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Supplementary Material

A: Proof of the statement in equation (7): Consider an AR(1) model y; = By;—1+us
in which the variance of u; has n breaks and |3| < 1. Consider the variance adjusted series
y? = Py, + uy where uf = u;/00 and y; = ogyf with og = 019, without loss of generality.
Then,
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We here show that the second and the third terms are O,(vr) and O,(v%) where vy — 0
uniformly in s. For notational simplicity, we show these results for y; and y; instead of y;_1
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For any | < k, T~ ZLT/[\T/\W L1 Vi 4Vt = O,(1) because vy, ; and vy, ¢ are covariance station-
ary series for any /; and [;. We can show that the same property holds uniformly in s for

| = k with a minor change of notation. Therefore, uniformly in s,
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B: The choice of 1}

To address what specific version of the correction factor to use, we consider the size and
power of the sup LR} ; test under the following simple DGP with GARCH(1,1) errors:

Y = g + /,621(t > [25T]> + €, €t = Uy ht, U ~ 1.9.d. N(O, 1),
hi = 71+ 721 (t > [75T)) + ~vel | + phi_1,

with hg = 71/ (1 —~ — p) and 71 = 1. The sample size is T = 100 and ¢ = 0.20. Under
Hy, py = 72 = 0, while under H;, one break in mean and one break in variance are allowed
(g = 0 under both Hy and H;). We consider four versions for the estimate {ﬁ as defined by
(8): 1) ¢ = 2, i.e., no dependence in 7, is accounted for (labelled “no correction”), 2) using
the residuals under H; to construct the bandwidth by and to estimate the autocovariances
of n, (labelled “alternative”); 3) using the residuals under Hy instead (labelled “null”); and,
as suggested by Kejriwal (2009), 4) using a hybrid method that constructs the bandwidth by
using the residuals under H; but uses the residuals under H, to estimate the autocovariances
of n, (labelled “hybrid”). Here and elsewhere, we use 1,000 replications. The reason to
include the “no correction” option is to assess which cases (i.e., which combinations of values
for p and «y) leads to distortions when serial dependence is not accounted for and how well
the various suggested options for corrections improve the size.

The results for the exact size of the test (5% nominal size) are presented in Table S.1.
The critical values are those of the bound of the limit distribution, hence, a conservative
size is expected. The results show that the methods “no correction” and “alternative”
exhibit substantial size distortions, that increase with v and p, which indicates the extent
of the correlation in the squared residuals. The method “null”, on the other hand, shows
conservative size distortions as expected. The hybrid method shows less conservative size
distortions when v and p are not very large. These results dictate our choice of p = 0.2 and
v = 0.1,..., 0.5 in the subsequent simulations reported in the text since they imply tests that

require a correction and using either the “null” and “hybrid” methods yields test with good
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finite samples sizes. The results for power are presented in Table S.2. We only consider the
methods “null” and “hybrid” given the high size distortions of the methods “no correction”
and “alternative”. The results show that substantial power gains can be achieved using
the “hybrid” method as opposed to the “null” method, especially if the GARCH effect is
pronounced. Hence, we recommend using the “hybrid” method and all results reported in

the main text are based on it.
C: Should we always correct?

We address the issue of whether it is costly in terms of power to use a correction valid
under more general conditions than needed. To that effect we first consider the power of the

sup LR} r test under the following DGP with normal errors:
Yr = pg + pol(t > T7) + ey, e ~ id.d. N(0,1401(t > 17)),

where we set p; = 0 and p, = 6. We consider three scenarios for the timing of the breaks: a
common break in mean and variance at 77 = TV = [.57], and disjoint breaks at {77 = [.37],
1Y = [.6T]} and {7 = [.6T], T} = [.3T]}. We use T" = 100, 200 and the power, for 5%
nominal size tests, is evaluated at values of # ranging from 0.25 to 1.5 with € = 0.15. Three
versions of the sup LR} ;. tests are evaluated: 1) with a full correction based on ¢ using
the hybrid method (labelled “full”); 2) a correction valid only for i.i.d. errors, though not
necessarily normal, given by ¢ = fi,/6* — 1, where 62 = T Z;‘le 4? and i, = T7! Zthl iy
with @; the residuals under Hy (labelled “i.i.d.”); 3) no correction, i.e., using ¥ = 2, which
is the appropriate value with normal errors (labelled “NC”). The results are presented in
Table S.3. They show that the power is basically the same using any of the three methods.
Hence, there is no cost in using a full correction and we use it throughout for the results

reported in the main text.
D: Local asymptotic power functions.

We consider model (1) focusing on the case of n = m = 1 with the following assumptions.
eAssumption L1: Assumptions Al and A3 hold with o9 — 019 = o™/ VT. We also
have T2 5 [(42)2 — 1] = YW (s) with ¢ = limg_e var(T"Y2°F [(uf)2 — 1]) and
T2 (wg)2 2 s uniformly in s € [0, 1.

eAssumption L2: Assumptions A2 and A3 hold with 65 — 69 = §*/v/T.

In the following, we derive the local asymptotic power of the sup LRy and sup LR3
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tests, allowing for nuisance breaks, i.e., we consider the tests sup LRy r(n = 1,m =1,¢ln =
0,m = 1) and sup LR3p(m = 1,n = 1,e|m = 0,n = 1). The results are also valid if the
nuisance breaks are not accounted for, in which case the tests reduce to the sup LR; r and
the sup LRy test (Andrews, 1993), respectively. Without loss of generality, we denote g
by oo and 63 by &°.

Lemma S.1 Under Assumption L1 or Assumption L1 with Assumption A3 allowing for
61 =0,
sup LRar(n=1,m =1,e[n =0,m = 1) = sup,veye 6(1/}/2)[.]()\”)]2 (S.1)

where

o NW(A)=W() 20700, .,
J(A”) = SN + NG b(\Y)

)\110 # i )\’UO < )\’U
b(AY) = VoA AT .

(1 o )\UO) \Y Zf /\vO > /\fu

1-Av

In particular if 67 = 0, which is imposed in the construction of the test,
sup LRy r(n = 1,€) = supyvey, . (V/2)[T(\")]?. (S5.2)

Lemma S.2 Under Assumption L2 or Assumption L2 with Assumption A3 allowing for

olp =0,
sup LRz r(m = 1,n = 1,elm = 0,n = 1) = supyecps (A9 J(X°) (S.3)
where
AW, (1) — ¢
J()\C) — WQ( ) WQ( ) + Q1/26*b()\c)
A1 = X%
/\CO 1—3\C i /\CO < )¢
bAT) — X C fAT <
(1=X) /2 A0 > )

In particular, if 05y = 0, which is imposed in the construction of the test,
sup LRr(m = 1,¢) = supyeey, . J(A) J(X). (S.4)

Importantly, the result in (S.4) is the same as Theorem 4(c) in Andrews (1993), if we
set (in his notation) n(s) = §I(s < A\°), S = o2(T"'Z2'Z) and M = (T~'Z'Z). For
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comparisons, we also consider the cumulative sum of squares (CUS(Q) test when there are

no nuisance coefficient breaks. With 4, the OLS regression residuals, the CUSQ test is:
o |78 [T a2 - 3T i)

1<7T°<T
-1 T ~92
T 4

cUSQ =

From Deng and Perron (2008)
B v [ u? TN\ u?
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0 0o

CUSQ = sup

Av€l[0,1]

and we obtain the following result.

