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Abstract

We establish theoretical results about the low frequency contamination (i.e., long memory
effects) induced by general nonstationarity for estimates such as the sample autocovariance
and the periodogram, and deduce consequences for heteroskedasticity and autocorrelation
robust (HAR) inference. We present explicit expressions for the asymptotic bias of these
estimates. We show theoretically that nonparametric smoothing over time is robust to low
frequency contamination. Nonstationarity can have consequences for both the size and power
of HAR tests. Under the null hypothesis there are larger size distortions than when data are
stationary. Under the alternative hypothesis, existing LRV estimators tend to be inflated and
HAR tests can exhibit dramatic power losses. Our theory indicates that long bandwidths or
fixed-b HAR tests suffer more from low frequency contamination relative to HAR tests based
on HAC estimators, whereas recently introduced double kernel HAC estimators do not suffer
from this problem. We present second-order Edgeworth expansions under nonstationarity
about the distribution of HAC and DK-HAC estimators and about the corresponding ¢-test
in the regression model. The results show that the distortions in the rejection rates can be
induced by time variation in the second moments even when there is no break in the mean.
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1 Introduction

Economic and financial time series are highly nonstationary [see, e.g., Perron (1989), Stock and
Watson (1996), Ng and Wright (2013), and Giacomini and Rossi (2015)]. We develop theoretical
results about the behavior of the sample autocovariance (I (k), k € Z) and the periodogram
(It (w),w € [—m, m|) for a short memory nonstationary process. This means processes that
have non-constant moments and whose sum of absolute autocovariances is finite. The latter rules
out processes with unbounded second moments (e.g., unit root). We show that time-variation
in the mean induces low frequency contamination, meaning that the sample autocovariance and
the periodogram share features that are similar to those of a long memory series. We present
explicit expressions for the asymptotic bias of these estimates, showing that it is always positive
and increases with the degree of heterogeneity in the data.

The low frequency contamination can be explained as follows. For a short memory series, the
autocorrelation function (ACF) displays exponential decay and vanishes as the lag length k& — oo,
and the periodogram is finite at the origin. Under general forms of nonstationarity involving
changes in the mean, we show theoretically that r (k) = limyp_0o I'r (k) + d*, where 'y (k) =
Ty E(ViViek), k > 0 and d* > 0 is independent of k. Assuming positive dependence for
simplicity (i.e., limp_,o, I'r (k) > 0), that means that each sample autocovariance overestimates
the true dependence in the data. The bias factor d* > 0 depends on the type of nonstationarity
and in general does not vanish as T" — oo. In addition, since short memory implies I'r (k) — 0 as
k — 0o, it follows that d* generates long memory effects since I (k) = d* > 0as k — oco. As for
the periodogram, I (w), we show that under nonstationarity E (I (w)) — oo as w — 0, a feature
also shared by long memory processes.

Most of the HAR inference in applied work (besides the ¢- and F-test in regression models) are
characterized by nonstationary alternative hypotheses for which d* > 0 even asymptotically. This
class of tests is very large. Tests for forecast evaluation [e.g., Casini (2018), Diebold and Mariano
(1995), Giacomini and Rossi (2009, 2010), Giacomini and White (2006), Perron and Yamamoto
(2021) and West (1996)], tests and inference for structural changes [e.g., Andrews (1993), Bai and
Perron (1998), Casini and Perron (2022b, 2021, 2022a), Elliott and Miiller (2007), and Qu and
Perron (2007)], tests and inference in time-varying parameters models [e.g., Cai (2007) and Chen
and Hong (2012)], tests and inference for regime switching models [e.g., Hamilton (1989) and Qu
and Zhuo (2020)] and others are part of this class.

Recently, Casini (2023b) proposed a new HAC estimator that applies nonparametric smooth-

ing over time in order to account flexibly for nonstationarity. We show theoretically that nonpara-
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metric smoothing over time is robust to low frequency contamination and prove that the resulting
sample local autocovariance and the local periodogram do not exhibit long memory features. Non-
parametric smoothing avoids mixing highly heterogeneous data coming from distinct nonstationary
regimes as opposed to what the sample autocovariance and the periodogram do.

Our work is different from the literature on spurious persistence caused by the presence of
level shifts or other deterministic trends. Perron (1990) showed that the presence of breaks in
mean often induces spurious non-rejection of the unit root hypothesis, and that the presence of
a level shift asymptotically biases the estimate of the AR coefficient towards one. Bhattacharya,
Gupta and Waymire (1983) demonstrated that certain deterministic trends can induce the spuri-
ous presence of long memory. In other contexts, similar issues were discussed by Christensen and
Varneskov (2017), Diebold and Inoue (2001), Demetrescu and Salish (2020), Lamoureux and Las-
trapes (1990), Hillebrand (2005), Granger and Hyung (2004), McCloskey and Hill (2017), Mikosch
and Starica (2004), Miiller and Watson (2008) and Perron and Qu (2010). Our results are different
from theirs in that we consider a more general problem and we allow for more general forms of non-
stationarity using the segmented locally stationary framework of Casini (2023b). Importantly, we
provide a general solution to these problems and show theoretically its robustness to low frequency
contamination. Moreover, we discuss in detail the implications of our theory for HAR inference.

HAR inference relies on estimation of the long-run variance (LRV). The latter, from a time
domain perspective, is equivalent to the sum of all autocovariances while from a frequency domain
perspective, is equal to 27 times an integrated time-varying spectral density at the zero frequency.
From a time domain perspective, estimation involves a weighted sum of the sample autocovari-
ances, while from a frequency domain perspective estimation is based on a weighted sum of the
periodogram ordinates near the zero frequency. Therefore, our results on low frequency contami-
nation for the sample autocovariances and the periodogram can have important implications.

There are two main approaches in HAR inference, one based on traditional asymptotics and
the other based on fixed-smoothing asymptotics. The classical approach relies on a LRV estimator
using a small bandwidth [cf. the HAC estimators of Newey and West (1987, 1994) and Andrews
(1991)]. Inference is standard because HAR test statistics follow asymptotically standard distri-
butions. It was shown early that HAC standard errors can result in oversized tests when there is
substantial temporal dependence. This stimulated a second approach based on a LRV estimator
that keeps the bandwidth at a fixed fraction of the sample size and that converges weakly to a
random variable [cf. Kiefer, Vogelsang and Bunzel (2000)]. Inference is then based on a non-

standard reference distribution and it is shown that fixed-b achieves high-order refinements [e.g.,
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Sun, Phillips and Jin (2008)] and reduces the oversize problem of HAR tests.! However, unlike
the classical approach, current fixed-b HAR inference is only valid under stationarity [cf. Casini
(2023a)| as the fixed-b limiting distribution of the ¢/ F statistic is non-pivotal under nonstationary.
More recently, a variant of the fixed-b approach [see, e.g., Sun (2014b) and Lazarus et al. (2018)]
considered the use of small-b asymptotics in conjunction with fixed-b or ¢/F critical values. These
bandwidths are typically larger than the MSE-optimal bandwidths used for the HAC estimators.

Recently, Casini (2023b) questioned the performance of HAR inference under nonstationarity
from a theoretical standpoint. Simulation evidence of serious (e.g., non-monotonic) power or related
issues in specific HAR inference contexts were documented by Altissimo and Corradi (2003), Casini
(2018), Casini and Perron (2019, 2022b, 2021), Chan (2022a, 2022b), Crainiceanu and Vogelsang
(2007), Deng and Perron (2006), Juhl and Xiao (2009), Kim and Perron (2009), Martins and
Perron (2016), Otto and Breitung (2021), Perron (1991), Perron and Yamamoto (2021), Shao and
Zhang (2010), Vogelsang (1999) and Zhang and Lavitas (2018) among others]. Our theoretical
results show that these issues occur because the unaccounted nonstationarity alters the spectrum
at low frequencies. Each sample autocovariance is upward biased (d* > 0) and the resulting LRV
estimators tend to be inflated. When these estimators are used to normalize test statistics, the
latter lose power. Interestingly, d* is independent of &k so that the more lags are included the more
severe is the problem. Further, by virtue of weak dependence, we have that I'r (k) — 0 as k — oo
but d* > 0 across k. We show formally that long bandwidths/fixed-b LRV estimators are expected
to suffer most from power losses because they use many/all lagged autocovariances.

To precisely analyze the theoretical properties of the HAR tests under the null hypothesis,
we present second-order Edgeworth expansions under nonstationarity for the distribution of the
HAC and DK-HAC estimator and for the distribution of the corresponding ¢-test in the linear
regression model. Under stationarity the results concerning the HAC estimator were provided by
Velasco and Robinson (2001). We show that the order of the approximation error of the expansion
is the same as under stationarity from which it follows that the error in rejection probability
(ERP) is also the same. The ERP of the ¢-test based on the DK-HAC estimator is slightly larger
than that of the t-test based on the HAC estimator due to the double smoothing. High-order
asymptotic expansions for spectral and other estimates were studied by Bhattacharya and Ghosh
(1978), Bentkus and Rudzkis (1982), Janas (1994), Phillips (1977, 1980) and Taniguchi and Puri

1See Dou (2019), Hwang and Sun (2017), Ibragimov, Kattuman and Skrobotov (2021), Ibragimov and Miiller
(2010), Jansson (2004), Kiefer and Vogelsang (2002, 2005), Lazarus, Lewis and Stock (2020), Lazarus et al. (2018)
Miiller (2007, 2014), Phillips (2005), Politis (2011), Pétscher and Preinerstorfer (2016, 2018, 2019), Robinson (1998),
Sun (2013, 2014a, 2014b) and Zhang and Shao (2013).
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(1996). The asymptotic expansions of the fixed-b HAR tests under stationarity were developed
by Jansson (2004) and Sun et al. (2008). Casini (2023a) showed that under nonstationarity the
ERP of the fixed-b HAR tests can be larger than that of HAR tests based on HAC and DK-HAC
estimators thereby controverting the conclusion in the literature that the original fixed-b HAR
tests have superior null rejection rates relative to HAR tests based on traditional LRV estimators.
Casini (2023a) also developed fixed-b methods that are valid under nonstationarity and in fact
provide better null rejection rates in finite-sample.

The Monte Carlo results suggest that under the null hypothesis nonstationarity can generate
larger size distortions than what one finds under stationarity. In particular, fixed-smoothing meth-
ods can exhibit under-rejections whereas HAC and DK-HAC methods can exhibit over-rejections
when there is strong persistence. For the latter problem, our second-order Edgeworth expansions
could be used to construct corrections to the standard normal critical value. We relegate this
opportunity to future research.

The paper is organized as follows. Section 2 presents the statistical setting and Section 3 es-
tablishes the theoretical results on low frequency contamination. Section 4 presents the Edgeworth
expansions of HAR tests based on the HAC and DK-HAC estimators. The implications of our
results for HAR inference are analyzed analytically and computationally through simulations in
Section 5. Section 6 concludes. The supplemental materials [cf. Casini, Deng and Perron (2024)]

contain some additional examples and all mathematical proofs.

2 Statistical Framework for Nonstationarity

Suppose {V; 7}, is defined on a probability space (2, #, P), where Q is the sample space, .#
is the g-algebra and P is a probability measure. In order to analyze time series models that have
a time-varying spectrum it is useful to introduce an infill asymptotic setting whereby we rescale
the original discrete time horizon [1, 7' by dividing each ¢ by T. Letting u = t/T" we define a
new time scale v € [0, 1] on which as 7" — oo we observe more and more realizations of V;r
close to time t. As a notion of nonstationarity, we use the concept of segmented local stationarity
(SLS) introduced in Casini (2023b). This extends the locally stationary processes [cf. Dahlhaus
(1997)] to allow for structural change and regime switching-type models. SLS processes allow for
a finite number of discontinuities in the spectrum over time. We collect the break dates in the
set T = {TP, ..., T%}. Let i £ /—1. A function G (-, -) : [0, 1] x R — C is said to be left-
differentiable at uy if G (ug,w) /0_u = lim,_,,- (G (up, w) — G (u, w)) / (up — u) exists for any
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w € R. Let mg > 0 be a finite integer.

Definition 2.1. A sequence of stochastic processes {V;r}i; is called segmented locally stationary

(SLS) with mg + 1 regimes, transfer function A° and trend p if there exists a representation

™

Vir =y (t/T) + / exp (iwt) A%, 1 (w) d€ (). (t=T0, +1,.... 79,  (21)

—T

for j = 1,..., mg + 1, where by convention 79 = 0 and T

o+1 = T'. The following technical

conditions are also assumed to hold: (i) £ (\) is a process on [—m, 7] with £ (w) = £ (—w) and

cum {d¢ (w1),..., d¢(w)} =¢C (Z wj> Gr (W1, .oy Wpeq) dwy . . . dw,,

j=1
where cum {- - - } denotes the cumulant spectra of r-th order, g; = 0, g2 (w) =1, |g, (w1, ..., wr—1)| <
M, for all r with M, < oo that may depend on r, and ¢ (w) = 372 6 (w + 27j) is the period 27

extension of the Dirac delta function § (+); (ii) There exists a C' < oo and a piecewise continuous
function A : [0, 1] x R — C such that, for each j = 1,..., mo + 1, there exists a 2m-periodic
function A; : (A)_}, AJ] x R — C with A; (u, —w) = A (u, w), A = T7/T and for all T,

Au, w) = Aj (u, w) for A) | <u <A, (2.2)

sup sup ’Agﬂ (w)— A, (t/T, w)’ <CT™ (2.3)

1<jsmo+1T) | <t<TP w

(iii) p. (+) is piecewise Lipschitz continuous.

Definition 2.1 states that V; r has a time-varying spectral representation where both the mean
ft. (-) and transfer function A% ; (w) are piecewise continuous. Since the transfer function depends
on the parameters that enter the second moments of V; 1, the smoothness properties of p. (-) and A
guarantee that V; r has a piecewise locally stationary behavior. We require additional smoothness

properties for A and an example is presented at the end of this section.

Assumption 2.1. (i) {Vir} is a SLS process with mo+1 regimes; (i) A (u, w) is twice continuously
differentiable in u at all u # )\?, j=1,..., mg+ 1, with bounded derivatives (0/0u) A (u, -) and
(07/0u?) A(u, -); (iii) (0*/0u?) A (u, -) is Lipschitz continuous at all uw # X} (j =1,..., mg +1);
(iv) A(u, w) is twice left-differentiable in u at uw = X} (j = 1,..., mo + 1) with bounded deriva-
tives (0/0_u) A (u, -) and (0*/0_u*) A (u, -) and has piecewise Lipschitz continuous derivative
(0%/0_u*) A(u, -); (v) A(u, w) is Lipschitz continuous in w.

5
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We define the time-varying spectral density as f; (u, w) = (2m) 7! A; (u, w) [* for TV, /T < u =
t)T < TjQ /T. Then we can define the local covariance of V; 7 at the rescaled time u with Tu ¢ T and
lag k € Z as c(u, k) = [T €™ f (u, w) dw. The same definition is also used when T'w € T and k >
0. For Tu € T and k < 0 it is defined as ¢ (u, k) £ limr_,0 ["_€“*A (u, w) A (u — k/T, —w) dw.

