
Technical Appendix

TA.1. System Reduction

Here, I derive the closed-form vector equations (28), describing how the endogenous variables
respond to financial and productivity shocks to each industry, to a first-order approximation.
Given system of log-linearized equations, we want to reduce the system of 3M2 + 5M + 2
equations to one of M flows and M driving processes.

First, define some notation.∀ zit, let zt be an M-by-1 vector zt ≡


z̃1t
...

z̃Mt

 . And ∀ zijt let zt

by a M2-by-1 vector such that

zt ≡



z̃11t

z̃21t
...

z̃M1t

z̃12t

z̃22t
...
...

z̃MMt


Let industry output be denoted by yi instead of xi, so that xij unambiguously denotes interme-
diate goods use. Let IM denote the M-by-M identity matrix, and 1Mx1

⊗
IM and IM

⊗
1Mx1

be M2-by-M matrices of zeros and ones such that
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1Mx1
⊗

IM ≡


IM
...
IM

 =



1 0 0

0 . . . 0
0 0 1

1 0 0

0 . . . 0
0 0 1



IM
⊗

1Mx1 ≡



1 0 · · · 0
1 0 · · · 0
...

... . . .
1 0 0
0 1 0
0 1 · · · 0
...

... . . .
0 1 0

...
...

0 0 · · · 1
0 0 · · · 1
...

... . . .
0 0 1


Let pnum and ccum respectively denote 1-by-1 values for the price and household consumption
of the numeraire good in equilibrium at t. (Note that by definition, the price of the numeraire
doesn’t change; hence pnum,t = 0 ∀ t). Let diag(·) be the diagonal operator, putting its vector
argument into the diagonal of a square matrix of zeros. Let x • y denote the element-wise
product of matrices x and y. Let starred variables denote observed or calibrated coefficients;
e.g. pic

∗
i

pix∗
i
denotes the share of consumption of industry i’s total output, observed from input-

output tables.
Re-write equilibrium system of log-linear equations using the above notation.

xt = Ωxφφt + Ωxyyt + Ωxppt (1)

w̃t~1Mx1 + nt = φt + pt + yt (2)

pt + ct = pnum,t~1Mx1 + cnum,t~1Mx1 (3)

`t = Ω`ppt + Ω`yyt − xt (4)

νt = xt − Ωνyyt (5)

φt = ΩφBBt − Ωφννt − Ωφ``t (6)
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yt = Ωycct + Ωyxxt (7)

yt = zt + Ωynnt + Jyxxt (8)

. (9)

Ñt = ΩNnnt (10)

(1 + ε) Ñt = ΩNcct (11)

where matrix and vector coefficients are given by

Ωxφ ≡ 1Mx1
⊗

IM Ωxy ≡ 1Mx1
⊗

IM Ωxp ≡
(
1Mx1

⊗
IM − IM

⊗
1Mx1

)

Ω`p ≡
(
1Mx1

⊗
IM − IM

⊗
1Mx1

)
Ω`y ≡ 1Mx1

⊗
IM

Ωνy ≡ IM
⊗

1Mx1

ΩφB ≡ diag
(
Bi
riφi

∗)
Ωφ` = Ωφν ≡

[
αdiag

(
`ciνci
riφi

∗)(
IM

⊗
1Mx1

)]T

Ωyc ≡ diag
(
pic

∗
i

pix∗
i

)
Ωyx ≡

[
diag

(
pix

∗
ci

pix∗
i

)(
IM

⊗
1Mx1

)]T

Ωyn ≡ diag (η) Jyx ≡
[(
diag

(
~1M2x1 − ηI

)
• diag (ω)

) (
IM

⊗
1Mx1

)]T
where ω = [ω11 ω21 · · ·ωM1 ω12 ω22 · · · · · ·ωMM ]T is aM2-by-1 vector, and ηI ≡ (η1 · · · ηM η1 · · · ηM · · · · · · ηM )T

is a M2-by-1 vector (~η stacked on itself M times).