Lemma S.3 Under Assumption L1, if there is no structural change in the coefficients, then

*
20% 0

Vo

cusqQ = \/@ sup

Ave[0,1]

W) — AW (1) + u(\Y) (S.5)
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Lemma S.1 suggests that the local asymptotic power of the sup LR, r test coincides with
that of the sup LR, r test except for the fact that the set of permissible break dates Af_
becomes smaller than A,.. Lemma S.2 suggests that the local asymptotic power of the
sup LR r test coincides with that of the standard sup LRy test derived in Theorem 4 of
Andrews (1993) except that the set of permissible break dates Ay, is in general smaller than
A. .. Hence, when testing for changes in variance allowing for changes in coeflicients, we have
the same local asymptotic power function as when testing for changes in variance when no
change in coefficient is present and none is allowed for. Therefore, we incur no loss in local
asymptotic power by adopting our more general approach.

We next compare the local asymptotic power functions of the sup LR 1 test given by
(S.2), the sup LRy 7 test given by (S.1) and the CUSQ test given by (S.5) via Monte Carlo
simulations. To this end, the Wiener processes W (-) are approximated by the partial sums
of i.i.d. standard normal random variables with 5,000 discrete steps. The power functions
of 5% nominal size tests are computed based on 10,000 Monte Carlo replications with the
value of ¢* ranging from 0 to 10. We also set the trimming ¢ = 0.15, ¥» = 2 and o9 = 1,
although these particular choices do not qualitatively affect the results. We use the critical
values of 8.58 for the sup LR, r and sup LRy 1 tests and V2 % 1.358 for the CUSQ test.
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Figure S.1 shows the asymptotic local power functions of the sup LR, test and the
CUSQ test when a break in variance occurs at A”° = 0.3, 0.5 and 0.7 and no break occurs
in the coefficients. They show the local asymptotic power functions to be almost identical.
Figure S.2 presents the local asymptotic power functions of the sup LR, test when it ac-
counts for a coefficient break at A = 0.3, 0.5 or 0.7. It also shows, the local asymptotic
power functions of the CUS(Q test under the (correct) assumption of no break in the coeffi-
cients. Hence, this simulation design gives an advantage to the CUS() test and some power
loss for the sup LRy test might be expected. Indeed, the power of the sup LRy p test is
slightly lower when the variance and the coefficient break dates coincide. This is because
the permissible break dates around the true break date are not considered due to the con-
current nuisance break. However, the power loss of the sup LRy test is very minor even
though the sup LRy test allows for a coefficient break. The power functions of both tests
are almost identical when the two breaks are far apart. i.e., the case of (\*?, \*) = (0.3,0.7)
and (0.7,0.3).

Proof of Lemma S.1 The sup LR, p test is:

sup LRy = 2[log L (T T") — log Ly (T°)]
= Tlogd> — (T —T")log 62 — T" log 62
where 5% = T! Zthl(yt — xfﬁ — zﬁt,j) , 65 = (T — T”) ZtT:fUH(yt —zf - z{gtﬁj)Q and
= Tv-! Zt " (g — @3 — 26,;)?. Applying a Taylor expansion to log >, log 6% and log &

around log 03 (without loss of generality, let 02 = 03,), we obtain

sup LRy = (Fir + For) + 0p(1)

where
Fir = (62)7YT6* — (T —T")6% — T'67]
Tv
= @D [ — B — 285 — (e — w5 — 81)?]
t=1
T ~ ~
FER) DD |- @B = #8u) (- @B — 211
t=T7+1
and

1
= —(—1I-1).



We first show that Fyr = o0,(1). From Assumption Al, for any partition TY, we have
X!X; = O,(T), Z!Z; = O,(T), X!Z; = O,(T), X|U; = O,(T"?) and Z\U; = O,(T*/?)
for i = 1 and 2. In addition, under Assumptions Al and A3 in which the change in the
coefficient is assumed to shrink at rate vy, we obtain S—3 = O,(T~/2), 6? —6; = 0,(T~1/?),
B—08=o0,(T72) and §; — 6; = 0,(T~Y/2) for j = 1 and 2. Hence, Fy 1 = o, (1) is shown
by directly following the proof of Theorem 1(b). If there is no break in the coefficient
(8% = 69), we also obtain § — 3 = O,(T~/2), 8 — §; = 0,(T?), B — B = 0,(T"/?) and
§;—6; = 0,(T™Y/2) for j = 1 and 2 no matter where 7° is. Hence, Fy 7 = o, (1).

For F; 1, we slightly change the notation and express the change in variance as 00— o029 =
(0% o90) /T for i = 1,2. We also denote a9 by ¢ without loss of generality so that o%* = 0

by construction. Then,

o7* oo
00 — 00
VT
o7, (o7 /o0)? L o
o} = a§+2ﬁ+ T —00(1+2ﬁ+O(T 1))
or 1 1 .
o
— = (1422 orYH). S.6
2 0?0(+\/T+( >> (5.6)

For each of the three terms, we have
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The results for the sup LR, 7 follow because F 1 = 0,(1) holds also when there is no break

in the coefficients.
Proof of Lemma S.2. The sup LR3 1 test is:

sup LRs 1 = 2[log L (T T") —log L (T")]
= (T —1T")logd2+T"logd? — (T —T")log 62 — T" log &°
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” T > ~ TN — Tv A
where o 02 (T — T ) Zt:fv+1(yt -z — Zt6)27 U% = (71) ! Zt:l(yt xtﬁ — 2 )2> 2 =
(T —=T") 7 Xy (e — 248 — 2jb0,)? and &% = (T°) 7 2207, (e — 28 — 2j6.,1). Applying a
Taylor expansion to log 75 and log &% around log 0%,, and to log 7> and log & around log o3,

sup LR37T = (FI,T + FQ’T) + 0p<].) (S?)
where Ly " Ly e
o
Fip=(T—-T")22% — (T —T") 22 4+ v 2L _ v 2L
O30 020 T 010
and

O30 O30

~2 2 \ 2 ~9 9\ 2
_1 7o <‘71_‘710) _ v <‘71_‘710)
2 2 :
2 010 010

We first show that Fyr = 0, (1). We have

1 . 52— o2 2 ~ 62— g2 \?
F2,T — _5 (T_Tv)( 2 > 20) _(T_Tv>( 2 - 20)]

117 —1v 2 —a2\1> T-T" 52— 02\’
F - __ T 2 20 . T 2 20

. 2 T {\/_< o3 )} T {\/_ o3
2

1 _T” 52— o2 v 52 — o2 2
B A DY i R Y B 91~ %10
()] - (U

where (T —T°)/T|[VT (52 — 0%,) /02, and [(T — T”)/TL[\/T(&% — 03y) /03] have the same
limit distribution and (7% /T)[VT (5> — 02,)/0%,)? and (T°/T)[VT (6% — 0%,)/02,)? have the

same limit distribution under Assumption A3. These also hold when there is no break in

the variance. For F} r, let 0y = 099 without loss of generality, then

P = (o) [(T — T3 — (T = T")63 + T°5; — T"67
2

(010 =08\ w2 s
o () (15t - 7o)