Next, we impose conditions on the temporal dependence (we omit the second subscript T

when it is clear from the context). Let

(a1,a2,a3,a4)
’%V,t (u7 v, U))

L glo020800) (4 gy o, t+w) — KPS (b b+, W)
L E (‘/t(al) _ Ev(al)) (V az) EV; a2)> (‘/tg‘_m) _ E‘/t(a?))) (‘/t(a4 E‘/t(aél )

—E (Ve/(tg,lt) o ]EV ) (V$2t+u B EV;@Lu) (VL/(;dt"r’U B EV;iLv) (VL/(%er o Evjirw) ’

where {V;} is a Gaussian sequence with the same mean and covariance structure as {V;},
/@%’@’ag”a“) (u, v, w) is the time-¢ fourth-order cumulant of (V;, V%) 1,(8) 108y ypije g (a1-0208.04)

(t, t+u, t + v, t + w) is the time-t centered fourth moment of V; if V; were Gaussian.

a1,a2,a3,04)

Assumption 2.2. (i) 3232 Sup,eqo 1) |lc (u, k)| < 00 and 3232 3272 Y2 SUDye0, 1) ’HV )

(k, 7, 1)| < oo for all ai,as,a3,ay < p. (i1) For all ay,as,a3,a4 < p there exists a function
Rayazasas © [0, 1] X Z X Z x Z — R such that sup;<;<,,, 11 SUDAO | <u<x? |m‘ft§?2ja3’a4) (k, s, 1) —
Rayagasas (U Ky 8, 0)| < LT for some constant L; the functzon Ray.az.as.a0 (W, Ky s, 1) is twice
differentiable in u at all u # X) (j = 1,..., mo + 1) with bounded derivatives (9/0u) Fa, 05,0305

(w, -+, +) and (0*/Ou?) Fay ag.as.as (U, * * +), and twice left-differentiable in u with bounded derivatives
(0/0_1) Fay an.az.as (W75 +) and (0*/0_u?) Ray ap.as.as (Uy+, -, ), and piecewise Lipschitz continuous
derivative (0 /0_u?) Ray ap.ag.as (Uy 5+ )

If {V;} is stationary then the cumulant condition of Assumption 2.2-(i) reduces to the stan-
dard one used in the time series literature [see Andrews (1991)]. Note that a-mixing and some
moment conditions imply that the cumulant condition of Assumption 2.2 holds. Part (ii) extends
the smoothness conditions on A (u, w) in Assumption 2.1 to the fourth-order cumulant. These
smoothness conditions are not particularly restrictive.

Consider the following time-varying AR(1) process with one break at mid-sample \Y = 0.5,

Vir =pt/T)Vi_ir 4o (t/T) uy, (2.4)
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p1(u), uw<05
p(u) = :
p2 (u), u>0.5

where p; (+) and py (+) are Lipschitz continuous, o (-) is piecewise Lipschitz continuous and {u;}
are i.i.d. random variables with mean zero and unit variance. Then, V;p is a SLS process with
A(u, w) =0 (u) (14 p(u)exp (iw)). If p(u) and o (u) satisfy the same smoothness conditions in
u required for A (u, w) in Assumption 2.1, sup,¢p 1) |p (u)| < 1 and sup,¢p 10 (u) < oo, then Vi r
fulfills Assumption 2.1-2.2.

3 Theoretical Results on Low Frequency Contamination

In this section we establish theoretical results about the low frequency contamination induced
by nonstationarity, misspecification and outliers. We first consider the asymptotic proprieties of
two key quantities for inference in time series contexts, i.e., the sample autocovariance and the

periodogram. These are defined, respectively, by

Ty=T7"Y (Vi-V)(View-V), (3.1)

t=|k|+1

where V is the sample mean and

2

It (w) = ‘\/17 Z; exp (—iwt) V;

, w € [0, 7],

which is evaluated at the Fourier frequencies w; = (27j) /T € [0, 7]. In the context of autocor-
related data, hypotheses testing and construction of confidence intervals require estimation of the
so-called long-run variance. Traditional HAC estimators are weighted sums of sample autocovari-
ances while frequency domain estimators are weighted sums of the periodograms. Casini (2023b)
considered an alternative estimate for the sample autocovariance to be used in the DK-HAC esti-

mators, defined in Section 5.1, namely,

\T/nr]

~ n =R
ok (k)é% N e (g T k),

r=1
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where k € Z, np — oo satisfying the conditions given below, and

ng r—1

or (rng /T, k) = ng g (WnTJruk/sznQ,T/ﬂsH — VmT,T) (V;‘anHk/ZUfng,T/QJrerl — VmT,T> ,
s=0

(3.2)

J— _ 1 .
with Vi, = n271T s Vinp—no.z/24+s+1 and ngp — oo such that ng /T — 0. For notational

simplicity we assume that ny and no r are even. ér (rnp /T, k) is an estimate of the autocovariance
at time rny and lag k, i.e., cov(Vypn,, Vinga—k). One could use a smoothed or tapered version; the
estimate I'pk (k) is an integrated local sample autocovariance. It extends T (k) to better account
for nonstationarity. Similarly, the DK-HAC estimator does not relate to the periodogram but to
the local periodogram defined by

1 TLT—l . 2
\/ﬁ Z VI_Tuj —np/2+s+1,T €XP (_ZWS> >
s=0

4

IL,T (u, CL))

where Ir, 1 (u, w) is the (untapered) periodogram over a segment of length ny with midpoint |Tu].
We also consider the statistical properties of both I'pk (k) and Iy, 7 (u, w) under nonstationarity.
Define r; = (A = A9_)) for j = 1,..., mg+ 1 with Ay = 0 and X, ,; = 1. Note that \? = ¥-7_r,.

The low frequency bias is generated by breaks in the mean function. For the sample autoco-

variance, the bias factor is given by d* = 2713, ., rj,75, (;, — fi;,)* where

0
,uj:rj_l/];ﬁj(u)du, fory=1,..., mg+1,
A

0
j—1

with 1 () defined in (2.1) and we use 32}, ;, as a shorthand for Yy, ;, y - When the

mean is constant in each regime y; (t/T) = p1;. Then, fi; = pj and d* = 2715, o 75,75, (1, — 5,)°

sy Mo+1, j17#]2

If the mean is constant across regimes, then there is no low frequency bias and d* = 0.
In Section 3.1 we generalize the results in the literature on low frequency contamination for
the sample autocovariance and the periodogram. In Section 3.2 we show that the local sample

autocovariance and the local periodogram are in general robust to low frequency contamination.

3.1 The Sample Autocovariance and the Periodogram Under Nonstationarity

Mikosch and Starica (2004) established some results on the low frequency bias for the sample

autocovariance and periodogram under the assumption that V; is stationary in each regime and
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that the regimes are independent. In Section S.A in the supplement we extend these results by
allowing time-varying mean and autocovariace function in each regime and weak dependence across
regimes. Here we present a brief summary of these results. Theorem S.A.1 shows that for {V;}
that satisfies Definition 2.1 and Assumption 2.1-2.2, we have

~

T (k) 2/1c(u, k) du+ d + oy, (1), (3.3)

and as k — 0o, I' (k) > d* P-a.s. This suggests that I (k) is asymptotically the sum of two terms.
The first is the autocovariance of {V;} at lag k. The second, d*, is always positive and increases
with the difference in the mean across regimes. Thus, the time-varying mean induces a positive
bias. The result that T' (k) > d* P-a.s. as k — oo implies that unaccounted nonstationarity
generates long memory effects. The intuition is straightforward. A long memory SLS process
satisfies 302 |T' (u, k) | — oo for some u € (0, 1), similar to a stationary long memory process.”
The theorem shows that T’ (k) exhibits a similar property and r (k) decays more slowly than for a
short memory stationary process for small lags and approaches a constant d* > 0 for large lags.

Theorem S.A.2 in the supplement analyzes the properties of the periodogram I (w;) as w —
0 when the mean is time-varying. The result states that as w — 0 E (/7 (w)) generally takes
unbounded values except for some w for which E (I (w)) is bounded below by 27 . 01 f (u, w)du > 0.
A SLS process with long memory has an unbounded local spectral density f (u, w) as w — 0 for
some u € [0, 1]. Since f (-, -) cannot be negative, it follows that fol f (u, w) du is also unbounded
as w — 0. Theorem S.A.2 suggests that nonstationarity consisting of time-varying first moment
results in a periodogram sharing features of a long memory series.

This discussion suggests that certain deviations from stationarity can generate a long mem-
ory component that leads to overestimation of the true autocovariance. It follows that the LRV
is also overestimated. Since the LRV is used to normalize test statistics, this has important con-
sequences for many HAR inference tests characterized by deviations from stationarity under the
alternative hypothesis. These include tests for forecast evaluation, tests and inference for struc-
tural change models, time-varying parameters models and regime-switching models. In the linear
regression model, V; corresponds to the regressors multiplied by the fitted residuals. Unaccounted

nonlinearities and outliers can contaminate the mean of V; and therefore contribute to d*.

2Tn Section S.A.1 in the supplement we define long memory SLS processes that are characterized by the property
> oo lpv (u, k)| = oo for some u € [0, 1] where py (u, k) £ Corr(Viry|, V|7uj+k) and ¥ (u) € (0, 1/2) is the long
memory parameter at time u.
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3.2 The Sample Local Autocovariance and Local Periodogram Under Nonsta-

tionarity

We now consider the behavior of ér (rny/T, k) defined in (3.2) for fixed k as well as for k& — oc.
For notational simplicity we assume that k is even. For u € (0, 1) define S (u, k, nor) = {|Tu] +
k/2=nor /241, [Tu] +k/2+no70/2}, nj 1 (u, k, nor) = (T — ([Tu] +k/2 = nyp/2+ 1)),
and n;p (u, k, nor) = ((|Tu] +k/24n270/2+1) =T}). S (u, k, nyr) denotes a window of length
nor around |T'u|, n;p, (u, k, nor) (resp. njg (u, k, nor)) denotes the distance between the left

(resp. right) end point of S (u, k, nyr) and T7.

Theorem 3.1. Assume that {V,r} satisfies Definition 2.1, ny, nop — 00 withny/T — 0, nop/T —

0 and ny/ner — 0. Under Assumption 2.1-2.2,

(i) for u € (0, 1) such that T} ¢ S (u, k, nap) for all j = 1,..., mg, ¢r(u, k) = c(u, k) +

op (1),
(i) foru € (0, 1) such that TJQ € S (u, k, nag) for some j=1,..., my, we have two sub-cases:

(a) if njr (u, k, nog) /nor — v orng g (u, k, nog) /ner — v with v € (0, 1), then
. 2
or (u, k) > e (A, k) + (1 =) e (u, k) +5 (1 =) (15 (A9) = pjar ()" +0p (1)

(b) if njr (u, k, nor) /nor — 0 ornjg(u, k, nor) /nor — 0, then ér (u, k) = ¢ (u, k) + op (1).

Further, if there exists an r = 1,..., |T/ny]| such that there exists a j = 1,..., mg with
TJQ € S(rnp, k, nor) satisfying (ii-a), then, as k — oo, I'bk (k) > dy P-a.s., where djy =
(a/T) v (L =) (15 (A]) — pjsa (w)* > 0 and dip — 0 as T — oo.

The theorem shows that the behavior of ¢ (u, k) depends on whether a change in mean is
present, and if so whether it is close enough to |Tu]|. For a given u € (0, 1) and k € Z, if the
condition of part (i) of the theorem holds, then ¢ (u, k) is consistent for cov(ViruViru-k) =
c(u, k) + O(T™') [see Casini (2023b)]. If a change-point falls close to either boundary of the
window S (u, k, nar), as specified in case (ii-b), then ¢ér (u, k) remains consistent. The only case
in which a non-negligible bias arises is when the change-point falls in a neighborhood around |7T'u |
sufficiently far from either boundary. This represents case (ii-a), for which a biased estimate results.
However, the bias vanishes asymptotically. Since I'px (k) is an average of &y (rng, k) over blocks
r=1,..., |T/nr], if case (ii-a) holds then T'pk (k) > di as k — oo but di — 0 as T — co. Thus,
comparing this result with the discussion above on I' (k) (see also Theorem S.A.1), in practice the

long memory effects are unlikely to occur when using Tk (k). Furthermore, one can reduce this
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problem by appropriately choosing the blocks » = 1,..., |T/nr]. A procedure was proposed in
Casini (2023b) using the methods developed in Casini and Perron (2023).

We now study the asymptotic properties of Ir, 7 (u, w) as w — 0 for u € [0, 1]. We consider
the Fourier frequencies w; = 2wl/ny € (—m, m) for an integer | # 0 (mod nr). We need the
following high-level conditions. Part (i) corresponds to Assumption S.A.1 while part (ii) requires

additional smoothness.

Assumption 3.1. (i) For each w; and u € [0, 1] with T} € S (u, 0, ny) there evist B; € R, j =
1,..., mo with Bj, # Bj, for j1 # ja such that

TLTfl 2

2_% p(([Tu] —np/2+s+1) /T)exp (—iws)| >

2

TO—(|Tu)—nr/241) np1
B; > exp (—iw;s) + Bj > exp (—iw;s)
s=0 s:T]Q—( |Tu|—nr1/2)

.....

Theorem 3.2. Assume that {V,r} satisfies Definition 2.1 and that np — oo with np/T — 0. Under
Assumption 2.1-2.2, S.A.1-(ii) and 3.1,

(i) for any u € (0, 1) such that T} ¢ S (u, 0, ny) for all j = 1,..., mo, E(ILz (u, w)) >
[ (u, wy) as w; — 0;

(i) for any u € (0, 1) such that T} € S (u, 0, ny) for some j = 1,..., my we have two sub-
cases: (a) if njz (u, 0, ny) /nr — v or njg(u, 0, ny) /nyr — v with v € (0, 1), and nrwi — 0
as T — oo, then E (I 1 (u, w)) — oo for many values in the sequence {w;} as w;, — 0; (b) if
njr (u, 0, ny) /np = 0 or njg (u, 0, ny) /np — 0, then E (I, 7 (u, w)) > f(u, w;) as w, — 0.

It is useful to compare Theorem 3.2 with the discussion above about the periodogram (see
also Theorem S.A.2). Unlike the periodogram, the asymptotic behavior of the local periodogram
as w; — 0 depends on the vicinity of u to A} (j =1,..., mg). Since I 7 (u, w;) uses observations
in the window S (u, 0, nr), if no discontinuity in the mean occurs in this window then I, 7 (u, w;)
is asymptotically unbiased for the spectral density f (u, w;). More complex is its behavior if some
T falls in S (u, 0, ny). The theorem shows that if T} is close to the boundary, as indicated in
case (ii-b), then Ip, 7 (u, w;) is bounded below by f (u, w;), similarly to case (i). If instead T} falls
sufficiently close to the mid-point |Tu|, as indicated in case (ii-a), then E (Ir, 7 (u, w)) — oo for

many values in the sequence {w;} as w; — 0 provided it satisfies nyw? — 0 as T — oo. Hence,
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unless TAY is close to |Tu], the local periodogram Ip, 7 (u, w;) behaves very differently from the
periodogram I (w;). Accordingly, nonstationarity is unlikely to generate long memory effects if
one uses the local periodogram. As for ¢r (u, k), if one uses preliminary inference procedures [cf.
Casini and Perron (2023)] for the detection and estimation of the discontinuities in the spectrum
and for the estimation of their locations, then one can construct the window efficiently and avoid
T} being too close to |Tu] .

4 Edgeworth Expansions for HAR Tests Under Nonstationarity

We now consider Edgeworth expansions for the distribution of the ¢-statistic in the location model
based on the HAC and DK-HAC estimator where {V;} is assumed to have zero-mean and time-
varying second moments. This is useful for analyzing the theoretical properties of the null rejection
probabilities of the HAR tests under nonstationarity. As in the literature, we make use of the
Gaussianity assumption for mathematical convenience.®> We relax the stationarity assumption
used in the literature [cf. Jansson (2004), Sun et al. (2008) and Velasco and Robinson (2001)]
which has important consequences for the nature of the results. The results concerning the ¢-
test based on the HAC estimator are presented in Section 4.1 while those based on the DK-HAC
estimator are presented in Section 4.2.

