarily the origin of the coordinate system:

Max δ

subject to

δ ≤ δi ∀ i = 1, . . . , L (1)

δi = φ(‖ci − o‖2 − r2, 2(ci − o) .(x− ci), ‖x− ci‖2) ∀ i = 1, . . . L (2)

(x− o).(x− o) ≤ r2. (3)

4 Folk Theorem without PRD: Asymmetric
Discounting

In this and the next section, we discuss repeated games where players use (possibly)
different discount factors. The notation from the previous section remains in force,
except that the per-period average discounted utility for player i is now computed
using player i’s discount factor δi:

ui(
{
a(t)

}∞
t=0

) := (1− δi)
∞∑
t=0

δi
tgi
(
a(t)

)
.

4.1 Sorin’s Lemma Fails with Unequal Discounting

One might hope the following conjecture extending Sorin’s lemma to the case of
unequal discounting will be true.

Conjecture 1. Let C = {c1, . . . , cL} ⊂ Rn, with X = co(C). Then there exists
δ ∈ [0, 1) such that if δj ≥ δ for 1 ≤ j ≤ n, and x ∈ X, there exists a sequence of
points {c(t)}∞t=0 in C for which xj = (1− δj)

∑∞
t=0 δj

t c
(t)
j for each coordinate j.

It is easy to see that as stated, the conjecture cannot be true: when n = L =
2 (whereupon X is a one-dimensional set with just two vertices) we need the two
discount factors to be equal in order to attain points in C. Is this counterexample
an artifact of C not being full-dimensional or x lying on the boundary rather than
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the interior of C? The following counterexample shows that the problem runs much
deeper.

Example 3. (Counterexample to Conjecture 1 above with X full dimensional and
x restricted to be in the interior of X)

Let n = 2, L = 3, with C = {(1, 0), (0, 0), (0, 1)}. Let 0 < δ < 1 be given. Suppose,
one can find real numbers ε1, ε2, δ1, δ2, and an integer T with the following properties:

0 < ε2 < ε1 < 1, (4.1)
0 = δ = δ2 < δ1 < 1, (4.2)
δ2
T < ε2, (4.3)

(1− δ1) δ1
T−1 > ε1. (4.4)

We assert that the point (1 − ε1, ε2), which is in X by (4.1), is not attainable for
discount factors (δ1, δ2). To prove this, we first prove inductively that if

x1 = 1− ε1 = (1− δ1)
∞∑
t=0

δ1
t x

(t)
1 ,

then x(0) = x(1) = . . . = x(T−1) = (1, 0), i.e. (1, 0) must be played for the first
T periods. If x(0) 6= (1, 0), then even if (1, 0) were to be played in each subsequent
period, x1 could be at most δ1. This would mean 1−ε1 ≤ δ1, or ε1 ≥ (1−δ1). However,
(4.4) rules this out. If x(0) = (1, 0) but x(1) 6= (1, 0), then x1 ≤ (1− δ1) + (δ1)2, which
implies (1 − δ1) + (δ1)2 ≥ 1 − ε1; from this it follows that ε1 ≥ (1 − δ1) δ1, which
violates (4.4). Proceeding this way, (1, 0) must be played at least the first T times.
But then x2 ≤ (δ2)T , which violates (4.3) if x2 = ε2.

It remains to show that one can indeed satisfy the properties (4.1) — (4.4) by judicious
choice of ε1, ε2, δ1, δ2, and T . To this end consider the function f(δ, T ) = (1− δ) δT−1.
For a fixed T , while the function takes the value 0 at δ = 0 and 1, it is straightforward
to verify that it reaches its maximum at T−1

T
. Call this value δ∗(T ). Hence,

f(δ∗(T ), T ) = 1
T

(
T − 1
T

)T−1
= 1
T − 1

(
1− 1

T

)T
,

which tends to 0 at a harmonic rate as T grows large, or more precisely at the rate of
e−1/(T−1). On the other hand the function g(δ, T ) = δT goes to 0 at a geometric rate
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for any given δ. Thus, given the fixed δ, for sufficiently large T , we can satisfy both
δ1 = (T − 1)/T > δ = δ2 (satisfying property (4.2)), and (1− δ1) δ1

T−1 > δT . Given
this latter gap, one can then choose an open set of (ε1, ε2) pairs satisfying properties
(4.1), (4.3), and (4.4). This shows that, no matter how high the discount factors are
forced to be, as long as we are allowed to choose them unequal, one can find an open
set of points in the convex hull of the payoff sets which cannot be supported without
PRDs. �

4.2 Self-Accessiblity and a Folk Theorem for Asymmetric
Discounting

The counterexample above quashes hopes of applying the approach of FM 1991 to
unequal discounting because Sorin’s lemma does not extend to this case. But although
we have shown that there is no bound such that if all discount factors exceed that
bound, all points in F would be attainable, we have not ruled out the possibility that
for a specific set of points, such a bound is admissible. One wonders if Proposition 2
extends — closed balls are self-accessible for all discount factor profiles δ such that
each coordinate lies above a critical δ. Unfortunately, this is not true either; the
diagram below explains why it fails.

s

t

u

v
x

y

Figure 3: Difficulty extending Sorin’s lemma to asymmetric discounting
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In Figure 3, the polytope stuv is X, and the circle (centred at the origin, by virtue
of a coordinate transformation) together with its interior is the set S whose self-
accessibility we are interested in. Suppose that for some critical δ, we can express all
points in S as the convex combination of some vertex — i.e. one of the points s, t, u,
v — and a point within S, using a weight 1−δ on the vertex. For example x is (1−δ)
times the vertex v plus δ times the point y. Now introduce unequal discounting. As
we increase δ2 from δ keeping δ1 fixed at δ, we see that the continuation point y
moves up. Similarly if we increase δ1 keeping δ2 fixed at δ, the continuation point y
moves left. If S is indeed self-accessible for all discount factor profiles where each δi
is above δ, then all points in the shaded rectangle having xy as the diagonal must
belong to the ball. Clearly, this is not the case!

The above discussion suggests that to make balls self-accessible, players’ discount
factors can not be allowed to approach one at arbitrarily different speeds. The fol-
lowing observation will be useful: any vector of discount factors δ can be written as
δi = 1/(1 + Ri) where Ri is the discount rate of player i. A natural question that
comes to mind now is: If we let the discount rates used by any pair of players bear
a fixed ratio to each other, i.e. if we insist that Ri/Rj ≡ (1/δi − 1)/(1/δj − 1) is
constant for any pair i and j, can we represent an FSIR payoff as the discounted sum
of payoffs of pure action profiles, by taking all discount factors towards 1? The next
proposition provides a positive answer to this question.

Proposition 4. Let C ⊂ Rn be finite, and let X = co(C) be full-dimensional and
contain in its interior the ball B(v, r) with r > 0. For any k ∈ Rn

++, there exists
θ(k) > 0 such that for any θ ≤ θ(k), the ball B(v, r) is self-accessible relative to C
for any δ satisfying δi = 1/(1 + kiθ).

Proof. Without loss of generality, we can and henceforth do discard points in C

that are not extreme points of X. Since self-accessibility is invariant to a change of
origin, we transform the problem such that v is the origin o. For x ∈ B(o, r), and
c ∈ C define a vector y(x, δ, c) by

yi(x, δ, c) := 1
δi
xi −

1− δi
δi

ci = θki(xi − ci) + xi for i = 1, . . . , n,
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and let

f(x, θ, c) := ||y(x, δ, c)− o||2 − r2 =
n∑
i=1

(θ ki(xi − ci) + xi)2 − r2. (4.5)

To prove the proposition, we will provide a formula for θ(k) such that if θ ≤ θ(k),
then for every x ∈ B(o, r), there exists a c such that f(x, θ, c) ≤ 0. Because we are
dealing with a full-dimensional set X and hence the ball B(v, r) is full-dimensional,
this ensures that y(x, δ, c) resides in the ball.

First suppose x is on the boundary of the ball. Since ∑n
i=1 x

2
i = r2, we notice that

f(x, θ, c) ≤ 0 =⇒ θ2
n∑
i=1

(ki(xi − ci))2 + 2θ
n∑
i=1

ki(x2
i − xici) ≤ 0

=⇒ θ ≤ 2∑n
i=1 ki(xici − x2

i )∑n
i=1 k

2
i (xi − ci)2 . (4.6)

This suggests that if

θ ≤ θ1(k) := min
x∈B(o,r)

max
c∈C

2∑n
i=1 ki(xici − x2

i )∑n
i=1 k

2
i (xi − ci)2 , (4.7)

then for every x on the boundary of the ball, inequality (4.6) holds for some c ∈ C.