Ωwc ≡
[
diag (β)~1Mx1

]T

ΩNn ≡
[
diag

(
ni
N

∗)
~1Mx1

]T
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ΩNc = Ωwc

Now reduce the system by solving it algebraically. Plug (4) and (5) into (6):

φt = ΩφBBt − Ωφν (xt − Ωνyyt)− Ωφ` (Ω`ppt + Ω`yyt − xt)

= ΩφBBt + (Ωφ` − Ωφν)xt + (ΩφνΩνy − Ωφ`Ω`y) yt − Ωφ`Ω`ppt (12)

Noting that pnum,t = 0, replace (3) and (12) into (1).

xt = ΩxφΩφBBt+Ωxφ
(
Ωφ` − Ωφν

)
xt+
[
Ωxφ

(
ΩφνΩνy − Ωφ`Ω`y

)
+ Ωxy

]
yt+
(
Ωxp − ΩxφΩφ`Ω`p

)
cnum,t~1Mx1+

(
ΩxφΩφ`Ω`p − Ωxp

)
ct

(13)

So

xt = ABt +Dyt + Ecnum,t~1Mx1 + Fct (14)

where

A ≡ [IM2 − Ωxφ (Ωφν − Ωφ`)]−1 ΩxφΩφB D ≡ [IM2 − Ωxφ (Ωφν − Ωφ`)]−1 [Ωxφ (ΩφνΩνy − Ωφ`Ω`y) + Ωxy]

E ≡ [IM2 − Ωxφ (Ωφν − Ωφ`)]−1 (Ωxp − ΩxφΩφ`Ω`p) F ≡ [IM2 − Ωxφ (Ωφν − Ωφ`)]−1 (ΩxφΩφ`Ω`p − Ωxp)

Also plug (3) and (12) into (2). This yields

w̃t~1Mx1+nt = ΩφBBt+
(
Ωφ` − Ωφν

)
xt+
[(

ΩφνΩνy − Ωφ`Ω`y
)

+ IM
]
yt+
[
IM − Ωφ`Ω`p

]
cnum,t~1Mx1+

(
Ωφ`Ω`p − IM

)
ct

which implies

w̃t~1Mx1 + nt = ΩφBBt −Gxt +Hyt + Jcnum,t~1Mx1 +Kct (15)

where

G ≡ − (Ωφν − Ωφ`) H ≡ (ΩφνΩνy − Ωφ`Ω`y + IM ) J ≡ (IM − Ωφ`Ω`p) K ≡ (Ωφ`Ω`p − IM )

Plugging (3) into (9) yields
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(IGNORE) w̃t = Ωwccnum,t~1Mx1 (16)

And plugging (10) into (11) yields

(1 + ε) ΩNnnt = ΩNcct (17)

So far, the reduced system is given by (7), (8), and (14)-(17). Now plug (14) into (7) to
obtain

yt = Lct +OBt + Pcnum,t~1Mx1 (18)

where

L ≡ [IM − ΩyxD]−1 (Ωyc + ΩyxF ) O ≡ [IM − ΩyxD]−1 ΩyxA P ≡ [IM − ΩyxD]−1 ΩyxE

Now plug (15) into (17).

(ΩNc − (1 + ε) ΩNnK) ct = (1 + ε) ΩNn

(
ΩφBBt −Gxt +Hyt + Jcnum,t~1Mx1 − w̃t~1Mx1

)
(19)

Plug (14) into (15).

nt = (ΩφB −GA)Bt + (H −GD) yt + (J −GE) cnum,t~1Mx1 + (K −GF ) ct − w̃t~1Mx1 (20)

Then plug (14) and (20) into (8).

yt = Qzt +RBt + Scnum,t~1Mx1 + Tct − Uw̃t~1Mx1 (21)

where

Q ≡ [IM − JyxD − Ωyn (H −GD)]−1 R ≡ Q [Ωyn (ΩφB −GA) + JyxA] S ≡ Q [Ωyn (J −GE) + JyxE]