010

The first term becomes,

T Te T
(00) D (=2l B— 20 =D (e — B — 26" — > (e — 1B — 2b;41)°
t=1 t=1 t=Tei1

= (09)7'[D" = D"(2) — D*(1)]
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and the second term is 0,(1) under Assumption A3. When there is no break in variance, the

second term is zero because 03, — 02 = 03, — 03, = 0. Then,
D" — D*(2) — D (1)
= TS e + 1< T8 5| (TS %)
w |72 S (2w + 228" I (t < TCO))_
+ 712 Zt Clugzl I < TCO)6*’ztz£)_ (T Zt ) ztzt>
< [T V2T (g + 226" 1( < T))]
4 [ ZtT:ch(utZé + I(t < Tco)é*'ztzg)} (T_1 ZtT:TcH ztz£>

x |12 S ey (e + 228" (t < TCO))] (1)
=TT

where

cy )\CWq(l) — WCI()\C) 1/2 cx c
J(\) = ( T >+Q 6"b(X%)

)\CO 1-)\°¢ if )\CO S )\c

(1=X0) /2 A >

b(A) =

and Q = plimp_(T7! Zthl z12;). Hence, from (S.7) the results of the sup LR3 test is
obtained. The result for the the sup LRy is also obtained since we showed Fpr = 0,(1) to

hold when there is no variance break.
Proof of Lemma S.3. By (S.6), we obtain

J?O/Ug =1+ 203*/\/?—4— O(T_l)

and the test statistic CUSQ is such that:

2
CcUS _ SU. T_l/2|: [T)\” ( i 20 . ) [ ] (_t_l[)_ ):H_I_O 1
Q Opl] ‘710 00 Zt 1 010 ‘70 p( )
= su 1/2{ { <1+2 **It<T”0)—1}
Opl] VT (t< )

0
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= sup
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= Y sup
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A1 =A%) i A0 <N

p(\’) = . .
AY(1 = A"0) HE AT > N

E: Robustness to non-normal errors.

Given that our tests are based on a quasi-likelihood framework assuming normal errors,
it is useful to assess their size and power under non-normal error distributions. We focus
on the tests for the structural changes in variance, i.e. the sup LR, and sup LRy 7 tests,
mostly because these are the most prone to be affected by non-normality; e.g., the test for a
single coefficient break coincides with that derived by Andrews (1993) using a GMM-based
approach. To investigate the sup LR, r test, we generate the same data as the experiment

pertaining to Table 2:

Y = ctay_te, e=un/h
he = 71+ 71I(t > [5T)) +~ve | + phi_1,

where hg = 71/ (1 — v — p) and u; is drawn from the following well-known non-normal dis-
tributions: (a) the ¢ distribution with 5 degrees of freedom (¢5), (b) a mixture of two normal
distributions: v11(z < 0.5)+wvI(z > 0.5), where z ~ U|[0,1], v; ~ N(—1,1) and vy ~ N(1,1)
(c) the x? distribution with 5 degrees of freedom and (d) an exponential distribution — In(v),
v ~ U|0,1]. These distributions were chosen as empirically relevant examples following Bai
and Ng (2005). To facilitate comparisons, the errors are normalized by subtracting the sam-
ple mean and dividing by the sample standard deviation of each Monte Carlo repetition.
The model parameter values are set at ¢ = 0.5,7; = 0.1, p = 0.2, and € = 0.15. We consider
a = 0.2,0.7 and v = 0.1,0.3,0.5. The sample size is T" = 100, 200. Table S.4 presents the
exact size and power of the sup LR, r, UD max; p and CUSQ tests. The reported values are
roughly comparable to those with normal errors in Table 2, i.e., little if any size distortions.

In all cases, the power decreases to some extent. Note, however, that this is also the case for

S-11



the CUSQ test and the relative advantage of the sup LR, v and UD max; r tests over the
CUSQ test remains under these non-normal errors.
For the sup LR,y r test, we use the same data generating process as that corresponding

to Table 4 to assess the size, i.e.,
Yo = 1y + Lt > [0.5T)) + e, (S.8)

with e; drawn from one of the four types of non-normal distributions. Again, the errors are
standardized to have mean zero and variance one in each Monte Carlo repetition. We set
i, = 0 and the truncation ¢ = 0.15, although we obtained similar results for other choices
of €. Table S.5 shows that the size distortions are minor in all cases. To assess the power
of the sup LRy 1 test, we use again DGP (S.8). The errors are standardized to have mean
zero and variance one when ¢t < [0.257] and 1 + 6 when t > [0.257] so that 6 indicates the
magnitude of the break. The results are presented in Table S.6. Relative to the results in
Table 5, we have, as expected, some power reductions. The extent of the power losses vary

across the different distributions. Nevertheless, the test remains informative.

F: Size and Power of the sup LR] 1 test in the case of normal errors.

Table 5.7 presents results related to Table 2 for the statistic sup LR} r when testing for
a single break in variance assuming no break in regression coefficients but with the static
model and normal errors. The DGP is y; = e; with e; ~ ©.i.d.N(0,1 + 0I(t > [.57]) and 0
varies between 0 and 1.5. The trimming parameter is set to ¢ = 0.15. The results show that
using {ﬁ with the full correction yields power and exact size similar to tests with a correction
that correctly assumes i.i.d. errors, though here imposing normality can lead to tests with
somewhat higher power. This confirms that using the full correction entails little power loss
or size distortions.

We also investigate the findings that the UD max LR, r test can have power close to that
of sup LR} 7 under a single break model even though the former considers a wider range of
alternatives by using a simple design with normal errors. We also compare them with the
CUSQ test described in the main text. We use the same DGP and the results are presented
in Table S.8. They show the exact sizes of the sup LR} 7 and UD max LR, r tests to be close
to the nominal 5% size. The CUSQ test is slightly undersized. The power functions of the

three tests are very close.
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G: Size of the sup LR} and UD max tests in the case of normal errors.

We present results about the size properties of the sup LR} ; and UD max tests with
normal i.i.d. errors, with the DGP set to y; = e; ~ i.i.d. N(0,1). We use three values of the
trimming parameter ¢ = 0.1,0.15 and 0.2. For the UD max test, M = N = 2 and for the
sup LR} 1 test, we consider the following combinations: a) Mg =ng =1,b) my =1, n, = 2,
c) mg = 2, n, = 1. Two sample sizes are used, T' = 100, 200. The results are presented in
Table S.9 and they show the size to be slightly conservative, as expected since the critical
values are from a limit distribution that provides an upper bound. Nevertheless, the size is

close to the nominal 5% level in every case.

H: Split-sample method to select the number of breaks.