Equation (4.7) indeed provides a well-defined positive bound. To check positivity,
note that the denominator in the above expression is strictly positive for every c ∈ C.
The numerator must be strictly positive for some c ∈ C; or else

n∑
i

kixic
l
i ≤

n∑
i

kix
2
i (4.8)

for every such vertex cl. Let the origin, which is in the convex hull of these vertices,
be expressed w.l.o.g. as a strictly positively weighted sum of the first L′ vertices:∑L′

l=1 λ
lcl = 0 where λl > 0 and ∑L′

l=1 λ
l = 1. Multiplying inequality (4.8) by λl and

summing over l = 1, . . . , L′, shows

n∑
i

kixi · 0 ≤
n∑
i

kix
2
i ,

which is false. Finally, note that the fraction in equation (4.7) is continuous in x,
and since B(o, r) is compact, the minimum is well-defined.
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Now, consider the requirement on θ such that f(o, θ, c) ≤ 0 for every point in C.
From equation (4.5), this is achieved if for all c ∈ C

θ2
n∑
i

k2
i c

2
i ≤ r2,

which holds if

θ ≤ θ2(k) := min
c∈C

√√√√ r2∑n
i k

2
i c

2
i

> 0. (4.9)

Next, we note that for fixed θ and c, f is convex in x (this is easily checked by
demonstrating the positive definiteness of the relevant Hessian matrix). It follows
that to show that for any x ∈ B(o, r), ||y(x, δ, c)||2 ≤ r2 holds for some c ∈ C, it
suffices to show that a) f(o, θ, c) ≤ 0 ∀ c ∈ C, and b) f(x, δ, c) ≤ 0 for some c ∈ C
when x is on the boundary of B(o, r). Clearly this holds if

θ ≤ θ(k) := min{θ1(k), θ2(k)}. (4.10)

�

Remark 1. In general the function θ depends on the center v and radius of the
ball whose self-accessibility is being investigated; so, technically, we should write it
as θ(k,v, r).

Remark 2. Equations (4.7), (4.9) and (4.10) show that θ(k,v, r) is continuous in k.
For arbitrary v, if one writes out the formula for θ(k,v, r), a routine application of
the Maximum Theorem reveals that the function is also continuous in (v, r).

Remark 3. This proposition does not imply Proposition 2 as it does not extend to
affine balls.

Remark 4. The proof of Proposition 4 can be easily followed to compute θ(k) for
a specific k, with the nested problem of determining θ1(k) convertible to a single
optimization problem following ideas presented in Proposition 3.

The following corollary follows directly from Proposition 4.

Corollary 2. If x and ε are such that B(x, ε) ∈ int(F ∗), and k ∈ Rn
++, then for any

θ ≤ θ(k,x, ε), and y ∈ B(x, ε) there exists a sequence a(y,x,k, θ, ε) ∈ A∞, whose
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average discounted payoff is y using the discount factor δi = 1/(1 + kiθ) for i, and
whose continuation payoffs are within a distance ε of x.

We now state the main result of this section — an (exact) asymmetric folk theorem
that works for any sequence of discount factors that tends to unity along each coor-
dinate, keeping the ratios of discounted rates bounded.14 Unlike previous results on
asymmetric discounting, we do not put specific restrictions on the path along which
the individual discount factors go to unity, such as restricting the ratio of discount
rates to be constant.

Theorem 2. Let F ∗ be full-dimensional. Let {δ(m)}m≥1 be a sequence of discount
factor profiles such that (i) δ(m)

i → 1 for each coordinate i; and (ii) for each pair of
players i and j, the ratio of discount rates {1/δ(m)

i −1}/{1/δ(m)
j −1} is bounded (away

from 0) along the sequence. If v ∈ int(F ∗) then there exists m∗ ∈ N such that for all
m ≥ m∗, there is an SPNE σ(m) that does not use a PRD and has discounted average
payoff v using the discount factor profile δ(m).

Proof. Fix v.

Step 1. For any given k ∈ Rn
++, where k1 = 1 w.l.o.g., consider discount factor

profiles δ such that δi = 1/(1 + kiθ) for some θ > 0. We shall show that there exists
θ∗(k) ∈ (0, 1) such that if 0 < θ ≤ θ∗(k), we can construct an SPNE σ(v,k, θ) that
does not use a PRD and has discounted average payoff v.

Pick v′ such that
wi = 0 < v′i < vi ∀i, (4.11)

and pick ∆ such that

B(v′, 4∆
√
n− 1) ⊂ int(F ∗), (4.12)

B(v,∆) ⊂ int(F ∗). (4.13)

Letting k̄ := maxi,j ki/kj and M = maxi,a |gi(a)| as before, pick µ ∈ (0, 1) satisfying

µk̄ = .5
(

M

M + ∆ + 1
)
. (4.14)

14This folk theorem is an exact but not a full one, as it does not say which points outside F ∗ may
be supported in equilibrium; the next section addresses this question.
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Now define n functions Ni : (µ, 1) → N, one for each player, that implicity map
discount factors into integers via the following inequalities:

δNi+1
i ≤ µ < δNii ∀i. (4.15)

Define a strictly positive and continuous function of k:

θ1(k) := (1/µ− 1)/(max
i
ki). (4.16)

For θ ≤ θ1(k), all the δi’s exceed µ and the Ni’s are well-defined. Lastly, let

ε = .5 (min{∆, min
i
{(1− µ)v′i}). (4.17)

Note that µ and hence ε functionally depend on k, although we have suppressed that
dependence for notational convenience.

Since δNii − δNi+1
i = δNii (1 − δi) → 0 as θ → 0, inequality (4.15) implies δNii → µ for

all i as θ → 0. We have

lim
θ→0

ln δi
ln δj

= ki
kj
, and lim

θ→∞

ln δi
ln δj

= 1. (4.18)

Now observe that
δ
Nj
i > δ

lnµ/ ln δj
i =: fij(k, θ). (4.19)

We show that fij is monotonic in θ, by showing that

ln fij(k, θ)
lnµ = ln δi

ln δj
= ln(1 + kiθ)

ln(1 + kjθ)
= 1 +

ln
(

1+kiθ
1+kjθ

)
ln(1 + kjθ)

(4.20)

is monotonic in θ. When ki < kj, the denominator in the last fraction in (4.20)
is increasing in θ while the numerator is decreasing; hence the whole expression is
decreasing in θ. When ki > kj, the expression in question must be increasing in θ,
since the above argument showed that its reciprocal is decreasing in θ. Inequality
(4.18), and other observations made so far imply that fij monotonically moves from
µki/kj to µ (strictly increasing if ki > kj, strictly decreasing if ki < kj, and constant if
ki = kj). Hence, for a given k, it follows that for all θ and all i, j pairs fij(k, θ) ≥ µk̄.
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Define a strategy profile σ(v,k, θ) as follows. Start in Phase I and switch to Phase
II(i) if player i deviates unilaterally during any of the three phases.
Phase I: Play the sequence of action profiles given by a(v,v,k, θ, ε), as defined in
Corollary 2, where θ ≤ θ2(k) := θ(k,v, ε), using the notation in Remark 1 following
Proposition 4 earlier.15 Clearly θ2 is strictly positive and continuous as θ is also
strictly positive and continuous in its arguments and ε is continuous in k. This
action sequence is well-defined since equation (4.13) and the fact ε < ∆ (by 4.17)
ensure that B(v, ε) ⊂ F ∗.
Phase II(i): Play mi for Ni(δi) periods, and then switch to Phase III(i).16

Phase III(i): If Phase II(i) lasted from periods 1 to Ni(δi), a(t) having been played
in the t-th period of this phase, define the adjustment term

zij := 1− δj
δ
Ni(δi)
j

Ni(δi)∑
t=1

δt−1
j gj(a(t)) (4.21)

and let vj(zi) := v′j + 2∆ − zij for j 6= i and vi(zi) := v′i. For θ ≤ θ1(k) we have
δ
Nj
i > M/(M + ∆) for all i, j; hence, for any τ ≤ Ni(δi) we have
∣∣∣∣∣1− δjδτj

τ∑
t=1

δt−1
j gj(a(t))

∣∣∣∣∣ ≤ 1− δj
δτj

M
τ∑
t=1

δt−1
j ≤

1− δτj
δτj

M ≤
1− δNij
δNij

M < ∆, (4.22)

so that ‖v(zj)− v′‖ < 3∆
√
n− 1, and therefore B(v(zj), ε) ⊂ B(v′, 4∆

√
n− 1)

(since ε < ∆). By Proposition 4 it follows that for each y ∈ S := B(v′, 3∆
√
n− 1),

the ball B(y, ε) is self-accessible for the given value of k if θ ≤ θ(k,y, ε). Define
θ3(k) := min{θ(k,y, ε) | y ∈ S} which, via the Maximum Theorem is strictly positive
and continuous since the function θ is strictly positive and continuous in all its argu-
ments. If θ ≤ θ3(k), each point in S lies in a self-accessible ball of radius no more than
ε. Finally, the Phase III(i) strategy can be defined: Play a(v(zi),v(zi),k, θ, ε). It is
clear now that these strategies are well-defined for any θ ≤ min{θ1(k), θ2(k), θ3(k)}.