T ≡ Q [Ωyn (K −GF ) + JyxF ] U ≡ QΩyn

Combine (21) with (18).

ct = V zt +WBt +Xcnum,t~1Mx1 −A2w̃t~1Mx1 (22)
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where

V ≡ [L− T ]−1Q W ≡ [L− T ]−1 (R−O) X ≡ [L− T ]−1 (S − P ) A2 ≡ [L− T ]−1 U

The goal is to make use of (22), (16), and (19) to solve for cnum,t, ct, w̃t. But first, we
need to replace xt and yt in (19) using (18) and (14).

Now we want to re-write (19) replacing xt and yt using (21) and (14). First get rid of yt
in (14) using (18). This yields

xt = (A+DO)Bt + (DL+ F ) ct + (DP + E) cnum,t~1Mx1 (23)

Plugging this into (19) yields

(ΩNc − (1 + ε) ΩNnK) ct = (1 + ε) ΩNn
([

ΩφB −G (A+DO)
]
Bt −G (DL+ F ) ct +Hyt + [J −G (DP + E)] cnum,t~1Mx1 − w̃t~1Mx1

)
(24)

And now plugging (18) into this yields

(ΩNc − (1 + ε) ΩNnK) ct = (1 + ε) ΩNn
([

ΩφB − G (A +DO) +HO
]
Bt + [HL − G (DL + F )] ct + [HP + J − G (DP + E)] cnum,t~1Mx1 − w̃t~1Mx1

)
(25)

This implies

(B2 − E2) ct = D2Bt + F2cnum,t~1Mx1 −G2w̃t~1Mx1 (26)

where

G2 ≡ (1 + ε) ΩNn B2 ≡ (ΩNc −G2K) D2 ≡ G2 [ΩφB −G (A+DO) +HO]

E2 ≡ G2 [HL−G (DL+ F )] F2 ≡ G2 [HP + J −G (DP + E)]

I now use (22) and (26), which contain M+1 separate equations, to solve for ct and w̃t,
which contain M+1 unknowns. (Recall that cnum,t is contained in ct). First, suppose that the
numeraire good is good M, so that p̃M,t = 0 and c̃num,t = c̃M,t. Also let VM , A2,M , WM , and
XM , denote the M’th rows of the M-by-M matrices V , A2, W , and X, respectively. Then the
M’th row of (22) is given by

c̃M,t = VMzt +WMBt +XM~1Mx1c̃M,t −A2,M~1Mx1w̃t

which implies
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w̃t = 1
A2,M~1Mx1

(
VMzt +WMBt +

[
XM~1Mx1 − 1

]
c̃M,t

)
(27)

Then (26) implies

(B2 − E2) ct = D2Bt +
(
F2~1Mx1

)
c̃M,t −

G2~1Mx1

A2,M~1Mx1

(
VMzt +WMBt +

[
XM~1Mx1 − 1

]
c̃M,t

)
Define the scalar Q3 as

Q3 ≡
G2~1Mx1

A2,M~1Mx1

Then the above implies

(B2 − E2) ct = (D2 −Q3WM )Bt −Q3VMzt +
(
F2~1Mx1 −Q3

[
XM~1Mx1 − 1

])
c̃M,t

which yields

c̃M,t = 1
R3

(B2 − E2) ct −
1
R3

(D2 −Q3WM )Bt + 1
R3
Q3VMzt (28)

where R3 is a scalar.