We present results for a split-sample method to estimate the number of breaks in 6 and
o%. Tt is based on a specific to general sequential procedure which is a modification of the
sequential procedure discussed in Qu and Perron (2007). Our problem is, however, more
complex since we wish to ascertain what types of break occur at any given selected break
date, not only to know whether some kind of break did occur. Hence, the need for some
refinements. The starting point is to consider the testing problem for the number of breaks
in the union of the coefficients and variance breaks K. This is implemented by using the
Seqr(l + 1|1) test proposed by Qu and Perron (2007). The next step is to decide whether
a break in coefficients, in variance or in both has occurred at each of the selected break
dates. We then perform standard hypothesis testing for the equality of the parameters
across adjacent segments. Since the limit distribution of the estimates of the parameters
of the model are the same whether using estimates of the break dates or their true value,
standard procedures can be applied. Consider first the case of testing whether the regression
coefficients are equal across the two regimes (Tk_l, Tk), regime k, and (Tk, Tk+1), regime k+1,
separated by the k" break (k = 1, ..., K). Denote the true value of the regression coefficients
in regimes k and k£ + 1 by ¢, and 6.1, respectively. The null and alternative hypotheses are
Hy : 6 = Opy1 and Hy : 63 # Op+1. Note that since there is a break in § and/or o2, under
Hy there must be a change in ¢®. Hence, the test to be applied is a standard Chow-type test
allowing for a change in variance across regimes (see Goldfeld and Quandt, 1978). Consider

now the testing problem Hy : 0} = o3, versus H; : 0} # 0t,,, where o} and o, are the
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error variances in regimes k£ and k + 1, respectively. The Wald test is

T — Ti)(Topr — Ti) . )
w, = ST =00 g gy
(Ths1 = Tho—1)(frg — 67)

where 67 and &} +1 are the MLE of o7 and o7, (constructed allowing 6 to be different

in regimes k and k + 1), and ji, is a consistent estimate of E(ul), e.g., iy = (Thp1 —
Tho1) ! Z;:fh | i, constructed under H; to maximize power. The simulation design is the
same as stated in Section 6. The results for this split-sample approach are presented in Table
S.10. Of note, there are cases for which the probability of making the correct selection is
quite low; e.g., when both changes in mean and variance are not large and occur at different
dates, especially when they are far apart. The basic reason for that is that the sequential
test of Qu and Perron (2007) jointly tests whether a break in both regression coefficients and
variance occur. Hence, if only one type of break occurs the power can be quite low unless
the magnitudes of the breaks are large. Unfortunately, this situation is expected to be quite
common in practice (see, Perron and Yamamoto, 2019). Hence, though this procedure is
valid in large samples, it should not be applied mechanically. Care must be exercised to

assess whether we are in a situation where its finite sample properties are rather poor.
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Table S.1: Size of the sup LR 1 using different estimates of ¢ in the case of GARCH(1,1) errors
(DGP: y; = e, er = ugv/hy, with uy ~i.i.d. N(0,1), hy = 71 +ve?_; + phi—1, ho =71/ (1 — v — p),
71 =1, T =100, ¢ = 0.20, Alternative hypothesis: m, = 1,n, = 1).

no correction alternative
Y\p | 0.0 0.1 0.2 0.3 0.4 0.5 Y\p | 0.0 0.1 0.2 0.3 0.4 0.5
0.1 | 0.045 | 0.049 | 0.053 | 0.056 | 0.064 | 0.067 0.1 | 0.063 | 0.066 | 0.076 | 0.062 | 0.079 | 0.104
0.2 | 0.087 | 0.089 | 0.119 | 0.113 | 0.137 | 0.172 0.2 | 0.076 | 0.095 | 0.113 | 0.111 | 0.146 | 0.158
0.3 | 0.138 | 0.147 | 0.171 | 0.219 | 0.308 | 0.354 0.3 | 0.103 | 0.114 | 0.147 | 0.147 | 0.218 | 0.279
0.4 | 0.187 | 0.249 | 0.318 | 0.351 | 0.431 | 0.554 0.4 | 0.112 | 0.139 | 0.187 | 0.187 | 0.289 | 0.382
0.5 | 0.280 | 0.336 | 0.407 | 0.479 | 0.593 - 0.5 | 0.142 | 0.172 | 0.233 | 0.233 | 0.360 -

null hybrid
Y\p | 0.0 0.1 0.2 0.3 0.4 0.5 Y\p | 00 0.1 0.2 0.3 0.4 0.5
0.1 | 0.032 | 0.032 | 0.034 | 0.027 | 0.038 | 0.032 0.1 | 0.038 | 0.035 | 0.037 | 0.035 | 0.054 | 0.055
0.2 | 0.031 | 0.033 | 0.037 | 0.039 | 0.052 | 0.052 0.2 | 0.036 | 0.041 | 0.054 | 0.052 | 0.059 | 0.084
0.3 | 0.035 | 0.022 | 0.030 | 0.046 | 0.045 | 0.077 0.3 | 0.040 | 0.041 | 0.041 | 0.063 | 0.091 | 0.116
0.4 | 0.025 | 0.031 | 0.039 | 0.047 | 0.051 | 0.112 0.4 | 0.036 | 0.041 | 0.062 | 0.069 | 0.094 | 0.166
0.5 | 0.028 | 0.031 | 0.036 | 0.054 | 0.092 - 0.5 | 0.033 | 0.047 | 0.065 | 0.091 | 0.122 -

Note: "no correction" specifies ¢ = 2; "alternative" specifies that the unrestricted residuals are used to

construct 121 and bp; "null" specifies that the residuals imposing the null hypothesis are used to construct

12) and by, and "hybrid" specifies that the residuals under the alternative are used to construct by and the

residuals under the null hypothesis are used to construct 12)

Table S.2: Power of the sup LR] 1 using different estimates of ¢ in the case of GARCH(1) errors
(DGP Yt = HUq + /Lzl(t > [025T]) + €y, € = Ut\/E, with U ~ i.i.d. N(O, 1),

ht =T1 +’7’21 (t > [075T]) +’7€%71 +pht71, ho = 7'1/(]. i p), T1 = ]., p = 027 T = 100, g = 020)
a) small change in variance, large change in mean

v=0.1 v=10.3 v=0.5
null hybrid null hybrid null hybrid
MQ\TQ 0.25 0.5 0.25 0.5 0.25 0.5 0.25 0.5 0.25 0.5 0.25 0.5
0.5 0.201  0.222 | 0.206 0.250 | 0.148 0.183 | 0.173 0.197 | 0.112 0.102 | 0.147 0.150
1 0.714 0.705 | 0.719 0.711 | 0.534 0.565 | 0.559 0.588 | 0.399 0.385 | 0.417 0.391
1.5 0.977 0979 | 0.978 0.980 | 0.911 0.893 | 0.919 0.901 | 0.752 0.740 | 0.760  0.757
2 1.000 1.000 | 1.000 1.000 | 0.992 0.997 | 0.991 0.995 | 0.944 0.928 | 0.952 0.923
b) small change in mean, large change in variance
v=0.1 v=10.3 v=0.5
null hybrid null hybrid null hybrid
TQ\,LLQ 0.25 0.5 0.25 0.5 0.25 0.5 0.25 0.5 0.25 0.5 0.25 0.5
1 0.168 0.287 | 0.208 0.329 | 0.115 0.219 | 0.152 0.259 | 0.087 0.143 | 0.130 0.178
3 0.441 0.554 | 0.609 0.664 | 0.235 0.359 | 0.373 0.475 | 0.159 0.230 | 0.241 0.295
5 0.586  0.660 | 0.770 0.843 | 0.367 0.428 | 0.548 0.594 | 0.255 0.286 | 0.364 0.410
7 0.641 0.732 | 0.851 0.893 | 0.453 0.499 | 0.653 0.664 | 0.311 0.384 | 0.445 0.487