We examine if the strategies proposed above are unimprovable. Note that the payoff
from a one-shot deviation by player i is at most (1− δi)M + δNi+1

i v′i.
15Note that in this definition the functional dependence of ε on k via its dependence on µ is taken

into account.
16As in the symmetric discounting case, playingmi may involve mixing on the part of player j 6= i,

and a ‘deviation’ by player j is deemed to occur in this phase if his action is not in the support of
the mixed action mi

j .
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• Phase I: Deviation from this phase is deterred if

(1− δi)M + δNi+1
i v′i ≤ vi − ε. (4.23)

• Phase II(i): One doesn’t need to worry about unimprovability for this phase,
as a deviation lowers the current payoff as well as pushes rewards further into
the future.

• Phase III(i): The unimprovability requirement for this phase is

(1− δi)M + δNi+1
i v′i ≤ v′i − ε. (4.24)

• Phase II(j): Suppose there are τ periods to go in Phase II(j) and the action
profiles played were a(1), . . . ,a(Nj−τ). Using arguments identical to ones used
in the proof of Theorem 1, one can show that unimprovability holds if

(1− δi)M + δNi+1
i v′i ≤ δτi

v′i + 2∆− 1− δi
δ
Nj
i

Nj−τ∑
1
δt−1
i gi(a(t))

 .
By (4.22) it is enough to show

(1− δi)M + δNi+1
i v′i ≤ δ

Nj
i (v′i + ∆) (4.25)

and hence, because of (4.19), it suffices to show

(1− δi)M + δNi+1
i v′i ≤ fij(k, θ)(v′i + ∆). (4.26)

• Phase III(j): The minimum continuation payoff in Phase III(j) is (v′i + 2∆ −
zji − ε). By (4.22), for unimprovability it is enough to show (4.24), which in
turn implies (4.23).

By fij(k, θ) ≥ µk̄ > M/(M +∆) and (4.15) it then follows that the following inequal-
ities imply all unimprovability conditions:

(1− δi)M + µv′i ≤ v′i − ε, (4.27)

(1− δi)M + µv′i ≤
M

M + ∆(v′i + ∆). (4.28)
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Let g1i(k, θ) and g2i(k, θ) define the difference between the right and the left hand
sides of the above two equations respectively. Since θ enters these functions only
through δi, both functions are monotonically decreasing in θ. Now g1i(k, 0) is strictly
positive (for any k) because of the choice of ε; see equation (4.17). Similarly, g2i(k, 0)
is strictly positive (for any k) because M

M+∆ >
v′i

v
′
i+∆ and hence, M

M+∆(v′i + ∆) > µv′i.
On the other hand, limθ→∞ g1i(k, 0) = v′i − ε − M − µv′i < 0 because M > v′i >

(1−µ)v′i > (1−µ)v′i− ε. Similarly, limθ→∞ g2i(k, 0) = M
M+∆(v′i+∆)−M−µv′i < 0 as

v′i+∆
M+∆ < 1. Since g1, g2 are continuous in k and θ, there exist strictly positive-valued
and continuous functions θ4i and θ5i of k such that for 0 ≤ θ < θ4i(k)⇔ g1i(k, θ) > 0
and 0 ≤ θ < θ5i(k)⇔ g2i(k, θ) > 0.

Define

θ∗(k) := min{θ1(k), θ2(k), θ3(k),min
i
θ4i(k),min

i
θ5i(k)}, (4.29)

a strictly positive-valued and continuous function of k. If θ ≤ θ∗(k), then we have
demonstrated that σ(v,k, θ) is an SPNE with payoff v.

Step 2. Given the sequence {δ(m)}m≥1, define the k(m) vector and θ(m) by setting
k

(m)
i = 1, θ(m) = 1/δ(m)

1 − 1 and k(m)
j = 1/θ(m) = (1/δ(m)

j − 1) for j = 2, . . . , n. By
assumption there exists an integer q such that

1
q
≤ 1/δ(m)

i − 1
1/δ(m)

j − 1
≡ k

(m)
i

k
(m)
j

≤ q ∀m ∈ N.

Since k(m)
1 = 1, each ki ∈ [1/q, q]; therefore {k(m) | m ∈ N} is a subset of the compact

set [1/q, q]n. Since θ∗ is continuous in k and strictly positive, θ̄ := min{θ∗(k) | k ∈
[1/q, q]n} > 0. Since δ(m)

1 → 1, we have θ(m) → 0. Pick m∗ such that θ(m) < θ̄ if
m ≥ m∗. For any m ≥ m∗ using step 1 construct the SPNE σ(m) := σ(v,k(m), θ(m))
that does not use a PRD and has discounted average payoff v. �

We make a couple of remarks on the theorem and its proof. The second remark will
be useful for Theorem 4 in the next section.

Remark 1. Theorem 2 does not imply Theorem 1 because the former applies only
to the interior of the FSIR set.
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Remark 2. Let T be a compact set of payoffs in int(F ∗) such that all payoff points
strictly dominate (in vector sense) a payoff v′ in int(F ∗). Is it possible to provide
a uniform cutoff for θ to support all payoffs of T in SPNE? The answer is yes. To
see this, note that the only dependence of θ∗(k) on v comes from the construction
of θ2(k) = θ(k,v, ε). Now instead, had we chosen θ2(k) = min{θ(k,y, ε) : y ∈ T},
everything would go through as before with the new θ∗ as the required uniform
bound.17

5 Going Beyond F ∗

Unequal discounting permits mutually profitable temporal trade and generates FSIR
payoff points outside F ∗, as noted by Lehrer and Pauzner’s seminal 1999 paper. They
proved a folk theorem for two players taking the log-ratio of discount factors to be a
priori fixed, assuming the existence of PRDs. In this section we show how to support
certain points outside F ∗ in SPNE without using a PRD, and without taking a fixed
ratio of discount rates. Like Lehrer and Pauzner, our analysis in this section pertains
to two-player games, leaving the n-player extension for future research.

For any bounded set S ⊂ Rn let re(S) be the smallest closed rectangle in Rn that
contains S. We call re(S) the ‘rectangular hull’ of the set S. Let F (δ) be the set of
attainable payoffs and V (δ) be the set of SPNE payoffs in the repeated game with the
discount factor vector δ, no PRD being allowed. For a full-dimensional stage-game,
we show that if a payoff vector is attainable at some δ then it is either in the interior
of the rectangular hull of F or in F itself, and conversely.

Theorem 3. If F ⊂ R2 is full-dimensional,

⋃
δ∈(0,1)2

F (δ) = int(re(F ))
⋃
F.

Proof. Showing ⋃{F (δ) | δ ∈ (0, 1)2} ⊂ int(re(F ))⋃F is straightforward; we
argue this by contradiction. Let x ∈ F (δ) for some δ. Obviously, x /∈ (re(F ))c, for
otherwise there exists a player i such that xi is either strictly greater or strictly less

17The only other modification required is to replace condition (4.12) by a similar condition valid
for every v ∈ T .
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than what player i can achieve in the stage game – an impossibility. If x is on the
boundary of re(F ), there exists i such that xi is an extremum (either maximum or
minimum) payoff for player i. Let {a(t) | t ∈ Z+} be the sequence of actions played to
attain x. Define Ce

i := {g(a(t)) | t ∈ Z+} to be the set of all payoff profiles earned in
any period. For j 6= i we have xj = (1−δj)

∑
δtjgj(a(t)). Since xi is an extremal payoff

of i, we must have gi(a(t)) = xi for all t; therefore xi = (1−δj)
∑
δtjgi(a(t)). Therefore,

we can write the vector equality using j’s discount factor: x = (1 − δj)
∑
δtjg(a(t)),

where each g(a(t)) ∈ Ce
i . From this it follows that, x ∈ co(Ce

i ) ⊂ F .18

To demonstrate the other inclusion, ⋃{F (δ) | δ ∈ (0, 1)2} ⊃ int(re(F ))⋃F , note
that because of Sorin’s lemma, we need to consider only payoff vectors x that belong
to int(re(F )) but not to F . To attain such an x in the repeated game, we play
a constant pure action profile for the first T periods, where T depends on (i) the
discount factors of the two players, (ii) the target payoff x, and (iii) the position of x
relative to the feasible set F of the stage-game. During the first T periods the goal is
to move the continuation payoff from x towards a point y that lies within int(F ); this
is done by giving one player his best or worst feasible payoffs. If we make the other
player sufficiently patient we can ensure that her payoffs do not change by much; the
continuation payoff profile then moves from x almost along a single coordinate axis,
eventually entering int(F ). Once we are inside int(F ), Theorem 2 delivers the rest.