Let {V;} be a zero-mean Gaussian SLS process satisfying Assumption 2.1-(i-iv). Let

éﬁvw
Vr

which is valid for all T such that Jp > 0 where Jp = TS ST E(V, V).

hy N (0, 1), (4.1)

4.1 HAC-based HAR Tests

The classical HAC estimator is defined as

T—-1 T
Juacr = Y. Ki(birk)T (k), Ck)y=T"" > ViViow,
k=—T-+1 t=|k]+1

3This can be relaxed by considering distributions with Gram-Charlier representations at the expenses of more
complex derivations.
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where K (-) is a kernel and by 7 a bandwidth parameter. Under appropriate conditions on by r,

we have jH AcT — Jr £ 0 from which it follows that
VTV
\/ jHAC,T

Let V.= (Vi,..., V). Note that jHAC,T = V'W,, V/T where W, has (r, s)th element

Zr 2 L o0, 1).

Wb(:’s) =w (byp(r—s)) = / %bl (w) e du, (4.2)
i

such that K, (w) is a kernel with smoothing number by and I = (—m, 7). For an even function

K that integrates to one, we define

Ky, (w —bfTZK( b(w +2m5)).

j=—o0
Note that K, (w) is periodic of period 27, even and satisfies [T K, (w)dw = 1. It follows that
w(r) = [T €™ K (z)dr and Juacr = 2m Ju Ky, (w) Iy (w) dw. K, (w) is the so-called spectral
window generator. We refer to Brillinger (1975) for a review of these introductory concepts.

We now analyze the joint distribution of V' and jHAc,T- Let By = E(jHAQT)/JT — 1 and
V2 = Var(,/ Tb1,TjHAc,T /Jr) denote the relative bias and variance, respectively, of jHAc,T- It is

convenient to work with standardized statistics with zero mean and unit variance. Write

JrVr

o\ —1/2 jHAQT -E jHAC,T
Zr = Zr (h) = hy (14 By + Vrhy (Thyr) ™) 7, hy=/Thir ( ( >) ,

where h = (hy, hy)’. Note that hy = V'QrV—E (V'QrV) is a centered quadratic form in a

Gaussian vector where Q7 = Wy, (/T /by 7V Jr)~'. The joint characteristic function of h is

Y (t) = (ty, t2) = |1 — 2it22VQT|_1/2 exp (_2_1t%§’lf (I = 2ity2vQr) ' Syép — itzTT) )

where T7 = E (V'QrV) = Tr (EvQr), Xy = E(VV'), and & = 1//TJr with 1 being the T x 1

vector (1,1,..., 1)/. The cumulant generating function of h is

Ky (t1, t2) = log ¢ (t1, t2) ZZF&T r,s)

r=0 s=0

13
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where k7 (1, s) is the cumulant of h. Phillips (1980) considered the distribution of linear and

quadratic forms under Gaussianity. From his derivations, the nonzero bivariate cumulants are

kr (0, 8) =251 (s — DITr (Zv Q1)) s> 1,
KT (2, S) = 258'6} (ZvQT)s Eva, s> 0.

We introduce the following assumptions about {V;} and f (u, 0).

Assumption 4.1. For all v € [0, 1], 0 < f(u, 0) < oo and f (u, w) has d; continuous derivatives
(df > 2) f(df) (u, w) in a neighborhood of w = 0 and the dsth derivative satisfies a Lipschitz
condition of order o with o € (0, 1].

Assumption 4.2. For all u, f (u, w) € Ly, for some p > 1, d.e., ||f (u, )|l = [ f? (v, w) dw < 0.
Assumption 4.3. |K (z) | < oo, K (2) = K (=), K (z) =0 forx ¢ Il and [ K (z)dz = 1.
Assumption 4.4. K (x) satisfies a uniform Lipschitz condition of order 1 in [—7, 7].

Assumption 4.5. For j =0,1,...,ds, df >2 andr =1, 2,...

=0, j<df,7':1;

y (K7) 2 [ 0 (K (@) do = ,
il 7£ 0, ] = df, r=1.

Assumption 4.6. by 7 + (Thy 7)™ — 0 as T — co.
Assumption 4.7. by = CT ™7 where 0 < g <1 and 0 < C < 0.

Assumption 4.3-4.7 about the kernel and bandwidth are the same as in Velasco and Robinson
(2001) in which a discussion can be found. They are satisfied by most kernels used in practice.
The bandwidth condition in Assumption 4.6 is sufficient for the consistency of jHAC,T and is
strengthened in Assumption 4.7, for some parts of the proofs, which is satisfied by popular MSE-
optimal bandwidths [cf. Andrews (1991), Casini (2022), Belotti et al. (2023) and Whilelm (2015)].

Assumption 4.1-4.2 impose conditions on the smoothness and boundedness of the spectral
density. Assumption 4.1 is implied by S22 ___ [k|¥ 2 sup, |[EV,V,_| < oo but it is stronger than
necessary because it extends the smoothness restriction to all frequencies. Assumption 4.2 does
impose some restrictions on f (u, -) beyond the origin, though it is not particularly restrictive since

any p > 1 arbitrarily close to 1 will suffice.
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We now analyze the asymptotic distribution of Ju ac,r- Under stationarity this was discussed
by Bentkus and Rudzkis (1982) and Velasco and Robinson (2001). From Lemma S.B.11-S.B.12 in

the supplement we obtain

_ g () Jy S 1, 0) d
Al [ f (u, 0)du

Br =aibyp + O (07 °+ T logT),  where 7

The order of the asymptotic bias b(ffT depends on the smoothness of the spectral density at w =0
[cf. Assumption 4.1]. The constant ¢; depends on the moment of order dy of the kernel K and on

the smoothness of f (u, w) at w = 0. For example, for the time-varying AR(1) in (2.4),

f(2) (u’ 0) _ o? (u) p (u) 5. (43)
7 (14 p () = 2p(w)

If there is positive dependence at time u, then p (u) > 0 and f® (u, 0) < 0. Suppose K (z) > 0 for
all x so that po (K) > 0. Then the sign of the bias is determined by the sign of fol @ (u, 0) du.
A positive local AR(1) coefficient contributes negative bias which corresponds to the well-known
downward bias of the LRV estimator when there is positive dependence. Conversely, with anti-
persistence p (u) < 0 and f® (u, 0) > 0. Since p(-) is time-varying, whether the bias is positive
or negative depends on the path of p(-). The smoother is the spectral density at frequency zero,
the smoother the kernel and the slower b; 7 can be. The factor fol f (u, 0) du in the denominator
follows by definition because By is the relative bias.

We present a second-order Edgeworth expansion to approximate the distribution of h, with
error o((Thy 7)~*/?) and including terms up to order (Th; 7)~*/? to correct the asymptotic normal
distribution. This will imply the validity of that expansion for the distribution of jHAC’T. For
B € %, where % is any class of Borel sets in R2, let Q) (B) = [g ¥2 (h) ¢\? (h) dh, where
@y (h) = (21) " exp{— (1/2) |h||*} is the density of the bivariate standard normal distribution,

g (h) = 1+ (1/30) (Tb7) " (Z0(0, 3)H3 (ha) + Zo(2, 1)Ha (h) Ha (ha))

where #; (-) are the univariate Hermite polynomials of order j, and = (0, 3) = (47r)1/ 29l Jq K (w)
dw || K|;° and Zo(2, 1) = (4m)"? K (0) |K]|;" (see Lemma S.B.13-S.B.14). Let (B)”denote a
neighborhood of radius ¢ of the boundary of a set B. Let P denote the probability measure of h.

Theorem 4.1. Let Assumption 4.1, 4.2 (p > 1), 4.5-4.4 and 4.7 (0 < q<1) hold. For ¢y =
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(Thy 1)~ % with 1/2 < w < 1, we have

sup

sup [Pr(B) - QY (B)] = o ((Thir) ™) + (4/3) sup QF ((9B)*7). (4.4)

Be#?

Theorem 4.1 shows that @g? ) is a valid second-order Edgeworth expansion for the measure Pr.
The method of proof is the same as in Velasco and Robinson (2001). We first approximate the true
characteristic function and then apply a smoothing lemma [cf. Lemma S.B.2 in the supplement
which is from Bhattacharya and Rao (1975)]. The leading term of the approximation error is of
order o (Th; 7)~'/?) as the second term on the right hand side of (4.4) is negligible if B is convex
because ¢ decreases as a power of T. This is the same order obtained for the corresponding
leading term under stationarity. Since the higher-order correction terms in q(T2 ) depend only on
K () but not on f (-, -), they are equal to the one obtained under stationarity.

Next, we focus on Zr, i.e., a t-statistic for the mean. Proceeding as in Velasco and Robinson
(2001), we first derive a linear stochastic approximation to Zr (h) and show that its distribution is
the same as that of Zr up to order o((Th;7)~%/2). Then, we show that the asymptotic approxima-
tion for the distribution of the linear stochastic approximation is valid also for Zr with the same
error o((Thy )~%/?). Using Lemma S.B.13-S.B.14 in the supplement we can substitute out By and
Vr in Zp and, by only focusing on the leading terms, we define the following linear stochastic

approximation,
Zr & hy (1— 270V — 27 VAT || K| ha (Thir) 7).

The next theorem presents a valid Edgeworth expansion for the distribution of Zp from that of h.

Theorem 4.2. Let Assumption 4.1, 4.2 (p > 1), 4.3-4.5 and 4.7 (¢ = 1/ (1 +2dy)) hold. For a

convex Borel set C, we have, for ro (z) = —¢; (22 — 1) /2,

P(ZreC)- [ o) (L (@)by)do

sup
c c

=0 ((Tbyr)™"?). (4.5)

Theorem 4.2 shows the form of the correction term to the standard normal distribution, i.e.,
bcllfT Je @ (x) r2 (z) dz. The error of the approximation is of order o((Tb;)~"/?) which is the same
as the one obtained under stationarity by Velasco and Robinson (2001).

Let @ (-) denote the distribution function of the standard normal. Setting C = (—o0, 2],
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integrating and Taylor expanding @ (-), we obtain, uniformly in z,

P(Zr<2)=®(2) + ;clzgo (2) b4 + o ((Tbyr)~72) (4.6)

I (z (1 4 ;clbfj}» o ((Thig) ™) = (2) + O (T ) 72).

This shows that under the conditions of Theorem 4.2, the standard normal approximation is correct
up to order O((Thy 7)~?). Eq. (4.6) has an immediate interpretation. Consider the time-varying
AR(1) example in (2.4) and suppose K (z) > 0 for all x so that ps (K) > 0. Given (4.3) we know
that with local positive persistence (i.e., p (u) > 0) f (u, w) has a peak at w = 0. If the pattern of
p (u) is such that fol @ (u, 0)du < 0 so that the positive persistence dominates, then ¢, < 0 and
as is well-known the HAC estimator underestimates the true LRV and the corresponding HAC-
based test over-rejects. The approximation in (4.6) tends to correct this problem as it follows
that one uses ® (2 (1 + v7)) where v < 0, so for a given significance level the critical value z is
larger in absolute value than the corresponding standard normal critical value. Conversely, if there
is anti-persistence, then ¢; > 0 and the implied critical value is smaller than the corresponding
standard normal critical value. For d; > 2 the reasoning is the same but one has to take into
account the sign of 14, (K).

Consider the location model y, = 5+ V; (t =1,..., T). For the null hypothesis Hy : 5 = [,

consider the following t-test,

L VT(3-m)
AC = —F—7,
! \/ Juac,r

where B is the least-squares estimator of 5. Theorem 4.2 and (4.6) imply that
P (tuac < 2) = @ (2) + p(2) (Thir) " + o ((Thir) %), (4.7)

for any z € R, where p (2) is an odd function. When g = 1/ (1 + 2d;) we have p () = 271¢,2¢ (2) C4sr+1/2
where C'is defined in Assumption 4.7. Thus, the error in rejection probability (ERP) of tyac is of
order O((Thy 7)~Y/?). If {V;} is second-order stationary, the results in Velasco and Robinson (2001)
imply that the ERP of tyac is also of order O((Th7)~'/2). Below we establish the corresponding
ERP when the t-statistic is instead normalized by jDK,T and also discuss the ERP of the t-test

under fixed-b asymptotics.
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4.2 DK-HAC-based HAR Tests

We now consider the Edgeworth expansion for tests based on the DK-HAC estimator. In order
to simplify some parts of the proof here we consider an asymptotically equivalent version of the
DK-HAC estimator discussed in Section 5. Let

T-1 1
Tor= X Kb Thc ), Foek) 2 [ o 0y
k=—T+1 0

where by 7 is a bandwidth sequence and

— (s = [K|/2)) /T

bor

/C\DK,T (7", k’) TbQT Z K (

s=|k|+1

> stsf|k|>

with K5 a kernel and by 7 a bandwidth. Note that T'pk (k) and Ty (k) are asymptotically equiv-

alent and cr is a special case of ¢pk r with Ky being a rectangular kernel and ny 7 = Tby 7.

Assumption 4.8. K, (1) : R — [0, o0], Ky (z) = Ky (1 — fo Ky (x)dr = 1, Ky(z) = 0 for
z ¢ [0, 1] and Ky (+) is continuous. The bandwidth sequence {sz} satzsﬁes bor — 0, 031 /00 —
b€ [0, 00) and 1/Tby rbar — 0 where qy is the index of smoothness of K; (+) at 0.

Under Assumption 4.3-4.4, 4.6 and 4.8 it holds that jBKT — Jr 5 0 [cf. Casini (2023b)] and

éﬁvd

Ur — — A4 (0, 1). (4.8)
VoK. T
Note that JDKT = fo 7Y Wy, V (1) dr/(Tbyr) where V (r) = (Vi (r), Va(r),..., Vp(r)) with
Vi (r) = \/Kg r—1j) /Tbg,T)Vj and W, defined in (4.2). Let
- 1 T ~ 2
Iy (r,w) = 7 Thyy |2 exp (—iwt) Vi (1)

Ir (r, w) is the local periodogram of {V (r)}. Then, Jfy , = 27 fol iy Koy (W) Ir (r, w) dwdr.
We begin by analyzing the joint distribution of V' and jE)K,T' Let Bop = IE(JABK’T)/JT -1
and V3 = Var(\/Tbl,Tbg,ijgKI /Jr) denote the relative bias and variance of j]’SKI, respectively.
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It is convenient to work with standardized statistics with zero mean and unit variance. Write

_ —-1/2 jf‘)K’T —E JA]’SKT
UT = UT (V) =1 (1 + BQ7T + V27TU2 (Tbl,TbZ,T) 1/2) ,  Ug = m ( JTV (T )) ’
2,

where v = (v1, v5)" with v; = h;. Note that vy = fo ) Q, TV( ) E(V (r)' QQ’TV (r)))dr is a
centered quadratic form in a Gaussian vector where QQ,T = Wy, (\/Tbar /b1 Vo Jr) . The joint

characteristic function of v is
. —-1/2 —1,24 . -1 .
@ZJQ,T (tl, tz) = ’I — 22t22‘7Q27T‘ exp -2 t1§2,T (I — 222522‘7@2711) 2‘75271“ — ZtQTQyT s

where Yo7 = fo r) Qo TV( )dr) = Tr(S5Qar), Xy fo r))dr) and & =
1/\/TborJr. The cumulant generating function of v is

1t it
KZ,T(tth) longT tl,tg ZZ’%QT T, S ( 1) ( 2) :

r=0 s=0

where kg1 (1, s) is the cumulant of v. To obtain more precise bounds in some parts of the proofs
we use the following assumption on the cross-partial derivatives of f (u, w). Let C denote the set
of continuity points of f (u, w) in u, i.e., C = {[0, 1] /AN, 5 =1,..., mo}}. Define

Z < (2, )/Ol_ssz(x)dx+a§+f(A§,w)/

1
z Ky () dx) ds,

1—s
where
o N+ w) = (A w P CFN+ R w) = F (A w
&T_fo?vw):l,{%l (] ])l <] )7 au ()\0 ):l}ggl (J ])l (3 )

Assumption 4.9. For u € C, (8?/0u?) f (u, w) has d; continuous derivatives in w in a neighbor-
hood of w = 0, the d; derivative satisfying a Lipschitz condition of order g € (0, 1].
Foru ¢ C, (0/0u_) f (u, w) and (8/0u,) f (u, w) have d; continuous derivatives in w in a neigh-

borhood of w =0, the dy derivative satisfying a Lipschitz condition of order oo € (0, 1.