Note: "null" specifies that the residuals imposing the null hypothesis are used to construct 121 and bp, and

"hybrid" specifies that the residuals under the alternative are used to construct by and the residuals under

the null hypothesis are used to construct 12;



Table S.3: Power of the sup LR] 1 test using different corrections in the case of normal errors

(DGP: yp = pq + pol(t > T7) + €45 e ~ ddd. N(0,1+01(t > T7)), g =0, py =60, =0.15)
T =100

Ti=T7= [.5T] Ti=[.3T), TY= [.6T] | TY=[.6T), TY=[.3T]

6 | full iid. NC | full iid. NC full iid. NC

0 0.040 0.032 0.029 | 0.040 0.032 0.029 0.040  0.032  0.029
0.25 | 0.120 0.115 0.118 | 0.108 0.104 0.102 0.106  0.106  0.101
0.5 0.370  0.371  0.370 | 0.325 0.323  0.328 0.327  0.334 0.330
0.75 | 0.736  0.727  0.751 | 0.692 0.689 0.706 0.649 0.647 0.668

1 0.937 0.938 0.941 | 0.919 0.925 0.936 0.871  0.869 0.877
1.25 | 0.992  0.992 0.990 | 0.990 0.990 0.991 0.976  0.980 0.978
1.5 1.000 0.999 0.999 | 1.000 1.000 1.000 0.991  0.994 0.993

T =200

T=Ti=[5T] | T¢=[.3T], TY=[.61] | T¢= [.6T], Ty = [.3T]
9 | ful iid. NC | ful iid. NC | full 1iid. NC

0 0.035 0.036 0.033 | 0.035 0.036 0.033 0.035 0.036  0.033
0.25 | 0.227 0.228 0.237 | 0.168 0.177 0.185 0.199  0.207 0.217
0.5 0.746  0.7568 0.764 | 0.709 0.712 0.712 0.678 0.676 0.673
0.75 | 0.989 0.987 0.991 | 0.984 0.982 0.982 0.961  0.963 0.964

1 1.000 0.999 1.000 | 1.000 1.000 1.000 0.997  0.997  0.998
1.25 | 1.000 1.000 1.000 | 1.000 1.000  1.000 1.000 1.000 1.000
1.5 1.000  1.000  1.000 | 1.000 1.000  1.000 1.000  1.000  1.000

Note: The nominal size is 5% and 1,000 replications are used. The column "full" refers the test using the
correction ¥ which allows for non-normal, conditionally heteroskesdatic and serially correlated errors, as
"

defined by (8); the column "i.i.d.
PN PN ~2 -1 T 2 P o | T 4 . ~ .
P = u4/0' — 1, where 6° =T Zt:l uy and iy =T Zt:l Uy with Uy the residuals under the

refers to a correction that only allows for i.i.d. non-normal errors, i.e.,

null hypotheses; the column “NC” applies no correction and sets ¥ = 2, which is valid with normal errors.



Table S.4: Size and power of the supLR; r(n, = 1,¢), UDmax LRy r and CUSQ tests in a dynamic model with GARCH(1,1) errors
(a) t5 distribution

T =100
a=0.2 a=0.7
v=0.1 v=0.3 v=0.5 v=0.1 v=0.3 v=0.5
T2 LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ
0 0.041 0.039 0.026 | 0.064 0.064 0.025 | 0.094 0.090 0.029 [ 0.046 0.038 0.023 | 0.065 0.062 0.028 | 0.091 0.085 0.031
0.05 | 0.094 0.090 0.068 | 0.101 0.098 0.053 | 0.108 0.106 0.047 [ 0.089 0.079 0.064 | 0.088 0.093 0.047 | 0.104 0.103 0.037
0.1 0.203 0.190 0.182 | 0.184 0.187 0.137 | 0.178 0.179 0.102 | 0.194 0.189 0.180 | 0.188 0.187 0.130 | 0.169 0.175 0.096
0.15 | 0.327 0.303 0.273 | 0.273 0.262 0.193 | 0.232 0.218 0.134 | 0.310 0.290 0.277 | 0.264 0.251 0.198 | 0.233 0.226 0.134
0.2 | 0.435 0.415 0.390 | 0.372 0.364 0.268 | 0.300 0.296 0.183 | 0.431 0.410 0.385 | 0.366 0.357 0.258 | 0.306 0.291 0.181
0.3 | 0.620 0.600 0.530 | 0.501 0.490 0.385 | 0.407 0.399 0.259 | 0.615 0.594 0.524 | 0.494 0.479 0.386 | 0.394 0.380 0.259
T =200
a=0.2 a=0.7
v=0.1 v=0.3 v=10.5 v=0.1 v=0.3 v=20.5
T2 LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ
0 0.041 0.039 0.027 | 0.054 0.054 0.036 | 0.057 0.052 0.040 | 0.042 0.035 0.029 | 0.051 0.052 0.038 | 0.053 0.048 0.039
0.05 | 0.129 0.123 0.136 | 0.113 0.104 0.101 0.089 0.085 0.073 | 0.127 0.121 0.142 | 0.108 0.102 0.103 | 0.086 0.081 0.068
0.1 0.358 0.340 0.369 | 0.279 0.262 0.258 | 0.229 0.207 0.169 | 0.367 0.347 0.375 | 0.275 0.248 0.254 | 0.213 0.194 0.169
0.15 | 0.560 0.536 0.565 | 0.420 0.403 0.388 | 0.294 0.279 0.257 | 0.557 0.535 0.563 | 0.403 0.387 0.383 | 0.290 0.269 0.250
0.2 | 0.718 0.705 0.712 | 0.551 0.533 0.523 | 0.397 0.380 0.320 | 0.707 0.690 0.708 | 0.543 0.521 0.519 | 0.387 0.379 0.309
0.3 | 0.845 0.837 0.825 | 0.700 0.685 0.636 | 0.519 0.507 0.435 | 0.844 0.832 0.827 | 0.696 0.682 0.636 | 0.512 0.490 0.431