We now state this precisely. Let x ∈ int(re(F ))⋂F c; w.l.o.g. there must exist
y ∈ int(F ) such that y2 = x2.19 Let the pure action payoff profiles c and c̄ be giving
player 1 his worst and best payoffs respectively. If x1 < y1, let c := c; and if y1 < x1,
let c := c̄. Clearly, we then have either the relation c1 < x1 < y1, or y1 < x1 < c1.

For t ∈ Z+, let xt be the continuation payoff vector at the start of period t, if c is
played until period t− 1, starting with x0 = x. Since, xt−1

i = (1− δi)ci + δix
t
i, we can

write δi (xti − ci) = (xt−1
i − ci) and if δi is written as 1/(1 + kiθ) (with k1 = 1), this

gives (xti − ci) = (1 + kiθ)(xt−1
i − ci). Now apply induction to obtain

xti = ci + (1 + kiθ)t(xi − ci) ∀ t ∈ Z+. (5.1)
18When there are more than 2 players a little thought should convince the reader that this logic

will not extend unless all players other than i have the same discount factor.
19Either such a y or a z ∈ int(F ) with z1 = x1 exists. We can work with either y or z if both

exist.
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Let b = ln{(y1 − c1)/(x1 − c1)} > 0 and for θ ≤ b, let

T (θ) := min {t ∈ Z+ : t ≥ b/θ} . (5.2)

Observe that equation (5.1) implies that xti is monotonic for t = 0, 1, 2, · · · , T (θ) for
each i. Also, since b/θ ≤ T (θ) < 1 + b/θ, we have limθ→0(1 + kiθ)T (θ) = ebki . Since
k1 = 1 without loss of generality, it is easy to check that

lim
θ→0

x
T (θ)
1 = y1, (5.3)

lim
θ→0

x
T (θ)
2 = c2 + ebk2(y2 − c2), since x2 = y2. (5.4)

Since F is full-dimensional, there exists r > 0 such that B(y, r) ⊂ int(F ); let

k̄2 := 1
b

ln
(

1 + r

2|c2 − y2|

)
. (5.5)

From the above two limits it follows that

lim
θ→0
‖ xT (θ) − y ‖ =| c2 − y2 | (ebk − 1) < r/2 if k2 ≤ k̄2. (5.6)

Fix k such that k1 = 1, and k2 ≤ k̄2. Since, there exists a θ̃1 > 0 such that
‖ xT (θ) − limθ→0 x

T (θ)| < r/2 for θ ≤ θ̃1, it follows that for such θs,

‖ xT (θ) − y ‖ ≤ ‖ xT (θ) − lim
θ→0

xT (θ) ‖ + ‖ lim
θ→0

xT (θ) − y ‖ < r. (5.7)

Now given the chosen k, by Proposition 4, there exists θ̃2, such that B(y, r) is self-
accessible for discount factors of the form δi = 1

1+kiθ with θ ≤ θ̃2, which implies that
xT (θ) is attainable for such discount factors via a certain sequence of pure actions.
We then have demonstrated that if θ ≤ min{b, θ̃1, θ̃2}, appending this sequence of
actions to the play of c for t = 0, 1, ..., T (θ)− 1 gives the payoff x. �

We next explore the sustainability question: which attainable payoffs can be sup-
ported as SPNE? The last theorem suggest an obvious strategy for sustaining a payoff
in SPNE: play an action that gives one of the players one of his extremal payoffs so
that the continuation payoff is eventually inside int(F ∗), not just int(F ). Once, we
are inside int(F ∗), Theorem 2 can be applied to enforce incentive compatibility from
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that point onwards. However, there are several issues one needs to be careful about.
For one, while Theorem 2 works with a specific payoff vector to support in equilib-
rium, in Theorem 3 we are just guaranteed that the point of entry will be inside a
certain ball, and therefore all constants and cutoffs must be chosen so that all payoffs
in such a ball can be supported. For another, one has to ensure incentive compatibil-
ity during the period of approaching F ∗, and while the treatment of entry into F in
Theorem 3 was independent of whether one entered ‘from the left’ or ‘from the right’,
in this case the direction of entry does matter, as we shall see. Finally, if we plan
to enter F ∗ more or less vertically or horizontally from the given point we need to
support, it becomes clear that not all points in int(re(F )) can be supported as SPNE
outcomes, only those with the property that either a vertical line or a horizontal line
through the point intersects int(F ∗). Accordingly we define the set G as comprising
points x ∈ int(re(F )) such that (i) wi < xi ∀i, and (ii) there exists a player i and
vi ∈ R such that v := (vi, x−i) ∈ int(F ∗).

The next figure replicates the feasible set F of the game in Example 1 (the dotted
region). Everything inside the lightly shaded region which is int(re(F )), plus the
southeast and northwest corners of F are attainable by virtue of Theorem 2. Recall
that the minmax payoffs are 4 and 2 respectively. For this game then, G is the (interior
of) the darkly shaded region. In the next theorem we will show that everything in G
is sustainable as well.

1
2
3
4
5
6
7

1 2 3 4 5 6 7 8 9

c

b

a

d

Figure 4: F , int(re(F )) and G for Example 1
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Theorem 4 (A Super-folk Theorem for Two Players). Let n = 2. For any x ∈ G, we
can find (k1, k2) and θ̄ > 0 such that x ∈ V (δ) if δi = 1/(1 + kiθ) ∀i and 0 < θ ≤ θ̄.

Proof. Fix x ∈ G; w.l.o.g. we can assume that there exists v1 ∈ R and r > 0 such
that v := (v1, x2) ∈ int(F ∗). Let r, v′ and v∗ be such that

B(v, 3r) ⊂ int(F ∗), (5.8)
B(v′, 4r) ⊂ int(F ∗), (5.9)

wi = 0 < v′i < vi − 2r < vi ∀i, (5.10)
v∗ = (v1, v2 − 3r) = (v1, x2 − 3r). (5.11)

The r chosen here is going to be the radius of the ball of entry into int(F ∗) as
in Theorem 3. The points v′ and v∗ will be useful for defining punishment paths
(depending on whether v1 < x1 or v1 > x1).

Now, following the proof of Theorem 3, let k be defined, i.e. k1 is set to 1, and k2 is
set by equation (5.5). Next, following the proof of Theorem 2, given the k we have
just defined, define µ, the Ni functions and ε replacing ∆ by r in those definitions.
Lastly, again using the notation in Theorem 2, let

θ∗ = min{θ1(k),min{θ(k,y, ε) | y ∈ B(v, r)}, θ3(k),min
i
θ4i(k),min

i
θ5i(k)}, (5.12)

where the modification of θ2 in comparison to (4.29) is undertaken to make all balls
B(y, ε) with y ∈ B(v, r) self-accessible (as was foreshadowed in Remark 2 in the
previous section).

Now we describe a strategy profile σ∗(x,k, θ) with payoff x and derive conditions for
it to be an equilibrium. For ease of exposition we divide the analysis into two cases:
The first involves driving the continuation payoff into int(F ∗) by reducing the payoff
of player 1 during the first T (θ) periods of the equilibrium path; the second works by
increasing it. Incentives will be easier to design in the first case because punishments
that sustain points near v in equilibrium also suffice for points lying on the path from
x to v.

Case A: v1 < x1 < c1 (‘entry from right’)

Given a θ, shortly to be restricted, define a strategy profile using the following two
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rules.20

1. For t = 0, 1, . . . , T (θ) − 1, play an action profile in A giving the payoff c, as
long as there are no unilateral deviations; thereafter play the strategy profile
σ(xT (θ);k, θ), which gives the payoff xT (θ).

2. At the first unilateral deviation during t = 0, 1, . . . , T (θ)−1, switch to σ(v′;k, θ).

Given k, let θi solve (1 − δi)M + δiv
′
i = vi − r. Since v′i < vi − r we have θi > 0.