From Lemma S.B.11 and S.B.17, the relative bias of j{SKT is

Bor = 51be1lfT + 52() +0 (bdf+g +77 log T + (Tbor) ) To (bg’T)’
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where

__ Hay (K) fol f(df) (u, 0) du Ty = 27! fol 2K, (x) dx fc Bu 2 F (u, 0) du + Ay (0 )
a df!folf(u, 0)du : fo (u, 0)du

The factor ¢, in the relative bias By 7 also enters By and we already discussed it. The second
factor, ¢, includes two elements. The first depends on the second moment of the kernel Ky and
on the smoothness over time of the spectral density f (u, 0). The second element in ¢ is A (0)
which depends on the right and left first partial derivatives of f (u, 0) with respect to u at the
discontinuity points. The more nonstationary is the data the more complex is ¢y, and in fact the
larger in magnitude are 9% f (u, 0) /0u® and Ay (0). For the special case of stationary data, ¢, = 0.
The more nonstationarity is the data, the smaller by 7 should be chosen so as to weight more the
data locally. The smoothing over sample autocovariances is needed to achieve consistency while
the time-smoothing is introduced to more flexibly account for the time-varying properties of the
data. The disadvantage of the time-smoothing is that it reduces the effective sample size thereby
accounting for strong dependence more difficult.

We now present a second-order Edgeworth expansion to approximate the distribution of v

1/2

with error o((Thy rbar)~'/?). The expansion includes terms up to order (Tby by r) /% to correct

the asymptotic normal distribution This implies the Validity of that expansion for the distribution

qé?% (v) = 14 (1/31) (Thyrbar) ? {Z2,0(0, 3)Haz (v2) + Ea0(2, 1)Haa (v1) Han (01)},

Hs ; (+) are the univariate Hermite polynomials of order j and =5 (0, 3) and Z5(2, 1) are bounded
and depend on K, K3 and on f (u, 0) (see Lemma S.B.5-S.B.6).

Theorem 4.3. Let Assumption 4.1, 4.2 (p > 1), 4.5-4.4, 4.7 (0<q< 1), 4.8-4.9 hold. For ¢ =
(Tby1bar)™ with 1/2 < @ < 1, and every class 5> of Borel sets in R?, we have

Pr (B) — Q%) (B)| = o (Thurbor) /) + (4/3) sup Q) (0B)**).  (4.9)

Be#?

sup
Be#?

Theorem 4.3 shows that QQQ)T is a valid second-order Edgeworth expansion for the probability
measure Pr of v. The correction qéz% (v) differs from qé? ) (h) in Theorem 4.1. This difference
depends on the smoothing over time, i.e., on by and K (-). The theorem also suggests that the

leading term of the error of the approximation is order of o((Tb; 1by1)~%/?).
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Next, we focus on Ur defined in (4.8), i.e., a t-statistic based on jBK’T, and present the
Edgeworth expansion. We need the following assumption, replacing Assumption 4.6-4.7, that
controls the rate of smoothing over lagged autocovariances and time implied by the bandwidths
by v and by 7, respectively. It requires that the bias due to smoothing over frequency and over time
is of the same order as the correction term obtained in @9% (B) or as the standard deviation of
ijK,T. The assumption is satisfied by, for example, the MSE-optimal DK-HAC estimators proposed
by Belotti et al. (2023) and Casini (2023b).

Assumption 4.10. The bandwidths by — 0 and by — 0 satisfy 0 < bifT (TbLTbQ,T)_l/2 < oo and
0< b%,T (TbLTbQ,T)il/Z < 0.

Theorem 4.4. Let Assumption 4.1, 4.2 (p > 1), 4.3-4.5, and 4.8-4.10 hold. For convexr Borel sets
C, we have, for ry (x) = —¢; (2* — 1) /2 and r3 (z) = —Cy (2?2 — 1) /2,

sup ‘IP’(UT eC)— / o (@) (1472 (2) by + 73 (2) b 1) da| = o (Thyrbyr)™?) . (4.10)
C

Theorem 4.4 shows that the correction term to the standard normal distribution, i.e., [, ¢ ()

(re (2) bifT + 75 () b3 p)dz, depends on both smoothing directions. The error of the approximation

is of order o((Thy 7 byr)~/?) which can be larger than that obtained in Theorem 4.2 for the HAC

estimators. Similar to (4.6), we obtain uniformly in z,

1 1
]P (UT S Z) — (I) (Z (1 + §6lbcll’fT + QCng’T)> + O ((Tbl,Tb2,T)_1/2) 5 (4].].)

where C = (—o0, z|, which suggests that the standard normal approximation is correct up to order
O((Tby 1by7)~Y/?). Eq. (4.11) has a similar interpretation to (4.6). Consider the time-varying
AR(1) example in (2.4) and suppose p (u) > 0 for all u. Then, ¢, < 0. However, the sign of ¢, is
not easily determined even for this simple model. For the special case p (u) = sin(um/10), no break
and o2 (u) = 02 we have ¢, < 0. Then, the implied critical value from the approximation is larger
than the standard normal critical value. In general, however, the correction to strong persistence
might be either attenuated or strengthened by the correction to nonstationarity depending on the
true data-generating process.

Returning to the location model, consider the ¢-statistic based on j]’SK’T,

,_VT(3-)
DK — — —=—— -
vV JBK,T
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Theorem 4.4 and (4.11) imply that
P (tDK S Z) =& (Z) +p2 (Z) (TbLTbQ,T)il/Q +o0 ((TbLTbg’T)ilﬂ) s (412)

for any z € R, where py (2) is an odd function. Under the conditions of Theorem 4.4 py (2) =
271 ((CU+1/%6) + Oyey)zp (2)) where C is defined in Assumption 4.7, Cy = (bC%+1/2)1/2 and b is
defined in Assumption 4.8. Thus, the ERP of tpk can be larger than that of tgac, though the
margin is small. This follows from the fact that j]’SK,T applies smoothing over two directions. The
smoothing over time is useful to flexibly account for nonstationarity. Its benefits appear explicitly
under the alternative hypothesis as we show in Section 5 whereas the ERP refers to the null
hypothesis. One can show that the ERP of tpk and tgac remain unchanged if prewhitening is
applied, though the proofs are omitted since they are similar.

We can further compare the ERP of tgac and tpk to that of the corresponding t-test under
the fixed-b asymptotics. Casini (2023a) showed that the limiting distribution of the original fixed-b
HAR test statistics under nonstationarity is not pivotal as it depends on the true data-generating
process of the errors and regressors. This contrasts to the stationarity case for which the fixed-b
limiting distribution is pivotal and the ERP is of order O(T~!) [see Jansson (2004) and Sun et al.
(2008)]. Based on an ERP of smaller magnitude relative to that of HAR tests based on HAC
estimators [cf. O(T~Y) < O((Thy7)~1/?)], the literature has long suggested that the original fixed-
b HAR tests are superior to HAR tests based on HAC estimators. However, this break downs
under nonstationarity as shown by Casini (2023a) who established that (i) the ERP of the original
fixed-b HAR tests does not converge to zero because under nonstationarity the fixed-b limiting
distribution is different; (ii) for fixed-b HAR tests that use the critical values from the non-pivotal
fixed-b limiting distribution the ERP increases by an order of magnitude relative to the stationary
case [i.e., from O(T~!) to O(T~") with n € (0, 1/2)]. Therefore, fixed-b HAR tests can have an
ERP larger than that of tyac and tpk. Overall, the results based on Edgeworth expansions show
that the distortions on the null rejection rates of the HAR tests can arise from time variation in the
second moments even when the mean is constant. Thus, these results complement the asymptotic

bias results induced by breaks in the mean function.

5 Consequences for HAR Inference

In this section, we discuss the implications of the theoretical results from Section 3-4. In Section

5.1, we first present a review of HAR inference methods and their connection to the estimates

22



LOW FREQUENCY CONTAMINATION IN HAR INFERENCE

considered in Section 3. In Section 5.2 we present evidence that the HAR inference tests can suffer
from larger size distortions under nonstationarity than under stationarity. In Section 5.3 we show
the consequences of low frequency contamination for the power of the HAR tests and we provide

the corresponding theoretical results in Section 5.4.

5.1 HAR Inference Methods

There are two main approaches for HAR inference. Classical HAC standard errors [cf. Newey and
West (1987, 1994) and Andrews (1991)] require estimation of the LRV defined as J £ limy_,qJr
where Jr is defined after (4.1). The form of {V;} depends on the specific problem under study. For
example, for a t-test on a regression coefficient in the linear model y, = z,60 +¢; (t=1,..., T)
we have V; = x;e;. Classical HAC estimators take the following form,

T-1

Jaacr = > Ky (bok)T (k)
k=—T+1

where T (k) is given in (3.1) with V; = 2,6, where {&,} are the least-squares residuals, K (-) is
a kernel and by p is bandwidth. One can use the the Bartlett kernel, advocated by Newey and
West (1987), the quadratic spectral kernel as suggested by Andrews (1991), or any other kernel
suggested in the literature, see e.g. de Jong and Davidson (2000) and Ng and Perron (1996). Under
by v — 0 at an appropriate rate, we have jH AC,T 5 Hence, equipped with jH ac,r, HAR inference
is standard and simple because HAR test statistics follow asymptotically standard distributions.
HAC standard errors can result in oversized tests when there is substantial temporal depen-
dence [e.g., Andrews (1991)]. This stimulated a second approach based on LRV estimators that
keep the bandwidth at some fixed fraction of T [cf. Kiefer et al. (2000)], e.g., using all autocovari-
ances, so that Jeypr 2 T X7 ST (1 — |t — s| /T) V;V, which is equivalent to the Newey-West
estimator with by 7 =T —1. Under fixed-b asymptotics the reference distribution of HAR test statis-
tics is nonstandard. The validity of fixed-b inference rests on stationarity [cf. Casini (2023a)]. Many
authors have considered various versions of jKVB,T. However, the one that leads to HAR inference
tests that are least oversized is the original jKVB,T [see Casini and Perron (2023b) for simulation
results]. For comparison we also report the equally-weighted cosine (EWC) estimator of Lazarus

et al. (2020). It is an orthogonal series estimators that use long bandwidths,

= R o 2 L . t—1/2
Jewer = BT A2 where Aj=4/=Y Vicos|mj
7 Jj=1 T t=1 T
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with B some fixed integer. Assuming B satisfies some conditions, under fixed-b asymptotics a
t-statistic normalized by jEWC’T follows a tp distribution where B is the degree of freedom.

Recently, a new HAC estimator was proposed in Casini (2023b). Motivated by the power
impact of low frequency contamination of existing LRV estimators, he proposed a double kernel
HAC (DK-HAC) estimator, defined by

T-1

Jokr 2 Y Ky (burk) Tpk (k),

k=—T+1

where by p is a bandwidth sequence and bk (k) defined in Section 3 with ¢r (-, k) replaced by

T
éokr (rnr /T, k) = (Tb2,T)71 Z K,

s=|k|+1

<<mT — (s — |k1/2)) /T) AT

bo,r

with K5 a kernel and by 7 a bandwidth. Note that ¢pk 7 and ¢r are asymptotically equivalent and
the results of Section 3 continue to hold for ¢pk . More precisely, ¢ is a special case of ¢pk r
with K5 being a rectangular kernel and nyp = Tbe . This approach falls in the first category
of standard inference jDK’T £ J and HAR test statistics normalized by jDK,T follows standard
distribution asymptotically. The DK-HAC estimator involves two kernels: K; smooths the lagged
sample autocovariances, akin to the classical HAC estimators, while K5 applies smoothing over
time. The latter feature is useful to avoid the low frequency contamination. Additionally, Casini
and Perron (2023b) proposed prewhitened DK-HAC (jpvaK’T) estimator that improves the size
control of HAR tests and enjoys the same asymptotic properties of jDK;p. Casini (2023b) and
Casini and Perron (2023b) demonstrated via simulations that tests based on jDK,T and ij,DK,T
have superior power properties relative to tests based on the other estimators. In terms of size,
the simulation results showed that tests based on Jpr,DK,T performs better than those based on
jHAC’T and jDK,T, and is competitive with jKVB,T when the latter works well. We include jDK’T
and JAPW,DK,T in our simulations below. We report the results only for the DK-HAC estimators that
do not use the pre-test for discontinuities in the spectrum [cf. Casini and Perron (2023a)] because

we do not want the results to be affected by such pre-test.

5.2 Null Rejection Rates and Power in Finite-Sample

In order to better understand the effect of nonstationarity on the null rejection rates of HAR tests

we first conduct a Monte Carlo analysis where we compare a nonstationary model with a stationary
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one that has either the same spectral density at frequency zero or the same average dependence.

Consider the following four AR(1) data-generating processes (DGPs). DGP 1 is given by
V=026V, 1 +e, t=1,...,T,
where e; ~ 4 (0, 1) for all ¢. The LRV of DGP 1is J = 1.826. DGP 2 is
V= 07817V, ) + e,  t=1,...,T,

where e, ~ A7 (0, 1) for all t. Its LRV is J = 20.988. We now introduce two nonstationary DGPs.
DGP 3 takes the following form

0.9V, 1 +e, 1<t<02T
01V,1+e, 02T <t<T,

=

where e; ~ A4 (0, 1). Note that the spectral density at frequency zero of V; is given by the weighted

average of the spectral densities of V; in the two regimes:

1 1

1
0) = 0) du = 0.2 0.8 — 3342,
110) /Of<u’ ) du 2 (1-2-09+00) P 1—2.011012)

Thus, the LRV of V; is J = 27 fol f (u, 0) du = 20.988 which takes the same value as the LRV of
DGP 2. Further, DGP 3 has the same average dependence as DGP 1, meaning that the AR(1)
coefficient in DGP 1 is equal to the weighted average of the AR(1) coefficients of DGP 3 in the
two regimes, i.e., p =0.2-0.940.8-0.1 = 0.26. We also want to verify whether the location of the
break in persistence in DGP 3 is important for the bias. Thus, we consider DGP 4:

01Vi1 +e;, 1<t<05T
Vi =409V, +e, 05T <t<05T+02T
0.1V, +e;, 05T +02T <t<T,

where e; ~ A4 (0, 1) for all t. While in DGP 3 the regime with strong persistence occurs in the
first 20% of the sample, in DGP 4 this occurs between the 50% and 70% of the sample. The LRV
of DGP 4 is the same as that of DGP 3.

For each DGP we consider three different initial conditions: (a) Vo = 0; (b) V5 ~ A7 (0, 1);
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(c) Vo ~ A (0, 4). This is useful in order to verify whether the initial condition has any effect on
the bias generated by changes in the second-order properties. DGP 3(a) should exhibit a smaller
bias due to nonstationarity than DGP 3(b,c) and 4. To see this, note that in DGP 3(a) the initial
condition is Vj = 0. Thus, the process starts from zero. Since there is strong persistence in the
first 20% of the sample, the process is more likely to stay close to zero in the first regime thereby
making d* smaller than when the initial condition is Vo ~ .4 (0, 1) or Vy ~ A4 (0, 4). In DGP
4 the different specifications of the initial condition should not lead to any differences in the bias
due to nonstationarity because the regime with strong dependence occurs about mid-sample.