(b) mixture of normal distributions

T =100
a=0.2 a=0.7
v=0.1 v=0.3 v=0.5 v=0.1 v=0.3 v=20.5
To LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ
0 0.102 0.105 0.037 0.107 0.117 0.041 0.110 0.121 0.042 0.067 0.062 0.026 0.109 0.109 0.036 0.112 0.119 0.049
0.05 | 0.184 0.186 0.128 0.141 0.156 0.085 0.143 0.157 0.086 0.213 0.207 0.188 0.191 0.184 0.135 0.145 0.151 0.082
0.1 0.350 0.343 0.268 0.241 0.255 0.146 0.231 0.246 0.135 0.477 0.462 0.452 0.349 0.335 0.265 0.224 0.236 0.142
0.15 | 0.522 0.509 0.429 0.335 0.325 0.216 0.329 0.323 0.218 0.714 0.695 0.703 0.510 0.493 0.418 0.320 0.309 0.211
0.2 0.639 0.632 0.552 0.428 0.430 0.285 0.439 0.446 0.287 0.851 0.840 0.828 0.637 0.628 0.533 0.423 0.413 0.273
0.3 0.785 0.769 0.677 0.581 0.573 0.389 0.555 0.544 0.386 0.949 0.939 0.906 0.783 0.763 0.664 0.558 0.546 0.393
T =200
a=0.2 a=0.7
v=0.1 v=0.3 v=10.5 v=0.1 v=0.3 v=0.5
T2 LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ
0 0.059 0.062 0.037 0.065 0.068 0.042 0.051 0.050 0.043 0.059 0.058 0.029 0.063 0.067 0.040 0.051 0.049 0.041
0.05 | 0.373 0.359 0.411 0.243 0.236 0.241 0.143 0.137 0.126 0.364 0.348 0.408 0.241 0.231 0.236 0.141 0.132 0.116
0.1 0.831 0.822 0.848 0.556 0.543 0.566 0.307 0.292 0.272 0.827 0.815 0.848 0.548 0.538 0.558 0.296 0.286 0.265
0.15 | 0.968 0.962 0.973 0.758 0.750 0.761 0.455 0.441 0.399 0.965 0.960 0.974 0.754 0.744 0.747 0.438 0.426 0.389
0.2 0.995 0.995 0.996 0.867 0.864 0.864 0.584 0.575 0.528 0.996 0.996 0.995 0.869 0.863 0.868 0.577 0.567 0.527
0.3 1.000 1.000 0.999 0.954 0.948 0.930 0.726 0.702 0.634 1.000 1.000 0.999 0.951 0.944 0.923 0.703 0.690 0.629




(c) x2 distribution

T =100
a=0.2 a=0.7
v=0.1 v=0.3 v=0.5 v=0.1 v=0.3 v=20.5
To LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ
0 0.024 0.025 0.015 0.054 0.050 0.029 0.087 0.092 0.041 0.025 0.025 0.015 0.051 0.048 0.026 0.081 0.087 0.044
0.05 | 0.085 0.080 0.068 0.095 0.092 0.059 0.111 0.116 0.055 0.083 0.073 0.069 0.091 0.088 0.058 0.101 0.112 0.050
0.1 0.191 0.178 0.169 0.188 0.177 0.130 0.170 0.176 0.099 0.195 0.187 0.159 0.180 0.182 0.135 0.169 0.170 0.092
0.15 | 0.359 0.329 0.309 0.307 0.293 0.227 0.260 0.254 0.153 0.356 0.329 0.304 0.302 0.282 0.223 0.251 0.259 0.153
0.2 0.510 0.490 0.448 0.427 0.414 0.333 0.334 0.324 0.213 0.509 0.487 0.443 0.408 0.391 0.315 0.320 0.321 0.208
0.3 0.637 0.614 0.573 0.548 0.536 0.416 0.434 0.432 0.284 0.628 0.616 0.559 0.543 0.522 0.407 0.426 0.409 0.280
T =200
a=0.2 a=0.7
v=0.1 v=0.3 v=0.5 v=0.1 v=0.3 v=0.5
T2 LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ
0 0.031 0.028 0.025 0.044 0.041 0.031 0.053 0.053 0.042 0.032 0.032 0.029 0.044 0.043 0.035 0.050 0.050 0.049
0.05 | 0.140 0.134 0.133 0.136 0.124 0.116 0.118 0.109 0.085 0.138 0.129 0.135 0.130 0.124 0.107 0.109 0.102 0.084
0.1 0.388 0.366 0.415 0.282 0.259 0.260 0.196 0.182 0.145 0.370 0.348 0.384 0.270 0.247 0.261 0.187 0.178 0.157
0.15 | 0.623 0.603 0.633 0.478 0.455 0.438 0.333 0.326 0.260 0.645 0.623 0.650 0.466 0.447 0.429 0.325 0.310 0.256
0.2 0.781 0.761 0.790 0.601 0.593 0.576 0.415 0.404 0.329 0.765 0.744 0.766 0.592 0.581 0.560 0.408 0.393 0.326
0.3 0.926 0.915 0.911 0.786 0.775 0.732 0.589 0.573 0.493 0.911 0.901 0.895 0.785 0.766 0.734 0.575 0.564 0.470




(d) exponential distribution

T =100
a=0.2 a=0.7
v=0.1 v=0.3 v=0.5 v=0.1 v=0.3 v=20.5
To LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ
0 0.032 0.029 0.018 0.047 0.044 0.028 0.062 0.066 0.032 0.034 0.029 0.018 0.042 0.039 0.024 0.057 0.058 0.028
0.05 | 0.067 0.061 0.051 0.093 0.088 0.056 0.110 0.110 0.060 0.069 0.062 0.046 0.097 0.092 0.063 0.114 0.116 0.058
0.1 0.129 0.117 0.075 0.140 0.132 0.081 0.148 0.143 0.073 0.122 0.118 0.070 0.121 0.120 0.077 0.137 0.134 0.070
0.15 | 0.218 0.200 0.153 0.215 0.203 0.138 0.227 0.212 0.118 0.220 0.202 0.157 0.211 0.199 0.137 0.209 0.198 0.110
0.2 0.274 0.257 0.198 0.259 0.255 0.161 0.254 0.250 0.139 0.275 0.255 0.209 0.262 0.250 0.165 0.249 0.240 0.128
0.3 0.445 0.419 0.334 0.407 0.393 0.259 0.374 0.363 0.231 0.440 0.409 0.328 0.386 0.372 0.249 0.355 0.340 0.215
T =200
a=0.2 a=0.7
v=0.1 v=0.3 v=0.5 v=0.1 v=0.3 v=0.5
T2 LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ LR UDmax CUSQ
0 0.029 0.025 0.025 0.044 0.041 0.036 0.058 0.055 0.036 0.031 0.024 0.026 0.040 0.039 0.034 0.050 0.046 0.034
0.05 | 0.099 0.090 0.089 0.098 0.089 0.083 0.114 0.104 0.083 0.091 0.082 0.090 0.094 0.084 0.080 0.105 0.095 0.081
0.1 0.232 0.214 0.226 0.202 0.188 0.178 0.188 0.177 0.135 0.232 0.215 0.228 0.202 0.184 0.178 0.185 0.173 0.131
0.15 | 0.364 0.350 0.355 0.307 0.303 0.262 0.267 0.252 0.201 0.370 0.348 0.347 0.307 0.291 0.261 0.254 0.240 0.194
0.2 0.539 0.517 0.512 0.452 0.437 0.409 0.380 0.360 0.291 0.537 0.508 0.515 0.444 0.428 0.395 0.358 0.341 0.281
0.3 0.717 0.701 0.676 0.593 0.584 0.525 0.478 0.469 0.365 0.717 0.699 0.667 0.583 0.579 0.523 0.465 0.453 0.366