Also, let θ̃ be the cutoff θ needed for making σ(v′;k, θ) an equilibrium strategy. Let
θ̄ := min{b, θ∗, θ̃, θ1, θ2}. We claim that for θ ≤ θ̄, σ∗(x;k, θ) is an SPNE (for the
corresponding discount factor vector). To verify this, it suffices to check that each
σ∗i (x;k, θ) is unimprovable in the first T (θ)−1 periods, because the other continuation
strategies are subgame-perfect by construction. If θ ≤ θ̄, applying the monotonicity
of the sequence {xτi } , τ ≤ T (θ) one notices that player i has no profitable one-shot
deviation at any τ < T (θ) since (1− δi)M + δiv

′
i ≤ vi − r < xτi by construction.

Case B: c1 < x1 < v1 (‘entry from left’)

In the equilibrium we construct, player 1 is punished by minmaxing her for a fixed
number of periods L, followed by a return to the original equilibrium path (except for
adjustments to make the punisher indifferent among all minmaxing actions). Player
2 on the other hand is punished by moving the continuation payoff profile to v∗. For-
mally, for any θ lower than a cutoff to be described soon, define a strategy σ∗(x,k, θ)
profile using the following three rules.

1. For t = 0, 1, . . . , T (θ)− 1, as long as there are no unilateral deviations, play an
action profile in A giving the payoff c, followed by σ(xT (θ),k, θ).

2. If player 1 deviates unilaterally when c has been played for τ < T (θ) peri-
ods, minmax him for L = bM/x1c periods; then, irrespective of what player
1 did when he was being minmaxed, play c for T (θ) − τ periods, followed by
σ((xT (θ) + z1),k, θ), where z1 is the adjustment vector defined as in equation
(4.21) of Theorem 2 (with i = 1 and Ni being replaced by L) based on the actual

20The notation used below follows that of Theorems 2 and 3. In particular, when we use σ(x,k, θ)
later to describe an SPNE strategy to support a certain payoff vector x ∈ int(F ∗), and omit an
exact method of choosing the constants as in Theorem 2, we mean any strategy that will do.
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outcomes for the L periods when 2 is minmaxing 1.21 This ensures that 2 is in-
different over all pure actions that she might be called upon to play to minmax
player 1. Pick θ̂ such that the adjustment is smaller than r (i.e. | z1 |< r) if
θ ≤ θ̂.22

3. If player 2 deviates, play σ(v∗,k, θ) immediately.

To verify that σ∗(x,k, θ) is an SPNE, it suffices to show that each σ∗i is unimprovable
at any history where c has been played fewer than T (θ) times. This suffices because
the other continuation strategies are subgame-perfect by construction.

We first examine unimprovability from player 1’s perspective. Suppose c has been
played for fewer than T (θ) periods, player 2 has never deviated, and player 1’s con-
tinuation payoff on the path is y1 (which must be greater than or equal to x1 since his
continuation payoff increases on the equilibrium path). If player 1 deviates he gets
at most M in the current period, then the minmax payoff (wi = 0) for L periods,
followed by his continuation payoff y1 at the point of deviation. Therefore he does
not have a profitable one-shot deviation if (1− δ1)M + δL+1

1 y1 ≤ y1, or

M/y1 ≤ 1 + δ1 + · · ·+ δL1 . (5.13)

As θ → 0 ( and therefore δ1 → 1), the RHS of inequality (5.13) tends to L + 1 >

M/x1 ≥ M/y1 by our choice of L. So there exists θ1 > 0 such that inequality (5.13)
holds for θ ≤ θ1.

Now consider unimprovability from player 2’s perspective. First, consider the situ-
ation where there has been no deviation by player 1. Staying on equilibrium path
guarantees him at least v2 − r, while any deviation earns him a continuation payoff
of v2 − 3r. Hence, player 2 will not deviate in such a situation if

(1− δ2)M + δ2(v2 − 3r) ≤ (v2 − r). (5.14)

Since, the RHS exceeds the LHS when δ2 = 1 (and θ = 0) while the reverse is true
when δ2 = 0 (and θ = ∞), there exists a θ2 such that for all θ ≤ θ2, deviations are

21As in FM 1986, only the most recent minmaxing phase matters. If player 1 deviates a second
time and is minmaxed, the continuation payoff after the L periods is xT (θ) adjusted by the second
z; it is as if the first deviation had never happened.

22This may be done by ensuring (1 + k2 θ̂)L < 1 + r/M .
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not profitable.

Finally consider unimprovability from 2’s perspective when when c has been played
fewer than T (θ) times, player 1 has deviated and is being punished with τ ≤ L periods
of punishment left. Observe that if player 2 conforms then the worst he can receive
in each of the periods left in the punishment phase is −M , and thereafter is assured
of a continuation payoff of at least v2 − 2r (this is so since xT (θ) + z1 ∈ B(v, 2r)).)
On the other hand, if he deviates, he may get at most M in the current period,
followed by a continuation payoff of v2− 3r next. This suggests a sufficient condition
for unimprovability:

(1− δ2)M + δ2(v2 − 3r) ≤ (1− δL2 )(−M) + δL2 (v2 − 2r). (5.15)

Since the difference between the right and the left hand sides is positive at δ2 = 0
and negative at δ2 = 1, there exists θ2 > 0 such that inequality (5.15) holds for all
θ ≤ θ2. Following the notation of Theorem 2, let

θ∗∗ = min{θ1(k),min{θ(k,y, ε) | y ∈ B(v, 2r)}, θ3(k),min
i
θ4i(k),min

i
θ5i(k)}

(5.16)

and let θ̃ be a cutoff that ensures σ(v∗,k, θ) is an SPNE for any θ ≤ θ̃. If we define
θ̄ := min{b, θ̂, θ∗∗, θ̃, θ1, θ2}, the strategy profile σ∗(x,k, θ) is an SPNE if θ ≤ θ̄. �

6 Further Computational Issues with Symmetric
Discounting

We now revisit a point that we had raised in subsection 3.2: What can one say about
the self-accessibility of sets that are not ‘ball-like’? With an eye on points close to
or on the boundary of F , we now introduce a class of self-accessible sets that strictly
contains the class of closed balls in the relative interior of the convex hull of a finite
set C.

Definition. Let X be the convex hull of a finite set C ⊂ Rn. A set S ⊂ X is a
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khabla23 if (i) it is of the form BX(o, r) ∩ X where o ∈ aff (X) and r > 0, (ii)
S ∩ co(C ′) is not a singleton for every C ′ ⊂ C that has at least two elements, and
(iii) if x ∈ ∂S ∩ C, then d(o,x) < r.

As stated in the next proposition, khablas are self-accessible. The existence of this
class of self-accessible sets allow us more freedom in ‘enclosing’ a given point close to
the boundary of the feasible set and hence, making it attainable for a bigger range of
discount factors than possible via ‘ball-like’ sets in Propositions 2 and 3.

Proposition 5. For any khabla S there exists δ < 1 such that S is self-accessible for
any (δ1, . . . , δn) satisfying δi = δj ≥ δ ∀ i, j.

Proof. See the appendix. �

It is instructive at this point to see some examples of sets that are self-accessible
and some that are not, particularly because the latter motivated the definition above.
Figure 5 shows three sets that are self-accessible (in each case the four vertices of
the square comprise C, and the set with a bold boundary is S, claimed to be self-
accessible). The self-accessibility of the first one is delivered by Proposition 2. The
second one is self-accessible because it is self accessible relative to the two vertices at
the base of the square, which makes it self-accessible relative to all four vertices of
the square. The self-accessibility of the third is guaranteed by Proposition 3 because
the set is a khabla.24

Figure 5: Sets that are self-accessible
23The word “khabla” is Bengali for an irregular slice.
24A point very close to the northeast corner of the square but in its interior can be enclosed by this

‘large’ set, whereas any ball enclosing such a point must be ‘tiny’. More precisely and pertinently,
δ∗ for such points will be smaller using the khabla rather than the ball.
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Figure 6 depicts three sets that are not self-accessible. The first one shows that
even convex sets in the interior of X are not always self-accessible. The second
and the third violate a key condition in the definition of khablas: S cannot have a
singleton intersection with a non-singleton subset of C. The third figure is particularly
interesting; to see why it is not self-accessible let the four vertices be the corners of
the unit square, and using the terminology used earlier in the proof of Proposition
1, consider for each c what δ(x, c) tends to as x approaches the vertex (0, 1) along
the curved boundary of S. It is not hard to see that for the vertices (0, 0) and (0, 1),
δ(x, c) are both always 1 while for the other two vertices, the function approaches 1.
Consequently for any discount factor, there is an x whose δ∗(x) exceeds that value,
implying that S is not self-accessible.