To summarize, we have four DGPs. DGP 1 and 2 are stationary while DGP 3 and 4 are
nonstationary. Since DGP 2 has a LRV that takes the same value as that of DGP 3 and 4, this
allows us to better separate the effect of persistence from that of nonstationarity in the second
moments on the following quantities: jHAc, J*, and T (k) for K =0,1, 2, 5, 10. In the simulations
below Jiyac is the Newey-West estimator based on a predetermined number of lagged sample
autocovariances following the rule 4 (7/100)*? [c¢f. Lazarus et al. (2018)]. d* is computed as
follows. In DGP 1 and 2 d* = V°. In DGP 3 and 4 d* = 0.2 - 0.8(Vy — V3)? where in DGP 3 V;
(resp. V5 ) is the sample average of V; in the first (resp. second) regime, and in DGP 4 V; is
the sample average in the regimes where the AR coefficient is 0.1 and V5 is the sample average
in the regime where the AR coefficient is 0.9.* We compare I (k) to the theoretical value 'y (k)
corresponding to each DGP which can be computed by hand given the simple form of the DGPs.
In fact, for the nonstationary DGPs I'r (k) is a weighed average of the theoretical autocovariances
corresponding to each regime.

We consider the sample size T = 100, 200 and 1000. 50,000 repetitions were used for each
DGP. The results are reported in Table 1. Let us first discuss the finite-sample properties of
jHAC. The results clearly suggest that jHAC deviates substantially more from J when the data
are nonstationary. jH ac underestimates J for all DGPs but it does much more so when the DGP
is nonstationary. The difference between the values of jHAC in DGP 2 and those in DGP 3-4 is
about one half, e.g., Jyac = 6.775 in DGP 2(a) and Jyac = 3.142 in DGP 3(a). As the sample size
increases the downward bias becomes smaller, though jHAC still underestimates J for 7' = 1000.
The downward bias continues to remain larger in DGP 3-4 than in DGP 2 even when T" = 1000.
Thus, this evidence based on Jyac already points out that nonstationarity generates bias in the
LRV estimator. This bias adds to the well-known bias generated by strong persistence in stationary

data documented in the literature.

4For DGP 1-2 we also constructed d* as in DGP 3. The results were qualitatively the same.
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The presence of some bias due to changes in persistence can be seen from inspection of d*. Note
that this also shows a relation to the low frequency bias generated by changes in the unconditional
mean. For the stationary DGP 1-2 d* never goes beyond 0.205 when 7' = 100. In contrast, for the
nonstationary DGP 3-4 d* ranges from 0.304 to 0.425. Thus, d* is about 50-100% larger in DGP
3-4 relative to DGP 2, and about 20 times larger than in DGP 1. Given that d* captures the extent
of bias due to nonstationarity, such differences suggest that some bias is present in finite-sample
under nonstationarity.

It is useful to look at the effect of the initial condition on d*. For the stationary DGP
1-2 the different specifications of the initial condition do not result in differences in d* while
it has a substantial effect on the nonstationary DGP 3. For example, in DGP 2 with T =
100 d* = 0.197, 0.198, 0.205 for case (a), (b) and (c), respectively, whereas for DGP 3 d* =
0.304, 0.333, 0.425 for case (a), (b) and (c), respectively. This is quite intuitive. Under stationar-
ity the initial condition plays no role for generating bias. Under nonstationarity in DGP 3 when
Vo = 0 the process remains close to zero in the first 20% of the sample because of the strong
dependence, thus d* is relatively smaller than when Vo ~ 4 (0, 1) or Vo ~ A4 (0, 1). In fact, in
the latter two cases there is some probability that V; starts far from zero and given the strong
dependence in the first 20% of the sample V; does not have enough time to revert to zero. This
explains the large increase in d* in DGP 3 for the initial conditions (b)-(c) relative to (a). In
DGP 4 different specifications for the initial condition Vj do not yield differences in d* because
the regime with strong dependence is toward mid-sample. This clarifies that it is not the initial
condition that generates bias. The initial condition can influence the bias when the regime with
strong dependence occurs at the beginning of the sample. The results also show that d* is larger
for DGP 4(a,b,c) than DGP 3(a). This is intuitive. In DGP 4 the regime with strong dependence
has initial condition V{5r_1 where the latter is a random variable with zero mean and variance
1/(1 —0.1%) = 1.01. Thus, there is some probability that Vg sr_; takes a value far from zero. This
contributes to generate bias and in fact d* is larger than that in DGP 3(a). These different fea-
tures across DGPs continue to hold when we raise the sample size to T'= 1000. As T increases d*
approaches zero for all DGPs.

We now move to discuss the finite-sample properties of r (k). When the data are stationary
[ (k) is close to Iy (k) even when T = 100 and it approaches 'y (k) when 7' = 1000. For
nonstationary data I (k) is much farther from 'y (k). For example, in DGP 2(a) T (k) = 2.507
and I'z (0) = 2.571 whereas in DGP 3(a) ' (k) = 1.589 and I’z (0) = 1.861. Thus, [ (k) has larger

bias (in general downward bias) when the data are nonstationary. This result is very visible even
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~

when 7" = 200. As T increases I' (k) approaches I'z (k) for all DGPs, though the downward bias
remains larger in DGP 3-4 than in DGP 1-2.

We repeated this exercise for other DGPs, the conclusions were the same. The results sug-
gest that under nonstationarity the bias in the LRV estimator is affected by multiple factors. In
addition to the downward bias arising from strong persistence which is also present under sta-
tionarity there is bias generated by the time-varying properties of the process. Under the null
hypothesis this time variation occurs in the autocovariance structure of the process. For exam-
ple, in DGP 3 above one has 0.27" observations to estimate 27 f00'2 f(u, 0)du = 047 f (0) where
F(0) =1/(2m (1 —2p+ p*)) with p = 0.9, and 0.8T observations to estimate 2 f01_2 f(u, 0)du =
1.6 f (0) where f(0) = 1/(27 (1 — 2p + p?)) with p = 0.1. This is more difficult than estimating
2mf(0) = 1/(27 (1 — 2p + p*)) with p = 0.7817 using T observations, which corresponds to DGP
2. Even if the total sample size is T" in both DGP 2 and 3, nonstationarity reduces the effective
sample size making the estimation of the LRV in DGP 3 effectively based on a smaller number
of observations. For example, I (k) involves an average on {V,V,_z} for t = k+1,..., T. Some
of these pairs {f/tf/t_k} are such that f/t and f/t_k belong to two different regimes, and so these
pairs contribute bias to the estimation of I'r (k). Under stationarity all the pairs {‘Z‘Z,k} are such
that V, and V,_ belong to the same regime leading to more precise r (k) and LRV estimates. In
addition, changes in persistence over short regimes share features similar to shifts in the mean, at
least graphically. While the former is consistent with the null hypothesis, the latter is not. This is
likely to generate some bias where changes in persistence are confounded with shifts in the mean
even when the unconditional mean of the series has not changed. The downward bias due to strong
persistence and the bias due to time-varying second-order properties are likely to influence each
other making the estimation problem even harder.

We now investigate the consequence of nonstationarity for HAR inference. We obtain the em-
pirical size and power for a two-tailed t-test on the intercept normalized by several LRV estimators
for the model y;, = 6 + V; with 6 = 0 under the null and 6 > 0 under the alternative hypothesis.
Model M1 involves an SLS process: V; = 0.9V,_; + w, Vo ~ A (0, 1), uy ~ iid. A (0, 1) for
t=1,..., 7Y with TP = T}, and V; = p(¢t/T) Viey + w, p(t/T) = 0.3 (cos (1.5 — cos (t/T))),
ug ~ iid. A (0,05) for t = TP +1,..., T. Note that p(-) varies between 0.172 and 0.263. We
set A = 0.1. In addition to M1, we consider other models: M2 involves a time-varying AR(1)
with a break in volatility V; = p(¢/T)Vi_1 + g, p(t/T) = 0.7(cos (1.5¢/T)), uy ~ A (0, o),
o2 =5 fort <4 and of = 0.25 for t > 4, Vo ~ A4 (0, 5); M3 involves V; = p (¢t/T) Vi_1 + uy,
p(t/T) = 0.8(cos (1.5t/T)), uy ~ A (0,0.25), Vo = 0 with outliers V; ~ Uniform (¢, 5¢) for
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t = T/2, 3T/4 where ¢ = —1/(v/2erfc™! (3/2))med (|]V — med (V)|) with erfc™! the inverse com-
plementary error function, med (-) is the median and V = (V})tT:l;E’ M4 involves a time varying
AR(1) with periods of strong persistence where V;, = p (t/T) V,_1+uy, p (t/T) = 0.95(cos (1.5t/T)),
up ~ iid. A (0, 0.4) and Vo ~ A (0, 4). p(-) varies between 0.7 and 0.05 in M2, between 0.05
and 0.8 in M3 and between 0.95 and 0.07 in M4.

We consider the DK-HAC estimators with and without prewhitening (jDK’T, jDKvaVSLSVT,
jDK,pW,SLS%T) of Casini (2023b) and Casini and Perron (2023b), respectively; Andrews’ (1991)
HAC estimator with and without the prewhitening procedure of Andrews and Monahan (1992);
Newey and West’s (1987) HAC estimator with the popular rule to select the number of lags
(ie., bir = (4(T/100)%)~1; Newey-West with the fixed-b method of Kiefer et al. (2000) with
b =1 (labeled KVB); and the Equally-Weighted Cosine (EWC) of Lazarus et al. (2018) with the
bandwidth choice reccomended by the authors. For the DK-HAC estimators we use the data-
dependent methods for the bandwidths, kernels and choice of ny as proposed in Casini (2023b)
and Casini and Perron (2023b), which are optimal under mean-squared error (MSE). Let V; denote
the least-squares residual based on 6 where the latter is the least-squares estimate of 6. We set
bir = 0.6828(6 (2) Thyr) /5 where

LT/n3’TJ—1 2

o (@ ((Gnr + 1) /T) @ (G + 1) /T))°
il el P (=i (Gnr + 1) /)" /
0y | T/nsr|-1 @ (G + 1) /T))2

T = G-a(Une+1)/1)7)

with
T . )
iy (u) = g_t—nT-i-l 7 ;’ and 7 (u) = ( Z (V; — Gy (u) ‘/371)2>1/2,
j:t_nT"rl(‘/}_l) j=t—np+1

and oy = (ng/T) S0 by (rnp /T, bor (w) = 1.6786(Dy (w))~Y3(Dy (w))/5T1/5 where
— T4/25 N
Dy (u) £ 22}27 LTJ‘/%J éok.7 (u, 1)2 and

Dy (u) 2 ([S.]7" > B (1 4 0.8(cos 1.5 + cos 4ru) exp(—iws)) ~*(0.8(—47 sin(47u))) exp(—iws)

SESw

5We follow the literature on outlier detection for continuous functions and use the median absolute deviation to
generate the outlier. This notion used in this literature does not deem a value smaller than ¢ as an outlier.
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— 71|14 0.8(cos 1.5 4 cos 4mu) exp(—iw,)| > (0.8(—1672 cos(4mu))) exp(—iws)])?,

with [S,] being the cardinality of S, and wyi1 > wy, w1 = =7, wig,) = 7. We set np = T°°, S, =
{—m, =3, =2, -1,0, 1,2, 3, 7}. K;(-) is the QS kernel and K (z) = 6z (1 — ) for z € [0, 1].

Table 2-5 report the results. 5,000 replications were used. The t-test based on Newey and
West’s (1987) and Andrews’ (1991) prewhitened HAC estimators are excessively oversized. An-
drews’ (1991) HAC-based test is slightly undersized while KVB’s fixed-b and EWC-based tests are
severely undersized. The fact that KVB’s fixed-b and EWC-based tests have larger size distortions
than other tests is consistent with the results in Section 4 which suggest that they have a larger
ERP. For the t-test on the intercept, jDK,T can lead to tests that are oversized when there is
strong dependence (cf. Table 2). However, the prewhitened DK-HAC estimators jDK,pw,SLs,T and
jDK,pW,SLS,M,T lead to tests that show more accurate rejection rates. Nonstationarity affects the
power of the tests based on LRV estimators that rely on I’ (k) or equivalently on Ir (w) (e.g., the
EWC). The KVB’s fixed-b and EWC-based estimators suffer from relatively large power losses.
The power of tests normalized by Newey and West’s (1987) and Andrews’ (1991) prewhitened
HAC are not comparable because they are significantly oversized. The DK-HAC-based tests have
the best power, the second best being Andrews’ (1991) HAC-based test.

Turning to M2, Table 3 shows some size distortions and power losses for KVB’s fixed-b and
EWC-based tests. The prewhitened DK-HAC-based tests display accurate size control and good
power. Newey and West’s (1987) and Andrews’ (1991) prewhitened HAC-based tests are again
excessively oversized. Andrews’ (1991) HAC-based test and the DK-HAC-based test show a similar
performance. For model M3-M4, Table 4-5 show that all methods lead to oversized tests except
prewhitened DK-HAC and KVB’s fixed-b. However, KVB’s fixed-b-based tests show substantial
unde-rejection that has consequences for power whereas the prewhitened DK-HAC-based-tests
show accurate null rejection rates and good power. Finally, the simulations show that the null
rejection rates of HAC- and DK-HAC-based tests are not very far from each other, thereby con-

firming that the their respective ERP are close as shown in Section 4.

5.3 General Low Frequency Contamination

We now discuss HAR inference tests for which the low frequency contamination results of Section
3 hold asymptotically. This means that d* > 0 for all T"and as T' — oo. This comprises the class of
HAR tests that admit a nonstationary alternative hypotheses. This class is very large and include

most HAR tests as discussed in the Introduction. Here we consider the Diebold-Mariano test for
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the sake of illustration and remark that similar issues apply to other HAR tests.

The Diebold-Mariano test statistic is defined as tpy £ Tﬁ/ 2d; / \/ﬂ, where d;, is the average
of the loss differentials between two competing forecast models, jdL,T is an estimate of the LRV
of the the loss differential series and T}, is the number of observations in the out-of-sample. We
use the quadratic loss. We consider an out-of-sample forecasting exercise with a fixed forecasting
scheme where, given a sample of T" observations, 0.57" observations are used for the in-sample and
the remaining half is used for prediction [see Perron and Yamamoto (2021) for recommendations
on using a fixed scheme in the presence of breaks|. The DGP under the null hypothesis is given
by vy = 1+ Bomt | + e; where :c ~iid. A (1, 1), e, = 0.3e,-1 + w with uy ~ ii.d. A (0, 1),
and we set Sy = 1 and T" = 400. T he two competing models both involve an intercept but differ
with respect to the predictor used in place of :BEO). The first forecast model uses xt ) while the

second uses x?) where xgl) and x?)

from x§°). Each forecast model generates a sequence of 7 (= 1)-step ahead out-of-sample losses
ng) (j=1,2) fort =T/24+1,..., T — 7. Then d, = L,EZ) - L,El) denotes the loss differential at

time t. The Diebold-Mariano test rejects the null hypothesis of equal predictive ability when d, is

are independent i.i.d. .4 (1, 1) sequences, both independent

sufficiently far from zero. Under the alternative hypothesis, the two competing forecast models are

as follows: the first uses azgl) = SL’EO) +ux, + where ux, ¢ ~ i.i.d. .47 (0, 1) while the second uses x,@ =
2V 4022 + 2ux,, for t € [1,...,3T/A—1,3T/4+21,...T] and ¥ = § (t/T) + 0.2z, + 2ux, .

for t =3T/4,..., 3T /4420 with ux, ; ~ iid. .4 (0, 1), where z; has the same distribution as 2.

We consider four specifications for § (-) . In the first a:( ) is subject to an abrupt break in the
mean 0 (t/T') = § > 0; in the second 2% is locally stationary with time-varying mean & (t/T) =
§ (sin (t/T — 3/4)); in the third specification z!* = 2{% 40. 22 +2ux,  fort € [1,...,T/2-30, T/2
+21,...7) and 2 = § (t/T) + 0.22 + 2ux,, for t = T/2 —30,..., T/2 + 20 with 6 (t/T) =
d(sin(t/T—1/2 —30/T)); in the fourth 2% is the same as in the second with in addition two outliers
2 ~ Uniform (|¢|, 5|c|) for t = 67/10, 8T/10 where ¢ = —1/(\/§erfe_1 (3/2))med(]z® — med
(z®)|) where 2® = (z!*)T_,. That is, in the second model z\” is locally stationary only in the
out-of-sample, in the third it is locally stationary in both the in-sample and out-of sample and in
the fourth model xgz) has two outliers in the out-of-sample. The location of the outliers is irrelevant
for the results; they can also occur in the in-sample.