R3 ≡ F2~1Mx1 −Q3
[
XM~1Mx1 − 1

]
Combining (28) and (27) yields

w̃t = S3zt + T3Bt + U3ct (29)

where
S3 ≡

1
A2,M~1Mx1

(
VM +

[
XM~1Mx1 − 1

] 1
R3
Q3VM

)

T3 ≡
1

A2,M~1Mx1

(
WM −

[
XM~1Mx1 − 1

] 1
R3

(D2 −Q3WM )
)

U3 ≡
1

A2,M~1Mx1

([
XM~1Mx1 − 1

] 1
R3

(B2 − E2)
)

Now, plugging (28) and (29) into (22) yields

(
IM −X~1Mx1

[ 1
R3

(B2 − E2)
])

ct =
(
V +X~1Mx1

1
R3

Q3VM

)
zt+
(
W −X~1Mx1

1
R3

(D2 −Q3WM )
)
Bt−A2~1Mx1w̃t
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(
IM −X~1Mx1

[ 1
R3

(B2 − E2)
])

ct =
(
V +X~1Mx1

1
R3

Q3VM

)
zt+
(
W −X~1Mx1

1
R3

(D2 −Q3WM )
)
Bt−A2~1Mx1 (S3zt + T3Bt + U3ct)

V3ct = W3zt +A4Bt

where

V3 ≡ IM −X~1Mx1

[ 1
R3

(B2 − E2)
]

+A2~1Mx1U3

W3 ≡ V +X~1Mx1
1
R3
Q3VM −A2~1Mx1S3

A4 ≡W −X~1Mx1
1
R3

(D2 −Q3WM )−A2~1Mx1T3

Thus, the closed-form expression for ct is

ct = cCoeffzzt + cCoeffBBt

where

cCoeffzzt ≡ V −1
3 W3 cCoeffBBt ≡ V −1

3 A4

Given this closed-form expression, we can now similarly find closed-form expressions for
all of the other variables in the system. Then (29) implies a closed-form expression for w̃t.

w̃t = wCoeffzzt + wCoeffBBt (30)

where

wCoeffz ≡ S3 + U3cCoeffz

wCoeffB ≡ T3 + U3cCoeffB

And similarly for (28).

c̃M,t =
( 1
R3

(B2 − E2) cCoeffz + 1
R3
Q3VM

)
zt+

( 1
R3

(B2 − E2) cCoeffB − 1
R3

(D2 −Q3WM )
)
Bt

(31)
Thus,
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c̃M,t = cnCoeffzzt + cnCoeffBBt (32)

where

cnCoeffz ≡ 1
R3

(B2 − E2) cCoeffz + 1
R3
Q3VM

cnCoeffB ≡ 1
R3

(B2 − E2) cCoeffB − 1
R3

(D2 −Q3WM )

Using (18) I obtain

yt = L (cCoeffBBt + cCoeffzzt) +OBt +
(
P~1Mx1

)
(cnCoeffBBt + cnCoeffzzt)

which implies

yt = yCoeffBBt + yCoeffzzt (33)

where

yCoeffB ≡ O + LcCoeffB +
(
P~1Mx1

)
cnCoeffB

yCoeffz ≡ LcCoeffz +
(
P~1Mx1

)
cnCoeffz

Using (23) I obtain

xt = (A+DO)Bt+(DL+ F ) (cCoeffBBt + cCoeffzzt)+
[
(DP + E)~1Mx1

]
(cnCoeffBBt + cnCoeffzzt)

which implies

xt = xCoeffBBt + xCoeffzzt (34)

where

xCoeffB ≡ (A+DO) + (DL+ F ) cCoeffB +
[
(DP + E)~1Mx1

]
cnCoeffB

xCoeffz ≡ (DL+ F ) cCoeffz +
[
(DP + E)~1Mx1

]
cnCoeffz
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Using (20) I obtain

nt =
(
ΩφB −GA

)
Bt + (H −GD) (yCoeffBBt + yCoeffzzt) +

[
(J −GE)~1Mx1

]
(cnCoeffBBt + cnCoeffzzt) + ...