Figure 6: Sets that are not self-accessible

We now turn to problem of computing δ using P0, when the set S is the intersection
of an affine ball with X, and not just an affine ball in the relative interior of X or
a face thereof. Just as we had done in Proposition 3, we find a single NLP problem
that is equivalent to P0. We state this observation as a proposition, but defer its
proof and the description of this large problem to the appendix.

Proposition 6. Let S be the intersection of the closed ball B(o, r) with co(C), where
C is a finite set and r > 0. Then there exists a standard NLP whose solution is the
same as the solution to the nested problem P0.

Proof. See the appendix. �
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7 Conclusion

This paper proposes a new concept – self-accessibility, which has a very natural
interpretation as a dynamic programming decomposition of the target value in terms
of the current pure-action payoff and the continuation payoff. This leads to a folk
theorem that permits very general forms of asymmetric discounting while dispensing
with public randomization. It also provides a simple proof of a classical result in a
way that is amenable to computation. Both the folk theorems and the computational
algorithms follow readily from the simple geometrical properties of self-accessibility.
We now discuss a few open questions that this research has thrown up.

When discussing computational matters, we have paid more attention to attainability
and less so to ‘sustainability’ or equilibrium constraints. In this regard, the two crite-
ria of ‘attainability’ and ‘sustainability’ have conflicting requirements: Constructing
a large S around the target payoff vector v helps attainability, by creating a lower
bound on the discount factor; however, such a construction sends potential continua-
tion payoffs far away from v, which creates incentives to deviate unless the discount
factor is large. The only situation where this tradeoff was explicitly examined was
in Example 1. In a vein similar to that example, it is conceivable that one can find
a ‘good’ discount factor bound (as opposed to just one that works as provided by
Theorem 1); one does so by trying out different khablas that respect both crite-
ria. However, the systematic search for the best possible discount factor remains a
challenging problem.

We have not attempted to produce results analogous to Propositions 5 and 6 for the
asymmetric discounting case. Lastly, as was mentioned in section 5, one would like
to extend the results in that section to the general n-player case; we hope to achieve
this in a future paper.
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The Appendix

Proof of Proposition 1

By Caratheodory’s theorem (Barvinok (2002), page 10), there are m vertices (with m =
min{L, n + 1}), say, wlog, c1, . . . , cm such that x can be written as ∑m

l=1 λ
(l) cl with the

weights λ(l)s summing to one (Such a representation may not be unique but that will not
affect the argument that follows). Now, if the maximum of the λ(l)s is λ(l∗) = 1, we just set
c(t) = cl

∗ for all t and the result follows. So assume λ(l∗) < 1 and note that λ(l∗) ≥ 1/m;
otherwise the weights will sum to strictly less than 1.

Define

c(0) = cl
∗ (7.1)

y(1) = [λ(l∗) − (1− δ)]
δ

cl
∗ +

∑
l 6=l∗

λ(l)

δ
cl. (7.2)

Rearranging (7.2) we can write x = (1−δ)c(0) +δy(1) suggesting that y(1) is a ‘continuation
payoff profile’. Equation (7.2) shows that y(1) is a linear combinations of the cl’s, and notice
that the weights on the cl’s are a) non-negative (for l 6= l∗ this is obvious, while for l∗ it
follows from λ(l∗) ≥ 1/m and δ ≥ 1− 1/m), and b) they sum to unity. Therefore, y(1) ∈ X,
implying that X is self-accessible for any δ ≥ 1− 1/m. The rest follows from the discussion
at the conclusion of subsection 2.1. �

Remark. The original result in Sorin’s 1986 paper expressed a payoff profile in the feasible
set as the discounted sum of payoffs that result when each player plays a mixed action and
gives the bound as 1− 1/n in this case. It uses a decomposition similar to ours and makes
use of a result due to Fenchel (1929) instead of Caratheodory’s Theorem.

Proof of Theorem 1

The following lemma finds a discount factor that makes a collection of nearby balls (rather
than just a single ball) self-accessible. Slightly less powerful than Lemma 2 in FM 1991, it
suffices for the task in hand.

Lemma 2. Fix x = ∑L
l=1 λ

lcl ∈ F ∗ and let C+ be the vertices with λl > 0 with F+ =
co(C+). Let r̄ > 0 be such that BF+(x, r̄) ⊂ F ∗ ∩ relint(F+). Then, for all ω > 0 and
r ≥ 0 such that ω + r ≤ r̄, we can find δ < 1 such that for any δ ∈ (δ, 1) and any
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x′ ∈ BF+(x, r), x′ can be expressed as the discounted sum of a sequence of pure action
profiles {a(t)}∞t=0, with all continuation payoffs in F ∗ and within a distance ω of x′.

Proof. If C+ is a singleton, we can choose r̄ arbitrarily, set δ to 0, and we can let, for any δ,
a(t) to be the pure action that results in the payoff x′ for all t. Otherwise, x ∈ relint(F+).
Pick r̄ such that BF+(x, r̄) ⊂ F ∗ ∩ relint(F+). For a given choice of r and ω satisfying
r+ω ≤ r̄, let δ = max{ δ (x′, ω) : x′ ∈ BF+(x, r)} with δ(. , .) being as in Proposition 1 (the
role of X there being assumed here by F+). The maximum exists by virtue of Corollary
1, as it is the argmax of a continuous function over a compact set; it is strictly less than
1 because the function δ(. , .) always is. Clearly then, BF+(x′, ω) is self-accessible relative
to C+ for any δ > δ. We can now generate a sequence of continuation payoffs y0 := x′,
and yt+1 := y∗(yt, δ) for t ≥ 1 all belonging to BF+(x′, ω), and also a sequence {c(t)}t≥0

of points in C given by c(0) := c∗(x′), and c(t) := c∗(yt−1) for t ≥ 1. It follows that
x′ = (1− δ)∑t≥0 δ

tc(t) and each c(t) lies in F ∗, no more than ω away from x′. Pick any
sequence {a(t)}∞t=0 in A∞ such that c(t) = g(a(t)) and we are done. �

We now return to the proof of Theorem 1, providing a detailed version for the sake of
completeness. The strategies used to support a given FSIR payoff v are exactly as in
FM 1991; however, besides self-accessibility, several other constructions used in defining
equilibrium strategies help simplify and operationalize the arguments.

Proof of Theorem 1. Because F ∗ is full-dimensional and v ∈ F ∗ \ ∂F , there exists v′ is
such that it is in int(F ∗) and v′ << v. We begin by defining certain constants ∆, µ and ε
that will help define equilibrium strategies needed to support v.25

Let ∆ > 0 be such that

B(v′, 4
√
n− 1∆) ⊂ int(F ∗), (7.3)

and if v is not a payoff vector associated with a pure strategy profile,

BF+(v,∆) ⊂ relint(F+) ∩ F ∗, (7.4)

where F+ = co(C+) and C+ := {ci ∈ C : v = ∑
i λ

ici,
∑
i λ

i = 1, λi > 0}.
25For readers familiar with FM 1991, 2∆ is the ‘reward’ for the punishers; µ is where δ raised to

the number of punishment period will tend to as δ grows large, and ε is the (common) radius of
balls within which the continuation payoffs will reside along various phases of play.
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Let M := maxi {|gi(a)| : a ∈ A} > 0. Next we define a number µ ∈ (0, 1) such that

µ >
M

M + ∆ . (7.5)

Lastly, let ε > 0 be such that

ε < min
i

min{(1− µ)v′i,∆}. (7.6)

For any δ ∈ (µ, 1) define the integer-valued function N(δ) implicitly via the inequalities:

δN(δ) > µ ≥ δN(δ)+1. (7.7)

It follows that |δN(δ) − µ| → 0 as δ → 1. Similarly,
∣∣∣1−µµ − (1−δN(δ))

δN(δ)

∣∣∣→ 0 as δ → 1.

For a given δ, now the proposed equilibrium strategies may be defined:

Phase I: If v is a payoff vector for a pure action profile, play it forever until there is a
unilateral deviation. Otherwise, play the sequence of actions given by Lemma 2 for the
affine ball BF+(v, ε) (In the terminology of Lemma 2, x = x′ = v, r̄ = ∆, r = 0, ω = ε < ∆)
until there is a unilateral deviation. Let δ1 be the discount factor bound obtained from the
Lemma.

If player i unilaterally deviates, go to Phase II(i).