Table 6 reports the null rejection rate and the power of the various tests for all models. We
begin with the case § (¢/T) = 0 > 0 (top panel). The null rejection rate of the test using the
DK-HAC estimators is accurate while the test using other LRV estimators are oversized with the
exception of the KVB’s fixed-b method for which the rejection rate is equal to zero. The HAR
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tests using existing LRV estimators have lower power relative to that obtained with the DK-HAC
estimators for small values of §. When ¢ increases the tests standardized by the HAC estimators of
Andrews (1991) and Newey and West (1987), and by the KVB’s fixed-b and EWC LRV estimators
display non-monotonic power gradually converging to zero as the alternative gets further away
from the null value. In contrast, when using the DK-HAC estimators the test has monotonic
power that reaches and maintains unit power. The results for the other models are even stronger.
In general, except when using the DK-HAC estimators, all tests display serious power problems.
Thus, either form of nonstationarity or outliers leads to similar implications, consistent with our
theoretical results.

In order to further assess the theoretical results from Section 3, Figure 1 reports the plots of
d;, its sample autocovariances and its periodogram, for § = 1. Figure S.1-5.2 in the supplement
report the corresponding plots for 6 = 2, 5, respectively. We only consider the case §; = 6 > 0.
The other cases lead to the same conclusions. For § = 1, Figure 1 (mid panel) shows that T (k)
decays slowly. As § increases, from Figure S.1 and 5.2 (mid panels), r (k) decays even more slowly
at a rate far from the typical exponential decay of short memory processes. This suggests evidence
of long memory. However, the data are short memory with small temporal dependence. What is
generating the spurious long memory effect is the nonstationarity present under the alternative
hypothesis. This is visible in the top panels which present plots of d; for the first specification.
The shift in the mean of d; for t = 3T/4,..., 3T/4 4 20 is responsible for the long memory effect.
This corresponds to the second term of (S.A.7) in Theorem S.A.1. The overall behavior of the
sample autocovariance is as predicted by Theorem S.A.1. For small lags, r (k) shows a power-like
decay and it is positive. As k increases to medium lags, the autocovariances turn negative because
the sum of all sample autocovariances has to be equal to zero [cf. Percival (1992)]. Next, we
move to the bottom panels which plot the periodogram of {d;}. It is unbounded at frequencies
close to w = 0 as predicted by Theorem S.A.2 and as would occur if long memory was present. It
also explains why the Diebold-Mariano test normalized by Newey-West’s, Andrews’, KVB’s fixed-b
and EWC’s LRV estimators have serious power problems. These LRV estimators are inflated and
consequently the tests lose power. The figures show that as we raise ¢ the more severe these issues
and the power losses so that the power eventually reaches zero. This is consistent with our theory
since d* is increasing in § (cf. d* ~ 0.1-0.962).

We now verify the results about the local sample autocovariance ér (u, k) and the local pe-
riodogram from Theorem 3.1-3.2. We set nyr = T%% = 36 following the MSE criterion of Casini
(2023b). We consider (i) u = 236/T, (ii-a) u = T /T = 3/4 and (ii-b) u = 264/T. Note that cases
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(1)-(ii-b) correspond to parts (i)-(ii-b) in Theorem 3.1-3.2. We consider 6 = 1, 2 and 5. According
to Thereon 3.1-3.2, we should expect long memory features only for case (ii-a). Figure 2-3 and S.3-
S.6 in the supplement confirm this. The results pertaining to case (ii-a) are plotted in the middle
panels. Figures 2, S.3 and S.5 show that the local autocovariance displays slow decay similar to the
pattern discussed above for I' (k) and that this problem becomes more severe as ¢ increases. Such
long memory features also appear for Iy, (3/4, w). The middle panels in Figure 3, S.4 and S.6 show
that the local periodogram at v = 3/4 and at a frequency close to w = 0 are extremely large. The
latter result is consistent with Theorem 3.2-(ii-a) which suggests that Iy, 7 (3/4, w) — 0o as w — 0.
For case (i) and (ii-b) both figures show that the local autocovariance and the local periodogram
do not display long memory features. Indeed, they have forms similar to those of a short memory
process, a result consistent with Theorem 3.1-3.2 also for cases (i) and (ii-b).

It is noteworthy to explain why HAR inference based on the DK-HAC estimators does not
suffer from the low frequency contamination even for case (ii-a). The DK-HAC estimator com-
putes an average of the local spectral density over time blocks. If one of these blocks contains a
discontinuity in the spectrum, then as in case (ii-a) some bias would arise for the local spectral
density estimate corresponding to that block. However, by virtue of the time-averaging over blocks
that bias becomes negligible. Hence, nonparametric smoothing over time asymptotically cancels

the bias, so that inference based on the DK-HAC estimators is robust to nonstationarity.

5.4 Theoretical Results about the Power

We present theoretical results about the power of tpy for the case of general low frequency con-
tamination discussed in Section 5.3. In particular, we focus on specification (1) (i.e., § > 0). The
same intuition and qualitative theoretical results apply to the other specifications of ¢ (-).

Let tpa; = T/2dy v/ Ju, i denote the DM test statistic where i = DK, pwDK, KVB, EWC,
A91, pwA91, NW87 and pwNWRS87 with jAgLT and ijng being jHAc,T using the quadratic
spectral and Bartlett kernel, respectively. Define the power of tpy; as Ps(|tpm,i| > 21-a/2) Where
Z1_a/2 is the 1 —a/2 quantile of the standard normal for a two-sided test with significance level o €
(0, 1). To avoid repetitions we present the results only for i = DK, KVB and NW87. The results
concerning the prewhitening DK-HAC estimator are the same as those corresponding to the DK-
HAC estimator while the results concerning the EWC estimator are similar to those corresponding
to the KVB'’s fixed-b estimator, though for the latter the non-monotonic power is more pronounced.
The results pertaining to Andrews’ (1991) HAC estimator (with and without prewhitening) are
the same as those corresponding to Newey and West’s (1987) estimator. Let ng = T — T, — 2
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denote the length of the regime in which x?) exhibits a shift ¢ in the mean. The deviation from

the null hypothesis depends on the shift magnitude § and on ns.

Theorem 5.1. Let {d; — E(d;) tT;l be a SLS process satisfying Assumption 2.1-(i-iv) and 2.2. Let
Assumption 4.3-4.4 hold and ng = O(TY**¢) where ¢ € (0, 1/2) such that Tgbi/TQ — 0 and
TS (by.r) 2 = 0. Then, we have:

(i) Under Assumption 4.6, Ps(|tpmNwsr| > 2zo) — 0. If Assumption 4.6 is replaced by As-
sumption 4.7 with ¢ = 1/3, then |tpyxwsr| = Op(TS™Y9) and Ps(|tpynwsr| > 2a)— 0.

(i3) If byr = T, then |tpmkvs| = Op(TS™Y?) and Ps([tpmxvs| > 2za)— 0.

(iii) Under Assumption 4.8, |tpmpx| = 620p(T5) and Ps(|tpypk| > 2a)— 1.

Note that Assumption 4.7 with ¢ = 1/3 refers to the MSE-optimal bandwidth for the Newey
and West’s (1987) estimator. The conditions Tgb%% — 0 and T¢(by.7)"/2 — 0 mean that the length
of the regime in which :1:1(52) exhibits a shift ¢ in the mean increases to infinity at a slower rate than 7.
Theorem 5.1 shows that when the HAC estimators or the fixed-b LRV estimators are used, the DM
test is not consistent and its power approaches zero. The theorem also implies that the power func-
tions corresponding to tests based on HAC estimators lie above the power functions corresponding
to those based on fixed-b/EWC LRV estimators. This follows from |tpykve| < [ty Nwsr|. An-
other interesting feature is that |tpvnws7| and |tpyxvs| do not increase in magnitude with §
because § appears in both the numerator and denominator (§ enters the denominator through the
low frequency contamination term d* that accounts for the bias in the HAC and fixed-b estimators
(cf. Theorem S.A.1)). Part (iii) of the theorem suggests that these issues do not occur when
DK-HAC estimator is used since the test is consistent and its power increases with ¢ and with the
sample size as it should be. These results match the empirical results in Table 6 discussed above,

thereby confirming the relevance of Theorem 5.1.

6 Conclusions

Economic time series are highly nonstationary and models might be misspecified. If nonstationary
is not accounted for properly, parameter estimates and, in particular, asymptotic LRV estimates
can be largely biased. We establish results on the low frequency contamination induced by nonsta-
tionarity and misspecification for the sample autocovariance and the periodogram under general
conditions. These estimates can exhibit features akin to long memory when the data are non-
stationary short memory. We show, using theoretical arguments, that nonparametric smoothing

is robust. Since the autocovariances and the periodogram are basic elements for HAR inference,
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our results allow a better understanding of LRV estimation. Under the null hypothesis there are
larger size distortions than when the data are stationary. Under the alternative hypothesis, exist-
ing LRV estimators tend to be inflated and HAR tests can exhibit dramatic power losses. Long
bandwidths/fixed-b HAR tests suffer more from low frequency contamination relative to HAR tests

based on HAC estimators, whereas the DK-HAC estimators do not suffer from this problem.

Supplemental Materials

The supplement for online publication [cf. Casini et al. (2024)] introduces the notion of long mem-
ory segmented locally stationary processes, presents the theoretical results referenced in Section 3,

contains the proofs of the results in the paper and additional figures.
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A Appendix
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Figure 1: a) top panel: plot of {d:}; b) mid-panel: plot of the sample autocovariances i"\(k) of {d¢}; c) bottom panel: plot the
periodogram I (w) of {d;}. In all panels § = 1.
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Figure 2: The figure plots cr (u, k) for u = 236/400, )\(1), 264/400 in the top, mid and bottom panel, respectively. In all panels
§=1.
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Figure 3: The figure plots I, (u, w) for u = 236/400, )\?, 264/400 in the top, mid and bottom panel, respectively. In all panels
§=1.
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Table 1: Average estimates of jHAC, d* and T (k), k=0,1,2,5,10

T =100
Juac d*  Tp(0) T(0) Tp(l) T(@A) I'p(@2) T2 TIr(B) L) Ir(10) I(10)
1.483 0.019 1.072 1.062 0.279 0.273 0.073 0.070 0.001 0.002 0.000 0.000
1.499 0.018 1.072 1.072 0.279 0.276 0.073 0.071 0.001 0.001 0.000 0.000
1.549 0.019 1.072 1.105 0.279 0.285 0.073 0.074 0.001 0.001 0.000 0.000
6.755 0.197 2.571 2.507 2.009 1940 1.571 1.501 0.751 0.696 0.219 0.195
6.830 0.198 2.571 2,533 2.009 1961 1.571 1.517 0.751 0.702 0.219 0.195
7.038 0.205 2.571 2.609 2.009 2.019 1.571 1.563 0.751 0.725 0.219 0.206
3.142 0.304 1.861 1.589 1.028 0.736 0.861 0.557 0.622 0.312 0.367 0.100
3.301  0.333 1.861 1.635 1.028 0.781 0.861 0.599 0.622 0.338 0.367 0.113
3.761 0.425 1.861 1.790 1.028 0.920 0.861 0.723 0.622 0.427 0.367 0.161
3.437 0.360 1.861 1.670 1.028 0.829 0.861 0.644 0.622 0.373 0.367 0.133
3.448 0.361 1.861 1.680 1.028 0.830 0.861 0.645 0.622 0.373 0.367 0.134
3.472 0.361 1.861 1.711 1.028 0.834 0.861 0.645 0.622 0.373 0.367 0.134
T =200
Juac  d* Tr(0) T(0) Ir(1) T(1) Ir(2 [ Ir() T(5) Tr(0) I(10)
1.569 0.009 1.072 1.067 0.279 0.276 0.073 0.071 0.001 0.001 0.000 0.000
b 1.577 0.009 1.072 1.071 0.279 0.277 0.073 0.071 0.001 0.001 0.000 0.000
1.602 0.009 1.072 1.089 0.279 0.281 0.073 0.073 0.001 0.001 0.000 0.000
a 8.388 0.102 2.571 2539 2.009 1975 1.571 1.536 0.751 0.722 0.219 0.207
8.449 0.101 2.571 2.553 2.009 1988 1.571 1.545 0.751 0.728 0.219 0.207
8555 0.104 2.571 2.588 2.009 2.013 1.571 1.566 0.751 0.737 0.219 0.211
a 4.354 0.258 1.861 1.723 1.028 0.883 0.861 0.708 0.622 0.465 0.367 0.229
4459 0.264 1.861 1.749 1.028 0.903 0.861 0.730 0.622 0.479 0.367 0.237
4.771  0.294 1.861 1.823 1.028 0.978 0.861 0.795 0.622 0.526 0.367 0.265
a 4.548 0.275 1.861 1.766 1.028 0.929 0.861 0.755 0.622 0.496 0.367 0.247
4.552 0.275 1.861 1.770 1.028 0.931 0.861 0.752 0.622 0.496 0.367 0.248
4.569 0.276 1.861 1.786 1.028 0.932 0.861 0.752 0.622 0.499 0.367 0.248
T = 1000
Juac  d*  Tr(0) T(0) Tr(1) T(1) Tr(2) T2 TIr() T(5) TIr(10) T(10)
1.667 0.001 1.072 1.071 0.279 0.278 0.073 0.072 0.001 0.001 0.000 0.000
1.669 0.002 1.072 1.073 0.279 0.279 0.073 0.073 0.001 0.000 0.000 0.000
1.673 0.002 1.072 1.076 0.279 0.279 0.073 0.072 0.001 0.002 0.000 0.000
a 10.904 0.020 2,571 2,565 2.009 2.003 1.571 1.565 0.751 0.743 0.219 0.216
10.934 0.021 2571  2.571  2.009 2.008 1.571 1.570 0.751 0.749 0.219 0.219
10.935 0.021 2,571 2,574 2.009 2.009 1.571 1.569 0.751 0.746 0.219 0.217
a 6.510 0.073 1.861 1.834 1.028 1.001 0.861 0.832 0.622 0.592 0.367 0.339
6.541 0.075 1.861 1.841 1.028 1.001 0.861 0.837 0.622 0.595 0.367 0.343
6.629 0.078 1.861 1.857 1.028 1.021 0.861 0.853 0.622 0.605 0.367 0.349
a 6.543 0.075 1.861 1.840 1.028 0.838 0.861 0.595 0.622 0.595 0.367 0.344
6.555 0.077 1.861 1.843 1.028 1.009 0.861 0.840 0.622 0.598 0.367 0.347
6.559 0.077 1.861 1.846 1.028 1.011 0.861 0.840 0.622 0.598 0.367 0.347
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Table 2: Empirical small-sample null rejection rates and power of ¢-test for model M1

a =0.05, T"= 200 0 =0 (null rejection) =005 =01 §=015 6=025 6=1 o6=15
jDK,T 0.068 0.189 0.286 0.460 0.661 0.992  1.000
jDK,pW,SLS,T 0.045 0.085 0.199 0.332 0.612  0.976  1.000
JDK pw SLS . T 0.046 0.090 0.202 0.333 0.613  0.977  1.000
Andrews (1991) 0.039 0.095 0.185 0.383 0.623  0.968  0.999
Andrews (1991), prewhite 0.115 0.168 0.304 0.447 0.650 0.988  0.999
Newey-West (1987) 0.209 0.272 0.398 0.516 0.689 0.997  1.000
KVB fixed-b 0.004 0.018 0.063 0.139 0.301  0.870  0.969
EWC 0.011 0.038 0.137 0.273 0.539  0.978  0.999