...+ (K −GF ) (cCoeffBBt + cCoeffzzt) −~1Mx1 (wCoeffBBt + wCoeffzzt)

which implies

nt = nCoeffBBt + nCoeffzzt (35)

where

nCoeffB ≡ (ΩφB − GA)+(H − GD) yCoeffB+
[
(J − GE)~1Mx1

]
cnCoeffB+(K − GF ) cCoeffB−~1Mx1wCoeffB

nCoeffz ≡ (H − GD) yCoeffz +
[
(J − GE)~1Mx1

]
cnCoeffz + (K − GF ) cCoeffz − ~1Mx1wCoeffz

Using (10) I obtain

Ñt = ΩNn (nCoeffBBt + nCoeffzzt)

which implies

Ñt = NCoeffBBt +NCoeffzzt (36)

where

NCoeffB ≡ ΩNnnCoeffB NCoeffz ≡ ΩNnnCoeffz

Using (3) I obtain

pt = ~1Mx1 (cnCoeffBBt + cnCoeffzzt)− cCoeffBBt − cCoeffzzt

which implies

pt = pCoeffBBt + pCoeffzzt (37)

where

pCoeffB ≡ ~1Mx1c
nCoeffB − cCoeffB pCoeffz ≡ ~1Mx1c

nCoeffz − cCoeffz
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Using (4) I obtain

`t = Ω`p (pCoeffBBt + pCoeffzzt)+Ω`y (yCoeffBBt + yCoeffzzt)−xCoeffBBt−xCoeffzzt

which implies

`t = `CoeffBBt + `Coeffzzt (38)

where

`CoeffB ≡ Ω`ppCoeffB + Ω`yyCoeffB − xCoeffB

`Coeffz ≡ Ω`ppCoeffz + Ω`yyCoeffz − xCoeffz

Using (5) I obtain

νt = xCoeffBBt + xCoeffzzt − Ωνy (yCoeffBBt + yCoeffzzt)

which implies

νt = νCoeffBBt + νCoeffzzt (39)

where

νCoeffB ≡ xCoeffB − ΩνyyCoeffB νCoeffz ≡ xCoeffz − ΩνyyCoeffz

Finally, using (6) I obtain

φt = ΩφBBt − Ωφν (νCoeffBBt + νCoeffzztνt)− Ωφ` (`CoeffBBt + `Coeffzzt)

which implies

φt = φCoeffBBt + φCoeffzzt (40)

where

φCoeffB ≡ ΩφB − ΩφννCoeffB − Ωφ``CoeffB
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φCoeffz ≡ −ΩφννCoeffz − Ωφ``Coeffz

Thus, equations (30)-(40) yield the closed form solution of the behavior of the economy
to liquidity and productivity shocks.

Since, in the model, GDP = wN , then the first-order approximated percentage change in
GDP is given by

˜GDP t = w̃t + Ñt

= wCoeffBBt + wCoeffzzt +NCoeffBBt +NCoeffzzt

= (wCoeffB +NCoeffB)Bt + (wCoeffz +NCoeffz) zt

Constructing Liquidity and Productivity Shocks

Using this solution for yt and nt given by (33) and (35), I constructing industry-level liquidity
and productivity shocks (Bt and zt, respectively) from observed output growth data ŷt and
n̂t as follows. Solving (35) for Bt yields

Bt = [nCoeffB]−1 (n̂t − nCoeffzzt) (41)

Plugging this into (33) yields

ŷt = yCoeffB
(
[nCoeffB]−1 (n̂t − nCoeffzzt)

)
+ yCoeffzzt (42)

Solving this for zt yields

zt = Q−1
3 ŷt −Q−1

3 yCoeffB [nCoeffB]−1 n̂t (43)

where

Q3 ≡ yCoeffz − yCoeffB [nCoeffB]−1 nCoeffz

Then plugging (43) back into (41) yields

Bt = [nCoeffB]−1 (n̂t − nCoeffzzt) (44)

Thus, the shocks at time t which hit each industry are observed fluctuations in output and
employment, filtered for the effects of credit and input-output linkages in propagating them
to other industries, and are given by (43) and (44).
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