Phase II(i): Play mi for N(δ) periods. If player j unilaterally deviates from this phase
(i.e. is observed to play a strategy that is not in the support of mi

j), start Phase II(j).
Otherwise, at the completion of this phase, go to Phase III(i).

Let

zij =


(1−δN(δ))
δN(δ) rij if i 6= j

0 otherwise
, (7.8)

where

rij = (1− δ)
(1− δN(δ))

N(δ)∑
t=1

δt−1 gi(ã(t)), (7.9)

ã(t) being the action played in the t-th period of II(i). Note that |rij | ≤M . Now Phase III
may be defined as follows.

Phase III(i): Since for δ > µ, δN(δ) > µ (because of (7.7)), 1−δN(δ)

δN(δ) < 1−µ
µ < ∆

M , the second
inequality following from (7.5). This implies

1− δN(δ)

δN(δ) M < ∆ and |zij | < ∆. (7.10)
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Given (7.3), for discount factors greater than µ, now it is easy to check that B(v′(i)−zi, ε) ⊂
int(F ∗) where

v′(i) := (v′1 + 2∆, . . . , v′i−1 + 2∆, v′i, v′i+1 + 2∆, . . . , v′n + 2∆).

Now, in Phase III(i), play the sequence of actions generated by Lemma 2 for this ball (Using
the Lemma’s terminology, here x = v′(i), x′ = v′(i) − zi, r̄ = 4

√
n− 1∆, r = ||zi||, ω =

ε < ∆). Let δ2i be the discount factor bound obtained via Lemma 2 for this case.

For any given δ, let us now examine the incentive compatibility conditions for player i:

• For unimprovability from Phase I, it suffices to have:

(1− δ)M + δN(δ)+1v′i ≤ vi − ε. (7.11)

• For unimprovability from Phase II(i) with τ periods left in the phase, it suffices to
have:

0 + δN(δ)+1v′i ≤ 0 + δτv′i for τ = 1, . . . , N(δ). (7.12)

• For unimprovability from Phase III(i), it suffices to have :

(1− δ)M + δN(δ)+1v′i ≤ v′i − ε. (7.13)

• For unimprovability from Phase II(j), first note that the adjustment term z in Phase
III(j)’s target point makes player i indifferent in Phase II(j) among all pure actions
in the support of mj . The question is whether he wishes to play an action which is
not in the support of mj . With τ periods left in the phase suppose that the action
profile a(t) was played in period t of this punishment phase for t = 1, . . . , N(δ) − τ .
If Player i knew that a given sequence of a(t), for t = N(δ)− τ + 1, . . . , N(δ), would
be played for the remaining part of Phase II(j), the following inequality would deter
deviation:

(1−δ)M+δN(δ)+1v′i ≤ (1−δ)[gi(a(N(δ)−τ+1))+. . .+δτ−1gi(a(N(δ)))]+δτ (v′i+2∆−zji ).
(7.14)

Using (7.8) and (7.9) the right hand side of (7.14) (after cancellation of certain terms)
is:

δτ (v′i + 2∆)− 1− δ
δN(δ)−τ

(
gi(a(1)) + . . .+ δN(δ)−τ−1gi(a(N(δ)−τ))

)
, (7.15)
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which is bounded from below by

δτ
(
v′i + 2∆− 1− δN(δ)

δN(δ) M

)
. (7.16)

Hence by (7.10), unimprovability in this phase is satisfied if the following inequality
is satisfied:

(1− δ)M + δN(δ)+1v′i ≤ δN(δ) (v′i + ∆
)
. (7.17)

• Lastly, for unimprovability from Phase III(j) it suffices to have:

(1− δ)M + δN(δ)+1v′i ≤ v′i + 2∆− zji − ε. (7.18)

for all possible values of zji ; because of (7.10) and (7.6), this is satisfied if the following
hold:

(1− δ)M + δN(δ)+1v′i ≤ v′i. (7.19)

An examination of these conditions show that equations (7.17) and (7.19) suffice for incen-
tive compatibility. Because of (7.7), these in turn are satisfied if the following inequalities
hold:

(1− δ)M + µv′i ≤ v′i − ε (7.20)

(1− δ)M + µv′i ≤ µ(v′i + ∆). (7.21)

As δ tends to 1, the second inequality clearly holds, and so does the first because of (7.6).
A simple calculation then shows that all incentive compatibility conditions hold for player
i if

δ ≥ δ3i = 1− min{(1− µ)v′i − ε, µ∆}
M

. (7.22)

Thus the required discount factor cutoff is δ = max{δ1,maxi(δ2i),maxi(δ3i), µ}. �

Proof of Proposition 5

Let S be a khabla of the form BX(o, r) ∩ X where X = co(C), C being a finite set. For
any y ∈ S, let f(y) :=‖ y − o ‖ denote the distance of y from o, a function that is strictly
convex. Note that z ∈ S if f(z) ≤ r and z ∈ X.

Using the notation in Proposition 2 we first show that δ∗(x) < 1 for any x ∈ S. Let
x = ∑

cl∈C λ
lcl, with C+ := {cl : λl > 0}. If C+ is singleton, there is nothing to prove;

δ∗(x) = 0. So assume that C+ has at least two elements.
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First, assume that f(x) < r. For a scalar t > 0, let z(t) := x + t(x − cl) where cl is any
vertex in C+. Because all λl > 0, for small enough t, z(t) ∈ co(C+) ⊂ X; also, for small
enough t, because of continuity, f(z(t)) < r, which implies z(t) ∈ S. Since, we can rewrite
x as t

1+tc
l + 1

1+tz(t), δ(x, cl) < 1 which in turn implies δ∗(x) < 1.

If f(x) = r, this argument does not work and we need to rely on property (ii) of khablas.
Because of it, there must exists x′ ∈ co(C+)∩ S \ {x}. Define y := x′/2 +x/2 which must
lie in co(C+) ∩ S and since f(x) = r, f(x)′ ≤ r, it follows that f(y) < r, by the strict
convexity of f , whence (y − x)∇f(x) < 0. Since y = ∑

cl∈C+ µ
lcl, with µl > 0, there exists

cm ∈ C+ satisfying (cm − x)∇f(x) < 0. Since ∑cl∈C+ λ
l(cl − x)∇f(x) ≡ 0 and λm > 0,

there exists ck ∈ C+ such that (ck−x)∇f(x) > 0. Now define z(t) := x+t(x−ck). Clearly
because of the above inequality, f(z)− f(x) < 0 for sufficiently small t > 0 and since z(t)
must also lie in co(C+) for small enough positive t, it follows that z ∈ S for enough positive
t. Using arguments used before, one now sees that δ∗(x) < 1.

We next show that δ∗ : S → [0, 1] is an upper semi-continuous function. To do this, we
demonstrate that if x ∈ S, and ε > 0 we can construct a neighbourhood of x (in S) such
that δ∗(x′) ≤ δ∗(x) + ε for all x′ in that neighbourhood of x.

Let ε be such that δ := δ∗(x)+ε < 1 (or else there is nothing to prove) and let (1− δ∗(x)) c∗(x)+
δ∗(x)y∗(x) = x. There are two cases to consider.

Case 1: c∗(x) 6= x

In this case, note that y∗(x) 6= x and δ∗(x) 6= 0. The point y satisfying (1− δ) c∗(x)+δy =
x is a strict convex combination of two distinct points x and y∗(x),26 both in the convex
set S ⊂ BX(o, r); hence y ∈ S and ‖y − o‖ < r. Let ∆1 := r − ‖y − o‖ > 0.

The polytope X is the intersection of half-spaces Hk
− := {w : pk ·w ≤ αk}, k ∈ K, a finite

set. Let K ′ be the set (possibly empty) of k’s with the property that y lies strictly below
Hk, i.e. pk · y < αk. Then for each such k ∈ K ′, there exists ∆k > 0 such that B(y,∆k)
lies strictly below Hk, i.e. w ∈ B(y,∆k) implies pk ·w < αk. Let ∆2 = mink∈K′ ∆k if K ′

is non-empty; otherwise, let it be ∞. Finally, let ∆ = min{∆1,∆2}.