Table 3: Empirical small-sample null rejection rates and power of the of t-test for model M2

a=0.05, T =200 0 =0 (null rejection) 6 =0.05 6=01 §=015 §=03 d=1
Jpk, T 0.080 0.132 0.257 0.423 0.842  1.000
JDK puw.SLS.T 0.059 0.098 0190 0310  0.736  1.000
JDK pw SLS 40T 0.055 0.088 0187 0306  0.735  1.000
Andrews (1991) 0.081 0.133 0.266 0.433 0.838  1.000
Andrews (1991), prewhite 0.094 0.141 0.268 0.438 0.842  1.000
Newey-West (1987) 0.137 0.190 0.336 0.510 0.881 1.000
KVB fixed-b 0.014 0.036 0.078 0.203 0.561 0.990
EWC 0.032 0.064 0.157 0.299 0.712 1.000
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Table 4: Empirical small-sample null rejection rates and power of the of ¢-test for model M3

a =0.05, T"= 200 0 =0 (null rejection) =01 §=0.15 §6=03 od=1
jDK,T 0.117 0.363 0.537 0.928  1.000
jDK,pw,SLS,T 0.049 0.227 0.384 0.865  1.000
JDK pw SLS . T 0.052 0.223 0.374 0.855  1.000
Andrews (1991) 0.106 0.334 0.515 0.917  1.000
Andrews (1991), prewhite 0.122 0.351 0.524 0.928  1.000
Newey-West (1987) 0.169 0.412 0.596 0.948  1.000
KVB fixed-b 0.024 0.165 0.309 0.712  0.999
EWC 0.058 0.245 0.400 0.858  1.000

Table 5: Empirical small-sample null rejection rates and power of the of t-test for model M4

a=0.05, T =200 0 =0 (null rejection) =01 §=03 §=05 6=1 6=3
Jok, T 0.154 0.146 0.496 0.706  0.953 1.000
JDK puw.SLS.T 0.037 0.050 0168 0459 0.771 1.000
TDK v SLS 0. T 0.041 0.079 0198 0477  0.795 1.000
Andrews (1991) 0.127 0.162 0.398 0.623  0.905 0.999
Andrews (1991), prewhite 0.197 0.226 0.439 0.653  0.922 1.000
Newey-West (1987) 0.397 0.423 0.584 0.758  0.969 1.000
KVB fixed-b 0.005 0.012 0.135 0.339 0.709 0.964
EWC 0.115 0.147 0.367 0.681 0.906 0.999
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Table 6: Empirical small-sample null rejection rates and power of the DM (1995) test

(1)6>0
a = 0.05, T'= 200 (null rejection) =02 6=05 =2 =5 §=10
jDK,T 0.033 0.312 0.551  0.997 1.000 1.000
JDK pw.SLS.T 0.042 0322 0563 0999 1.000 1.000
ToK e SLS 0T 0.046 0.348 0573  0.998 1.000  1.000
Andrews (1991) 0.085 0.254 0.305  0.114 0.000 0.000
Andrews (1991), prewhite 0.085 0.246 0.293  0.401 0.045 0.000
Newey-West (1987) 0.083 0.246 0.299 0.612 0.817 0.782
KVB fixed-b 0.002 0.212 0.185  0.000 0.000  0.000
EWC 0.083 0.252 0.268  0.045 0.000 0.000
(2) § (t/T) locally stationary
a = 0.05, T'= 200 60=02 6=05 6=2 d=5 =10
Jpk,T 0.278 0.297  0.592 0.889  1.000
TDK puw. SLS.T 0.301  0.363 0.634 0969  1.000
TDK puw.SLS o7 0.327  0.368 0.642 0.969  1.000
Andrews (1991) 0.255 0.259  0.255 0.110 0.005
Andrews (1991), prewhite 0.249 0.243 0.268 0.188 0.031
Newey-West (1987) 0.281 0.282  0.313 0.268 0.078
KVB fixed-b 0.203 0.202  0.178 0.025 0.000
EWC 0.244 0.252  0.219 0.045 0.000
(3) 6 (t/T) segmented locally stationary
a = 0.05, T'= 200 60=02 4=1 =2 =5 =10
jDK,T 0.540 0.862  0.992 1.000 1.000
jDK,pW,SLS,T 0.396 0.664 0.988 1.000 1.000
ToK pw SLS . 0412 0724 0987 1.000 1.000
Andrews (1991) 0.328 0.234 0.235 0.241 0.777
Andrews (1991), prewhite 0.342 0.315 0.512 0.296 0.882
Newey-West (1987) 0.381 0.384 0.720 0.972  0.999
KVB fixed-b 0.100 0.032  0.000 0.002 0.040
EWC 0.312 0.152  0.142 0.296 0.852
(4) case (2) with outliers
a = 0.05, T' = 400 0=05 d=1 6=2 d=5 6=10
jDK,T 0.694 0.733  0.822 0.981 1.000
jDK,pW,SLS,T 0.724 0.777 0.846 0.982 1.000
TDK . SLS T 0.727 0771 0.847 0.981  1.000
Andrews (1991) 0.192 0.242  0.245 0.203 0.022
Andrews (1991), prewhite 0.182 0.233 0.243 0.288 0.114
Newey-West (1987) 0.222 0.271  0.245 0.345 0.225
KVB fixed-b 0.203 0.222  0.212 0.075 0.000
EWC 0.186 0.221  0.174 0.062 0.000
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S.A Results on Low Frequency Bias for the Sample Autocovari-
ance and the Periodogram

In Section S.A.1 we define the long memory SLS processes. In Section S.A.2 and S.A.3 we present results
on the low frequency bias for the sample autocovariance and the periodogram, respectively.

S.A.1 Long Memory Segmented Locally Stationary Processes

Define the backward difference operator AV, = AV, = V; — V;_; and A'V; recursively. Long memory
features can be expressed as a “pole” in the spectral density at frequency zero. That is, for a stationary
process, long memory implies that f(w) ~ w™?” as w — 0 where ¥ € (0, 1/2) is the long memory
parameter. In what follows, [ is some non-negative integer.

Definition S.A.1. A sequence of stochastic processes {Vir} is called long memory segmented locally
stationary with mg + 1 regimes, transfer function A° and trend p. if there exists a representation

™
AV, = p; (t/T) +/ oxp (iwt) A, 7 (w) d€ (w) (=10 +1,..., 1)), (S-A.1)
—m
for j =1,..., mg+ 1, where by convention 7§ = 0 and T}, ., = T, (i) and (iii) of Definition 2.1 hold,
and (ii) of Definition 2.1 is replaced by
(ii) There exists two constants Ly > 0 and D < 1/2 (which depend on j) and a piecewise continuous

function A : [0, 1] x R — C such that, for each j = 1,..., mg + 1, there exists a 2w-periodic function
Aj (N1, M xR — C with 4; (u, —w) = Aj (u, w),

A(u, w) = Aj (u, w) for )\2_1 <u< )\?, (S.A.2)

sup sup ‘A%M (w) — A; (t/T, w)‘ < LoT | 7P, (S.A.3)

1<j<mo+1 T;Ll<t§TJ0,w
and

sup |A (u, w) — A (v, w)| < Lo |u—o||w| 7. (S.A.4)

0<v<u<l,u#M) (j=1,...,mo+1,),w

The spectral density of {V; 7} is given by f; (v, w) = |1 —exp (—iw) |7%|A; (u, w) |2 for j =1,..., mo+1.
We say that the process {V; 1} has local memory parameter 9 (u) € (—oo, [ 4+ 1/2) at time u € [0, 1] if
it satisfies (S.A.1)-(S.A.4), and its generalized spectral density f; (u, w) (j =1,..., mg + 1) satisfies the
following condition,

—20;(u)

fi(u, w) = ‘1 —e W I (u, w), (S.A.5)

with f7 (u, w) > 0 and

J

I (u, w) = f7 (u, 0)‘ < Laff (u, w) |w]”, w € [—m, 7], (S.A.6)
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where Ly > 0 and v € (0, 2].

Definition S.A.1 extends Definition 2.1 and Assumption 2.1 by requiring the bound on the smoothness
of A(-, w) to depend also on |w| ™" thereby allowing a singularity at w = 0. Casini (2023b) showed that
fi (u, w) =145 (u, w)|? for j = 1,..., mo+1. Using similar arguments, we obtain the form [ (u, w) given
in (S.A.5). See Roueff and von Sachs (2011) for a definition of long memory local stationarity. Definition
S.A.1 extends their definition to allow for mg discontinuities. We have assumed that breaks in the long
memory parameter occur at the same locations as the breaks in the spectrum. This can be relaxed but
would provide no added value in this paper.

Example S.A.1. A time-varying AR fractionally integrated moving average (p, ¥, q¢) process with mg
structural breaks satisfies Definition S.A.1 with ¢; : [0, 1] — (—o0, 1 +1/2), 0; : [0,1] = R4, ¢; =
[P1,.-s dp]" = [0,1] = R? and 0; = [6y,..., 0, : [0,1] — RP are left-Lipschitz functions for each
j=1,...,mg+ 1 such that 1 — 37_, ¢;x (u) z2* does not vanish for all u € [0, 1] and z € C such
that [z| < 1. Using the latter condition, the local transfer function A; (u; -) defines for each j a causal
autoregressive fractionally integrated moving average (ARFIMA(p, ¥ (u) — I, q) process whose spectral
density satisfies the conditions (S.A.5) and (S.A.6) with v = 2. Using Lemma 3 in Roueff and von Sachs
(2011), condition (S.A.4) holds with with D > sup; ;<41 SUPXY | cu<Al,w Vj (u) — L.

Definition S.A.1 implies that py (u, k) = Corr(Viru|s Viruj+k) ~ Ck29i (w1 for )\9_1 <u< )\2 and

large k£ where C' > 0. This means that the rescaled time-u autocorrelation function (ACF(u)) has a power
law decay which implies > 72 |pv (u, k)| = oo if 9; (u) € (0, 1/2).

S.A.2 The Sample Autocovariance Under Nonstationarity

We now establish some asymptotic properties of the sample autocovariance under nonstationarity. We
consider the case k > 0 only; the case k < 0 is similar.

Theorem S.A.1. Assume that {V, 1} satisfies Definition 2.1. Under Assumption 2.1-2.2,
R 1
I (k) 2/ c(u, k) du+d* + 0a5 (1), (S.A.7)
0

where d* = 2713 o vy r, (g, — 1y,)% Further, as k — oo, [ (k) > d* P-a.s. If in addition it holds
that pj (t)T) = pj for j=1,..., mo+ 1, then

1
P (k) :/ ¢ (u, k) du + diy, + ons, (1),
0
where d,, = 21 > j1is T T (g, — ,ujl)2 and, as k — oo, r (k) = d&;, + 0as. (1).

S.A.3 The Periodogram Under Nonstationarity

Classical LRV estimators are weighted averages of periodogram ordinates around the zero frequency.
Thus, it is useful to study the behavior of the periodogram as the frequency w approaches zero. We now
establish some properties of the asymptotic bias of the periodogram under nonstationarity. We consider
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the Fourier frequencies w; = 2nl/T € (—m, ) for an integer [ # 0 (mod 7') and exclude w; = 0 for
mathematical convenience.

Assumption S.A.1. (i) For each j =1,..., mg+ 1 there exists a B; € R such that
2
mo+1 LT/\?J mo+1 LT)‘?J
Z Z wi (t/T) exp (—iwt)| > Z B; Z exp (—iwit)| w; € (—m, m),
j=1

I=1 =T, |+ t=[TXA9_, |+1

2

where Bj, # Bj, for j1 # jo2; (i) |I' (u, k)| = Cyu k™™ for all w € [0, 1] and all k > C3T" for some
C3 <00, Oy < oo (which depends on u and k), 0 < k < 1/2, and m > 2.

Part (i) is easily satisfied (e.g., the special case with p; (t/T) = p;). Part (ii) is satisfied if {V;} is
strong mixing with mixing parameters of size —2v/ (v — 1/2) for some v > 1 such that sup,>; E V¥ < .
This is less stringent than the size condition —3v/ (v — 1) for some v > 1 sufficient for Assumption 2.2-(i).

Theorem S.A.2. Assume that {Vi 1} satisfies Definition 2.1. Under Assumption 2.1-2.2 and S.A.1,

1
E (It (w)) = 27r/ f(u, wy) du (S.A.8)
0
1 UL ’
+ 72 | [ B~ Bug1 = Y (Bj = Bjia) exp (—2mitA) || +0(1).
1 j=1

Under Assumption 2.1-2.2 and S.A.1-(%), if p; (t/T) = pj for each j =1,..., mo+ 1, then

1
E (I (w)) = 27r/0 f(u, wy) du

2

1 Ul .
s | [~ Hmott = D (15 = Hyr) exp (=2miX9) || +o(1).
W j=1

In either case, if Tw} — 0 as T — oo then E (I (w;)) — oo for many values in {w;} as w; — 0.

The theorem suggests that for small frequencies w; close to 0, the periodogram attains very large
values. This follows because the first term of (S.A.8) is bounded for all w;. Since By, ..., By,,+1 are fixed,
the order of the second term of (S.A.8) is O((Tw3)~!). Note that as w; — 0 there are some values [ for
which the corresponding term involving |-|* on the right-hand side of (S.A.8) is equal to zero. In such cases,
E (Ir (w)) > 27 fol f (u, wy) du > 0. For other values of {I} as w; — 0, the second term of (S.A.8) diverges
to infinity. Thus, considering the behavior of {E (It (w;))} as w; — 0, it generally takes unbounded values
except for some w; for which E (I (w;)) is bounded below by 2w fol f(u, wy)du > 0. A SLS process with
long memory has an unbounded local spectral density f (u, w) as w — 0 for some u € [0, 1]. Since f (-, -)
cannot be negative, it follows that fol f (u, w) du is also unbounded as w — 0. Theorem S.A.2 suggests
that nonstationarity consisting of time-varying first moment results in a periodogram sharing features of
a long memory series.