Table S.5: Size of the sup LRj 1(m, = 1,1, = 1,¢ln = 0,m, = 1) test under non-normal errors
(¢ = 0.15)

T =100 T =200

Po | (a) () (©) (d) (a) (b) (c) (d)
0 0.020 0.039 0.033 0.047 | 0.021 0.031 0.039 0.042
0.1 0.021  0.035 0.036 0.031 | 0.024 0.030 0.032 0.035

0.25 | 0.014 0.040 0.029 0.039 | 0.021 0.034 0.034 0.027
0.5 0.024 0.040 0.032 0.033 | 0.015 0.032 0.031 0.032

0.75 | 0.031 0.039 0.027 0.033 | 0.013 0.029 0.027 0.024
1 0.029 0.027 0.026 0.033 | 0.015 0.039 0.030 0.026
2 0.016 0.027 0.014 0.030 | 0.022 0.033 0.030 0.018
4 0.025 0.027 0.018 0.032 | 0.020 0.028 0.021 0.031
10 0.022 0.033 0.020 0.024 | 0.022 0.040 0.016 0.023
20 0.020 0.039 0.017 0.026 | 0.029 0.025 0.023 0.029

Note: (a) the ¢5 distribution, (b) the mixture of normal distributions,

(c) the X% distribution., (d) the exponential distribution.



Table S.6: Power of the sup LR35 7(mq = 1,n4 = 1,€[n = 0,m, = 1) test under non-normal errors

(e=0.1)
T =100
(a) t5 distribution (b) mixture of normal distributions
O\py | 0 0.1 05 2 1 10 20 0 0.1 05 2 1 10 20

0.25 0.028 0.034 0.027 0.034 0.033 0.029 0.025 | 0.073 0.063 0.049 0.060 0.059 0.089 0.080
0.5 0.039 0.043 0.040 0.055 0.037 0.054 0.047 | 0.117 0.121 0.111 0.137 0.117 0.124 0.155
0.75 0.063 0.065 0.077 0.064 0.079 0.072 0.069 | 0.196 0.202 0.200 0.210 0.213 0.249 0.258
1 0.075 0.107 0.091 0.120 0.112 0.106 0.107 | 0.334 0.295 0.278 0.304 0.326 0.320 0.323
1.25 0.132  0.135 0.147 0.161  0.159 0.125 0.135 | 0.418 0.393 0.402 0.434 0.460 0.474 0.450
1.5 0.18 0.168 0.193 0.159 0.200 0.199 0.188 | 0.510 0.489 0.473 0.479 0.553 0.541 0.586
2 0.259 0.245 0.252 0.305 0.297 0.297 0.281 | 0.668 0.677 0.667 0.701 0.722 0.750 0.771
3 0.395 0.407 0.389 0.431 0437 0430 0.447 | 0.862 0.890 0.881 0.885 0.921 0.938 0.913
4 0.535 0.543 0.567 0.559 0.560 0.599 0.593 | 0.949 0966 0.954 0963 0974 0976 0.975

(c) x2 distribution (d) exponential distribution

N 0.1 0.5 2 4 10 20 0 0.1 0.5 2 4 10 20

0.25 0.0561 0.052 0.036 0.029 0.034 0.027 0.033 | 0.041 0.048 0.048 0.025 0.021 0.035 0.032
0.5 0.066 0.061 0.062 0.038 0.046 0.055 0.059 | 0.062 0.066 0.059 0.031 0.042 0.045 0.051
0.75 0.092 0.102 0.089 0.095 0.089 0.090 0.071 | 0.087 0.085 0.078 0.063 0.059 0.066 0.048
1 0.128 0.133 0.131 0.122 0.112 0.122 0.133 | 0.101 0.091 0.085 0.086 0.068 0.085 0.071
1.25 0.150  0.167 0.183 0.182 0.170 0.157 0.163 | 0.127 0.116 0.112 0.125 0.098 0.093 0.095
1.5 0.200 0.199 0.209 0.211 0.234 0.229 0.231 | 0.142 0.141 0.125 0.142 0.119 0.133 0.128
2 0.311  0.289 0.294 0.281 0.313 0.280 0.305 | 0.181 0.174 0.205 0.169 0.176 0.151  0.162
3 0.482 0.459 0.447 0.435 0472 0497 0495 | 0.276 0.260 0.262 0.272 0.269 0.251 0.291
4 0.599 0.572 0.590 0.555 0.617 0.625 0.603 | 0.357 0.376 0.360 0.350 0.355 0.381 0.377

T = 200

(a) t5 distribution (b) mixture of normal distributions

N 0.1 0.5 2 4 10 20 0 0.1 0.5 2 4 10 20

0.25 0.030 0.037 0.031 0.041 0.033 0.044 0.046 | 0.089 0.083 0.071 0.097 0.093 0.112 0.088
0.5 0.066 0.073 0.079 0.068 0.066 0.073 0.077 | 0.235 0.241 0.216 0.254 0.274 0.259 0.261
0.75 0.125 0.119 0.115 0.137 0.145 0.141 0.138 | 0.441 0.453 0.424 0458 0.509 0.489 0.518
1 0.177  0.181 0.217 0.206 0.214 0.224 0.241 | 0.624 0.629 0.607 0.694 0.717 0.734 0.715
1.25 0.252  0.273 0.251 0.326 0.287 0.315 0.337 | 0.781 0.796 0.759 0.834 0.844 0.864 0.846
1.5 0.361 0.323 0.353 0.408 0.395 0.436 0.383 | 0.893 0904 0.887 0917 0.938 0.940 0.943
2 0.511 0.513 0.507 0.532 0.563 0.542 0.543 | 0.976 0978 0975 0.989 0.988 0.990 0.993
3 0.730 0.726  0.727 0.748 0.758 0.775 0.773 | 1.000 0.999 1.000 1.000 0.999 1.000 1.000
4 0.842 0.833 0.838 0.853 0.874 0.875 0.840 | 1.000 1.000 1.000 1.000 1.000 1.000 1.000

(c) x? distribution (d) exponential distribution

Ny | 0 0.1 0.5 2 4 10 20 0 0.1 0.5 2 4 10 20

0.25 0.0562 0.041 0.051 0.034 0.041 0.044 0.040 | 0.045 0.054 0.035 0.035 0.032 0.023 0.028
0.5 0.097 0.114 0.090 0.083 0.091 0.091 0.084 | 0.074 0.058 0.077 0.052 0.052 0.061 0.042
0.75 0.174 0.164 0.182 0.133 0.152 0.159 0.197 | 0.105 0.105 0.099 0.076 0.075 0.076  0.104
1 0.258 0.239 0.250 0.248 0.235 0.252 0.253 | 0.147 0.154 0.131 0.135 0.135 0.115 0.147
1.25 0.341 0.354 0.322 0.337 0339 0363 0.361 | 0.196 0.185 0.194 0.178 0.178 0.184 0.186
1.5 0.461 0.432 0.410 0.409 0.442 0450 0452 | 0.226 0.232 0.231 0.258 0.258 0.237 0.226
2 0.597 0.599 0.598 0.627 0.598 0.601 0.608 | 0.314 0.342 0.337 0.332 0.332 0.362 0.337
3 0.803 0.767 0.789 0.817 0.822 0.822 0.816 | 0.512 0.517 0.539 0.532 0.532 0.541 0.503
4 0.900 0.903 0.889 0917 0916 0915 0.912 | 0.644 0.698 0.652 0.668 0.668 0.664 0.692