We now show that for any x′ ∈ S such that ‖x′ − x‖ < ∆δ, there exists a y′ ∈ S such
that (1− δ) c∗(x) + δy′ = x′. If we can show this, then δ∗(x′) ≤ δ and we will be done. It
suffices to show that (a) ‖y′ − o‖ < r and (b) pk · y′ ≤ αk. To see (a), simply note that

y′ := y + 1
δ

(
x′ − x

)
(7.23)

26It may be checked that y = λy∗(x) + (1− λ)x where λ = (1−δ)δ∗(x)
(1−δ∗(x))δ which lies in (0, 1).
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and hence ‖ y−y′ ‖= ‖x′ − x‖ /δ < ∆δ/δ = ∆ ≤ ∆1 ≤ r. To see (b), suppose first k ∈ K ′.
Then ‖y′ − y‖ < ∆ ≤ ∆2 which, by the construction of ∆2, ensures that pk · y′ < αk. Or
else, suppose k ∈ K − K ′, i.e. pk · y = αk. Because both x and y∗(x) belong to S and
hence X, pk · x ≤ αk and pk · y∗(x) ≤ αk. But since y is a strict convex combination of
the points x and y∗(x), it follows that pk · x = αk. This fact, the fact x′ ∈ X, (and hence,
pk · x′ ≤ αk), plus equation (7.23) guarantees that pk · y′ ≤ αk and we are done.

Case 2: c∗(x) = x

If c∗(x) = x, we have y = y∗(x) = c∗(x) = x. Since, y∗(x) must reside on ∂S, property
(iii) of a khabla then gives ‖x− o‖ < r, and hence ‖y− o‖ < r, and ∆1 is well-defined and
strictly positive. All the previous constructions and arguments in Case 1 now go through.

Since S is compact, δ := sup {δ∗(x) : x ∈ S} is attained at some x̄ ∈ S. Therefore
δ∗(x) ≤ δ = δ∗(x̄) < 1 for all x ∈ S. The convexity of S implies that for δ ≥ δ̄, y∗(x, δ) :=
1
δx −

1−δ
δ c∗(x) ∈ S. Therefore, x = (1 − δ)c∗(x) + δy∗(x, δ) ∀x ∈ X, ∀δ ≥ δ, i.e. S is

self-accessible w.r.t. C for all δ ≥ δ. �

Proof of Proposition 6

Recall the nested problem P0 from Section 3.2, comprising the three sub-problems P1, P2
and P3, but now in the context of khablas. First consider the problem P1 of figuring out
δ(x, ci) for some vertex ci and some x in S. Since, the large problem referred to above
will be written as a maximization problem, it is inconvenient to deal with a minimization
problem in the first stage. To finesse this, we can work with the Karush-Kuhn-Tucker
(K-K-T) first-order conditions, but then K-K-T conditions may not be sufficient because
the constraint functions are neither convex nor concave.27 The solution to this difficulty
is simple: we frame the problem in terms of θ = δ−1, (which makes both the objective
and all constraints concave in all decision variables) and then later reconvert the K-K-T
conditions in terms of δ. But this creates a problem when x is the same as ci (because then
the solution to P1 will be δ = 0). So first let us assume that this is not the case.

Consider the problem of entering S from some vertex ci via some point x in S where
27Trouble arises as soon as we write: x = (1−δ)cj+δy. This constraint written as two inequalities

will not guarantee concavity of the constraints in (δ,y). However, written in terms of θ = δ−1 , the
constraint becomes linear in θ and y which rescues us.
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S = B(o, r) ∩X. The problem framed in terms of θ is:

Max θ

subject to

y = ci + θ(x− ci) (1)

y = ∑
c j∈C

µjc j (2)

∑
cj∈C

µj = 1 (3)

r2 − (y − o).(y − o) ≥ 0 (4)

θ ≥ 1 (5)

µj ≥ 0 ∀ c j ∈ C. (6)

This is indeed a concave programming problem. We now proceed to write the K-K-T
conditions for this problem. Letting the Lagrangian multiplier on constraints (1)-(5) be γ1,
γ2, γ3, γ4 and γ5, respectively, and re-writing the first order conditions in terms of δ (rather
than θ) we have:
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(1− δ)ci + δy = x (1)

y = ∑
c j∈C

µjc j (2)

∑
cj∈C

µj = 1 (3)

r2 − (y − o).(y − o) ≥ 0 (4)

δ ≤ 1 (5)

µj ≥ 0 ∀ c j ∈ C (6)

1− γ1.(x− ci) + γ5 = 0 (7)

γ1 + γ2 − 2γ4 (y − o) = 0 (8)

−γ2.c
i + γ3 ≤ 0 (9)

µj (−γ2.c
i + γ3) = 0 (10)

γ4 ≥ 0 (11)

γ4 (r2 − (y − o).(y − o)) = 0 (12)

γ5 ≥ 0 (13)

γ5 (1− δ) = 0. (14)

Conditions (1) through (6) simply repeat the constraints, while conditions (7), (8), (9) are
the derivative conditions on the Lagrangian (the derivatives are with respect to θ, y and µj

respectively). Conditions (11) and (13) are sign conditions on multipliers associated with
the inequality constraints (4) and (5). Conditions (10), (12), and (14) are complementary
slackness conditions. What is interesting is that we can embed these conditions within
another problem that requires an expression for δ(x, ci); we do not care what the objective
function of the ‘outer problem’ is, or if it is a minimization or a maximization problem.

While these fourteen conditions define δ(x, ci), these conditions have no feasible solution
when x = ci as the errant constraint (7) cannot be satisfied while ensuring that δ is chosen
as 0, as should be the case. So, we need to make two adjustments to the above conditions
— first, write a condition such that (7) must be satisfied when x 6= ci and (7) need not
be satisfied when x = ci; and second, create additional constraints to ensure that x = ci

implies δ = 0.

The first task is achieved by multiplying the left hand-side of (7) by ||x− ci|| and re-writing
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it as (7′): (
1− γ1.(x− ci) + γ5

)
||x− ci||2 = 0. (7′)

The second task is achieved by appending the following two constraints:

δ ≤ k ||x− ci||2 (15)

k ≥ 0. (16)

Thus when x = ci, the original constraint (7) is allowed to be non-binding, while (15) and
(16) force δ to be 0. Conditions (1) - (6), (7′), (8) - (16) define δ(x, c) for any given x and
ci.28

Next, recall following the arguments used leading up to Proposition 3, that P2 (the problem
of finding δ∗(x)) can be stated as another maximization, as opposed to minimization,
problem:

Max δ

subject to

δ ≤ δ(x, ci) ∀ci ∈ C. (1)

Lastly, the problem P3 of finding δ can be stated as a final maximization problem:

Max δ

subject to

δ ≤ δ∗(x) (1)

||x− o||2 ≤ r2 (2)

x = ∑
j:c j∈C

λjc j (3)

1− δ ≥ 0 (4)∑
j:c j∈C

λj = 1 (5)

λj ≥ 0 ∀j : c j ∈ C. (6)

One can now see how these insights can be woven in to create the single large-scale NLP
28An alternative way to accommodate the case of x = ci is the MINLP approach (Mixed Integer

Nonlinear Programming): Introduce a binary variable b, replace (15) and (16) by δ ≤ b ∈ {0, 1},
and replace (7′) by the constraint

(
1− γ1.(x− ci) + γ5

)
b = 0. When x = ci, b must be 0, when δ

is forced to be 0.
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P4 displayed below.

Max δ

subject to

(1− δi)ci + δyi = x ∀ i : ci ∈ C (1)

yi = ∑
j:c j∈C

µijc j ∀ i : ci ∈ C (2)

∑
j:c j∈C

µij = 1 ∀ i : ci ∈ C (3)

r2 − (yi − o).(yi − o) ≥ 0 ∀ i : ci ∈ C (4)

δi ≤ 1 ∀ i : ci ∈ C (5)

µij ≥ 0 ∀ i : ci ∈ C, ∀ j : c j ∈ C (6)(
1− γi1.(x− ci) + γi5

)
||x− ci||2 = 0 ∀ i : ci ∈ C (7)

γi1 + γi2 − 2γi4 (yi − o) = 0 ∀ i : ci ∈ C (8))

−γi2.ci + γi3 ≤ 0 ∀ i : ci ∈ C (9)

µij (−γi2.ci + γi3) = 0 ∀ i : ci ∈ C, ∀ j : c j ∈ C (10)

γi4 ≥ 0 (11)

γi4 (r2 − (yi − o).(yi − o)) = 0 (12)

γi5 ≥ 0 (13)

γi5 (1− δi) = 0 (14)

δi ≤ k||x− ci||2 ∀ i : ci ∈ C (15)

k ≥ 0 (16)

δ ≤ δi ∀ i : ci ∈ C (17)

(x− o).(x− o) ≤ r2 (18)

x = ∑
j:c j∈C

λjc j (19)

∑
j:c j∈C

λj = 1 (20)

λj ≥ 0 ∀ j : c j ∈ C. (21)
�

Note: We have created a program based on the formulation above in the GAMS program-
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ming language. It is available on request.
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