Table S.7: Size and power of the sup LR] 1 test using different corrections in the case of i.i.d. normal errors
(DGP: yy = e4; ey ~i.i.d. N(0,1+61(t > [.5T1])), e = 0.15)
T =100 T = 200
0 full iid. NC | full iid. NC
0 0.049 0.043 0.054 | 0.045 0.045 0.046
0.25 | 0.064 0.079 0.090 | 0.112  0.120 0.131
0.5 0.150  0.162  0.195 | 0.324 0.327 0.371
0.75 | 0.282 0.289 0.340 | 0.572 0.582  0.641
1 0.380 0.415 0.505 | 0.781  0.790  0.857
1.25 | 0.525 0.523 0.654 | 0.894 0.903 0.938
1.5 0.610 0.644 0.751 | 0.958 0.942 0.969
Note: The nomjnal size is 5% and 1,000 replications are used. The column "full" refers to the tests using

the correction ’l/) which allows for non-normal, conditionally heteroskesdatic and serially correlated errors,
as defined by (8); the column "i.i.d." refers to a correction that only allows for i.i.d. non-normal errors, i.e.,
5 PPN ~ — T - ~ - T . . ~ .

P = M4/O'4 — 1, where 62 =171 Zt:l uf and iy =T ! Zt:l uf with U4 the residuals under the

null hypotheses; the column “NC” applies no correction and sets 1/) = 2, which is valid with normal errors.

Table S.8: Size and power of the sup LR}‘)T(na =1),UDmax LRy v and CUSQ tests in the case of i.i.d.
normal errors

T =100 T = 200

0 | sup LRy UDmax CUSQ | sup LR} ; UDmax CUSQ

0 0.049 0.051 0.030 0.045 0.044 0.029
0.25 0.064 0.064 0.059 0.112 0.108 0.116
0.5 0.150 0.136 0.142 0.324 0.302 0.351
0.75 0.282 0.259 0.268 0.572 0.554 0.613

1 0.380 0.356 0.391 0.781 0.762 0.808
1.25 0.525 0.497 0.521 0.894 0.889 0.918
1.5 0.610 0.588 0.599 0.958 0.951 0.965

Table S.9: Size of the sup LRZ}T(ma, ng) and UD max LRy tests in the case of i.i.d. normal errors
(DGP: y = €4, e; ~i.i.d. N(0,1))

T=100
€ Mmeg=nNg=1| mg=1,n,=2 | mg=2,n,=1 | UDmax
0.2 0.039 0.043 0.042 0.042
0.15 0.040 0.035 0.043 0.039
0.1 0.041 0.043 0.042 0.042
T=200
€ Meg=MNg=1| mg=1,n,=2 | mg=2,n,=1 | UDmax
0.2 0.040 0.036 0.040 0.044
0.15 0.037 0.037 0.042 0.044
0.1 0.040 0.041 0.038 0.039




Table S.10: Finite sample performance of the split-sample procedure to select the number of breaks in coefficients and variance
(DGP: yr = pq + po1(t > T°) + e, er ~i.i.d. N(0,1401(t > T?)), e = 0.15, T = 200).

m=n=10 m=n=1 m=n=1
Te=[.5T],T"= [.7T) T¢=[.25T), T"= [.75T]
o=0=1 | po=1,0=3 | po=1,0=5 | po=0=2 | po=0=1| py=0=2 | puy=1,0=3

prob(m = 0,n = 0) 0.930 0.002 0.000 0.000 0.000 0.014 0.000 0.015
prob(m =0,n=1) 0.022 0.000 0.009 0.014 0.000 0.001 0.000 0.006
prob(m = 0,n = 2) 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
prob(m = 1,n = 0) 0.030 0.313 0.001 0.001 0.018 0.571 0.186 0.031
prob(m =1,n=1) 0.013 0.618 0.880 0.856 0.922 0.331 0.714 0.822
prob(m = 1,n = 2) 0.001 0.014 0.050 0.076 0.016 0.032 0.037 0.072
prob(m = 2,n = 0) 0.001 0.006 0.000 0.000 0.000 0.006 0.000 0.000
prob(m =2,n=1) 0.002 0.040 0.054 0.045 0.039 0.042 0.058 0.051
prob(m = 2,n = 2) 0.001 0.007 0.006 0.008 0.005 0.003 0.005 0.003
prob(K = 0) 0.930 0.002 0.000 0.000 0.000 0.014 0.000 0.015
prob(K = 1) 0.064 0.827 0.327 0.125 0.496 0.679 0.226 0.059
prob(K = 2) 0.006 0.171 0.673 0.875 0.504 0.307 0.774 0.926

m=n=1 m=1n=0 m=0,n=

Te=T"= [.5T] T°= [.5T] TV=[.5T]
fo=0=1 | py=1,0=3 [ig= 1 [ig= 2 [iy=3 0=1 0=2 =3
prob(m = 0,n = 0) 0.000 0.000 0.000 0.000 0.000 0.379 0.020 0.000
prob(m =0,n=1) 0.001 0.009 0.000 0.000 0.000 0.518 0.883 0.907
prob(m = 0,n = 2) 0.000 0.000 0.000 0.000 0.000 0.002 0.005 0.007
prob(m =1,n=0) 0.080 0.000 0.907 0.908 0.916 0.007 0.000 0.001
prob(m =1,n=1) 0.887 0.951 0.056 0.061 0.048 0.080 0.073 0.069
prob(m = 1,n = 2) 0.004 0.010 0.005 0.008 0.004 0.001 0.003 0.006
prob(m = 2,n = 0) 0.000 0.000 0.024 0.016 0.017 0.001 0.001 0.000
prob(m =2,n=1) 0.023 0.022 0.004 0.006 0.011 0.009 0.013 0.010
prob(m = 2,n = 2) 0.005 0.008 0.004 0.001 0.004 0.003 0.002 0.000
prob(K = 0) 0.000 0.000 0.000 0.000 0.000 0.379 0.020 0.000
prob(K =1) 0.962 0.951 0.960 0.962 0.958 0.588 0.940 0.966
prob(K = 2) 0.038 0.049 0.040 0.038 0.042 0.033 0.040 0.034

Note: prob(m = j,n = i) represents the probability of choosing j breaks in mean and i breaks in variance, and prob(K = j) denotes
the probability of selecting j total breaks in either mean or variance. The upper bound for the total number of breaks is set to 2.
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