S-3



ALESSANDRO CASINI, TAOSONG DENG AND PIERRE PERRON

S.B  Mathematical Appendix

S.B.1 Proofs of the Results in Section 3 and 3
S.B.1.1 Proof of Theorem S.A.1

_ _ TX\O . -~ 20
Let V; = (Try) ! ZtL: L%J’\Q 1 Vi, pia,j (u) = E(V|py))? for T]Q_l <Tu< T]O and fiy j = 75 ! f)\]QJ H2, (u) du.
J— —

By Assumption 2.1-2.2-(i), the latter implying ergodicity, it follows for fixed k£ > 0 that

2

Lk)y= > i > ViV = | 2 "y 2 Vi
j=1 D= TN 1k =1 D= ]
|72

mo+1 /\9- mo+1 1

= > / c(u, k)ydu+ Y rj— > E(V)E (Vi)
.7 20 . TT’]
j—l j—1 ]71

=[N, 1k

2
mo-+1 1 LTA?J )
- Z Tjﬁ Z Vil +0 (Tﬁ ) + 045 (1)
j=1 J = |TA9_, |+1
:/ c(u, k)du+ Y i > E (Vi) E (Vi_g)
0 j=1 T t= T, [+1+k

mo-+1 2
_ ( 3 rjvj> +0 (T*l) + 0as. (1)

7=1
LT)\?J mo+1

1 mo+1 2
= /0 c¢(u, k) du + Z Tj%r Z w2 (t)T) — ( Z erj) +0 (T_l) + 0as. (1),
j=1

D= TX_, |14k j=1

where we have used E (V;_r) — E (Vz) = O (k/T) by local stationarity in the third equality. Note that by
ergodicity and an approximation to Riemann sums, we have

mo+1 mo+1 mo+1 mo+1 mo+1 mo+1

SoonVie Yo=Y riVi— Y nE(Vy)+ X nE(Vy) = Y
j=1 j=1 j=1 j=1 j=1 j=1
=010 (1) +0(T7). (SB.1)

Basic manipulations show that
2
> TaTh (sz - Mjl)
JeF#h
) _9 .
= Z 751752 (:U’jz + 05— 2”j2”j1)

Je#j1
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= Z rjzﬁjzg (1 - rjz) + Z Tj1ﬁ?1 (1 - 7’]'1) -2 Z rj1rj2ﬁj2ﬁj1

1<j2<mo+1 1<j1<mo+1 J1#72
=2 Z ’rjﬁ? -2 Z r?ﬁ? -2 Z T2 Tja My iy - (S.B.2)
1<j<mo+1 1<j<mo+1 #j2
Note that
|72] [72] ’
-k Y. 2eynz=| Y awm|. (SB.3)
t=|TAY_, |+1+k t=|TAY_, | +1+k
Thus,
ot D8 wn (T
Z i > /T = ij(TTj—k) > po (t/T)
e t=|TXO_, [+1+k i=1 P t=|TAO_, |+1+k
2
mo+1 1 U“?J
= D e e > r#/T)
— ri (Tr; — k)
J= t=|TX0_, |+1+k
= Z rjﬁ? +o(1). (S.B.4)
1<j<mo+1

Using (S.B.1)-(S.B.4) we have,

R 1 mo+1 1 LT/\?J mo+1 2
r(l-e):/O clu, kydu+ > rjm— 3 W(H/T) - (Z ijj) +0as. (1)

=t T e J+1+k =1

1 mo+1 mo+1
2/ ¢ (u, k)du+ Z Tl — Z r;V; +O —l—oas(l)
0 =1

j=1
1 ) 9
:/0 c(u, k)du+ 2~ Z 7§17 (ﬁh ,u]l) + O ) + 045 (1) . (S.B.5)
172

The claim that I' (k) > d P-a.s. as k — oo follows from Assumption 2.2-(i) since this implies that
c¢(u, k) = 0 as k — oo and from the fact that the second term on the right-hand side of (S.B.5) does
not depend on k. If in addition it holds that y; (¢/7) = p; for j =1,..., mg+ 1, then (S.B.3) holds with
equality and the result follows as a special case of (S.B.5). O
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S.B.1.2 Proof of Theorem S.A.2
Lemma S.B.1. Assume that {Vir} satisfies Definition 2.1. Under Assumption 2.1-2.2 and S.A.1-(i1),

ool oy
DI . E(Vi—pt/T)) (Ve — p(s/T))) exp (—iw (t = 5)) = o(1).
nF2 T =|TAY ) [+1s=[TAY, | +1

Proof. Let 7, j, = max{rj, rj,} and r; ,, = min{r;, r;,} . We consider the case of adjacent regimes

(i.e., j2 = j1 + 1) which also provides an upper bound for non-adjacent regimes due to the short memory

property. Forany k =s—t=1,..., LszthJ there are k pairs in the above sum. The double sum above
(over t and s) can be split into
|CT*"] |hT|
Ty )F{I:[CT@} () k)‘ +T0 Y ‘F{LCT“J+1sLhTJ} (, k)‘ (S.B.6)
k=1 k=|CT*"|+1
LthlijJ -1 Lﬁj17j2J
7! r SR+ T ‘r Lk
- > {lrT)+1:| T2y, 5 |1} ( )’ + 2. {50051} (5 k)

k=[hT]+1 k= LTﬁjlvaJ

where C' > 0,0 < h < 1 with [hT] < |Tr;, ;,| =1, and T's (-, k) is the sum of the autocovariances at lag k
computed at the time points corresponding to k € S. Note that the term |exp (—iw; (£k))| can be bounded
by some constant. The sums run over only k > 0 because by symmetry Iy (k) = I'y_ /7 (—k). Consider
the first sum in (S.B.6). This is of order O (T~17%) which goes to zero given x < 1/2. The second sum
is also negligible using the following arguments. By Assumption S.A.1-(ii), |I' (u, k)| = Cy xk™™ with
m > 2 and choosing C' large enough yields that the second sum of (S.B.6) converges to zero. In the third
sum, the number of summands grows at rate O (T') and for each lag k there are O (T') autocovariances.
However, by Assumption S.A.1-(ii) each autocovariance is O (I'"™). Thus, the bound is O (T~'7?~™)
which goes to zero as T' — oo. The difference between the arguments used for the third sum and fourth
sums is that now we do not have O (T') autocovariances for each lag k. Thus, the bound for the fourth
sum cannot be greater than the bound for the third sum. Thus, the fourth sum also converges to zero. [

Proof of Theorem S.A.2. We have,

1 mo+1 LT)\]OJ ?
Ir (w) = Wia Z exp (—iwt) V;
J=La=[TXY_, [+1
1 motl [T | motl [ 727 :
=77 (Xe — p (t/T)) exp (—iwit) + Nis p (t/T) exp (—iwyt)
J=14=|TX_, |+1 I=1 =|TA9_, |+1
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From Assumption S.A.1,

mo+1 L J 2
> Z p (t/T) exp (—icit)
I=La=[TA_, [+1
mo+1 U“?J 2
> Z B; Z exp (—iwyt)
Jj=1 t=|TA9_, |+1
mot1 [729)= |0, |1 ’
= Z Bjexp (—iwl (LTA?_IJ + 1)) Z exp (—iwjt)
j=1 t=0
exp (—iw motl ’
-l S e (i ([13)) (- i () - [
ex jwy)  Mef! ’
1= é)xp zlwl Zl Bj (exp( w QT)\?_lJ)) T exp <7iwl {T)‘?D) '

using the formula for the first n-th terms of a geometric series 7 arf = a X7 ¥ =a (1 —7") /(1 = 7).
Then, using summation by parts,

mo—+1

M Z B; (exp( iwy QT)\?_1J)) —exp (_iwl {TA%))

1 —exp( zw]

exp (—iw;) 20 ) 0
= TP ) 1B~ Bugri— Y (B — B; —iwy | T2

By Lemma S.B.1, it is sufficient to consider the cross-products within each regime j,

mo+1 L7 L7
B (@) 2 3 rj—E ) ST Vi u(t/T)) (Va — i (/T)) exp (—ica (¢~ 9))
= TA ) |+1s=|TA)_, |+1
[ 79, ] [72,]
YR Y S (Vi— u(/T)) (Vs — i (5/T)) exp (—iwn (¢ — 5))
1772 t=|TA | +1s=|TA0, |41

mo+1 2

1 exp (—tw, ) .
| SRS (o (e (1)) - (i 7)) +00)

mo+1 |T29] [Tr;]-1 [ 727
=> |E Yoo (Vi—p/T)*+ T > > Lyyr (k) exp (—iwk)
i=1 j

t= LT,\g.LlJ +1 k=1 4= LT)\?AJ +k+1
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2
AT e iy ZB (e (=i (|70 )) = e (=i [75]))] 00,

Next, using the definition of f (u, w;), e~?*! = 1 by Euler’s formula and letting w; — 0 we have,

mo+1 A0
E (I7 (w;)) > Z (/}\] uOdu—i—QZ/ ukexp(—zwlk)d>

0

]:1 j—1
42 ! B, - B (1+o(1))§i‘(3 Bji1) exp (—2mil)\f) 2+o(1)
= — Bimg+1 — i — Bj xp ( —2mil\;
T 1 — exp (—iw)|” ! ot = 77 Pit1) exp j
mo+1 )\?
=27 Z f(u, wy) du
Jj=1 ’\?71
42 ! B - B 1+ (1))%(3 Bji1) exp (—2milA)) 2+ (1)
= — Big+1 — 0 i — Bji1) exp ( —2mil\; 0
T |1 — exp (—iwy)|? ! ot = 7T Pit1) OXp j
2
1 1 mo 0
= 271'/0 f(u, wy) du+ T By — Byy+1 — Z (Bj — Bj41) exp (—2ml)\j) +o(1).
i j=1
(S.B.7)
By Assumption 2.1-(ii), the first term of (S.B.7) is bounded for all frequencies w;. Since By, ..., By,+1 are

fixed, if Tw? — 0 then the order of the second term of (S.B.7) is O((Tw?)~1). Note that as w; — 0 there are
some values of [ for which the corresponding term involving |\2 on the right-hand side of gS.B.? ) is equal to
zero [see the argument in Mikosch and Starica (2004)]. In such a case, E (I (w;)) > 27 [y f (u, w;) du > 0.
For the other values of {l} as w; — 0, the second term of (S.B.7) diverges to infinity. The outcome is that
there are frequencies close to w; = 0 for which E (It (w;)) — oo. O

S.B.1.3 Proof of Theorem 3.1

We consider the case k& > 0. The case &k < 0 follows similarly. Consider any u € (0, 1) such that
Tj0 ¢S (u, k, nor) forall j =1,..., mg. Theorem S.B.3 in Casini (2023b) showed that

2

! (na,r/T)? [882 c(u, k)| +

E[er (u, k)] = c(uo, k) + 5 o ((nor/T)*) + 0 (1/nar). (S.B.8)

Since ngr — oo and no /T — 0, Eler (u, k)] = c(up, k) + 0(1). The same aforementioned theorem
shows that ng rVar [ér (u, k)] = Op (1). This combined with (S.B.8) yields part (i) of the theorem.
Next, we consider case (ii-a) with njr, (u, k, no7) /nor — v € (0, 1). We have,

naT nor 2

~ | -1

or (uy k) =050 > Vidu)+h/2-nop /24541 VITu)+h/2—ns 1 /2s+1—k — (%,T > Viru) nQ,T/2+s+1>
s=0 s=0
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T —(|Tu)+k/2—n27/2+1)

-1
=MNgr Z ViTu)+k/2—no 7 /24541 V| Tu| +k/2—no /245 41—k
s=0
na, T
-1
+ngr Z ViTu)+k/2—na /24541 V| Tu| +k/2—no 7 /245 +1—k

s=T0—(|Tu)+k/2-n2 1/2)

T9—(|Tul+k/2—ng 1 /2+1)

1
o (nQ,T Z VLTUJ +k/2—ng 7/2+s+1
s=0
na,T 2
—1
g > VLTuJ—nz,T/2+s+1>

s:TJQf(LTuj +k/27n2’T/2)
TO—(|Tul+k/2—na7/2+1)

-1
=Ny Z VLTuj +k/2—ng 1/24+s+1 V[Tuj+k/2—n2,T/2+s+1—k
s=0

—E (VLTujJrk/Q*nz,T/QJrerl) E (VLTuJ +k/2n2,T/2+s+1k>)
na, T

+ nilT Z VITuj+k/2—no 1 /24541 V| Tu) +k/2—ns 1 /2+5+1—k
s=T0—(|Tu)+k/2-n2 1/2)

—-E (VLTUJ+’€/2*”2,T/2+S+1) E (VLTuJ +k/2n2,T/2+s+1k))

T9—(|Tu)+k/2—n27/2+1)

+ny > E (VLTuJ+k/2—n2,T/2+s+1) = (VLTuJ+k/2—n2,T/2+s+1—k>
s=0
na,T

+ n{%p > E (VLTuj+k/2—n2,T/2+s+1) E (VLTuJ+k/2—n2,T/2+s+1—k)

s:T]Qf(LTuj +k/27n2,T/2)

T —(|Tul+k/2—n27/2+1)

s=0
n2, T 2
+ 15y > v, ) +op (1)
2,T LTUJ*TLQ’T/2+S+1 P

s=T0—(|Tul+k/2—n2,1/2)
> 9 (X k) + (=) ey k) g (A)” 4 (1= 7) g ()
— (ma (A2) + (=) 1 ()" + 02 (1)
=9 (A, k) + (1= e k) +7 (1= (15 (3) = w1 () "+ 02 (1) (S.B.10)

Consider the case (ii-b) with n;r, (u, k, nar) /nar — 0. The other sub-case follows by symmetry. Eq.
(S.B.9) continues to hold. The first term, third term and the first summation of the last term on the
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right-hand side of (S.B.9) are negligible. Thus, using ergodicity, implied by Assumption 2.1-2.2-(i),

n2, T

er (u, k) = c(u, k) +ny 7 > E (Vizush/2-naz/zrsst) B (Viusth/z-nar/2es)
s=T9—(|Tu)+k/2—n21/2)
— i1 ()’ +op (1)
= c(u, k) + prjr1 (u)? = pjgr (u)® +0p (1) = ¢ (u, k) + op (1),

where we have used the smoothness of E(V;) implied by local stationarity. The second claim of the lemma
follows from Assumption 2.2-(i) since this implies that sup,cjo 1] ¢ (u, k) — 0 as k — oo and the fact that
the third term on the right-hand side of (S.B.10) does not depend on k. Thus, I'pk (k) > d¥-+op (1) where
dp = (nor/T)y (1 — ) (1y ()\9) — [bj+1 (u))? > 0 and d3 — 0 since no /T — 0. The factor no 7 /T in dj
follows because the neighborhood (/\? —na1/T, )\9 +no7/T') includes O(ny /n7) blocks which are then
averaged out. [J

S.B.1.4 Proof of Theorem 3.2

Consider first any u € (0, 1) such that TJQ ¢ S(u, 0, np) for all j =1,..., mp. Theorem 3.3 in Casini and
Perron (2023) shows that

np—1 2

1 .
E (IL,T (u7 wl)) = ‘\/ﬁ Z VLTUJ —np/24s+1,T €XP (_Zwl*S)
s=0

= (@) + % <”TT)2 aa;f (u, w) + 0 ((?)j +0 (mgn(;m) . (S.B.A1)

By Assumption 2.1 the absolute value of the first term on the right-hand side is bounded for all frequen-
cies wy. By Assumption 3.1-(iii) [(0?/0u?) f (u, w;)| is bounded and, since ny/T — 0, the second term
converges to zero. Similarly, the third and fourth terms are negligible. Thus, E (I1, 7 (u, w;)) is bounded
below by f (u, w;) > 0 as w; — 0 which establishes part (i). Now we consider to part (ii). We begin with
case (a). We only focus on the sub-case n; 1, (u, 0, nr) /ny — v with v € (0, 1). We have

I (W) =
1 T9—(|Tu)—n7/2+1) .
’\/ﬁ Z ViTu|=ng j2+s+1,7 €XD (—iw;s) + Z Vit g f2-s 17 €XD (1)
S:O s=T)—(|Tu|—nr/2)
| (5Tl /2t
= E z% (VLTuj—nT/2+s+1,T —pn(([Tu] —nr/2+s+1) /T)) exp (—iwrs)
—
+ Z (VLTUJ*nT/QJrerl,T —p((|[Tu] =np/24+s+1) /T)) exp (—iwys)
s=T)~(|Tu|-nr/2)
npr—1 )
T2 #([Tu) —nr/2+ 5 +1)/T) exp (—iwars) | (S.B.12)
s=0

S-10
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Using Assumption 3.1, we have

Note that

TLT—I 2

S u(([Tu) = ng/2+ 5+ 1) T) exp (—iwrs)| >
s=0

T0—(|Tuj—ng/2+1) np—1 2
B; Z exp (—iwys) + Bjy1 Z exp (—iwys)| . (S.B.13)
s=0 s:T]Q—(LTuJ —ng/2)

T0—(|Tul—ng/2+1)

npr—1
B; Z exp (—iw;s) + Bjt1 Z exp (—iw;s)
s=0 s=T) —(|Tu|-nr/2)
T].Of(LTuJ —np/2+1)
= B; Z exp (—iw;s) (S.B.14)
5=0
np—1—(T9—(|Tu]—n7/2))
+ Bjy1exp (—iwl (TJQ — (|Tu| — nT/Q))) Z exp (—iw;s) .

Focusing on

s=0
the second term on the right-hand side above,

2

ny—1
nyt |Bji1 i exp (—iw;s)
S:T]Q—(I_Tuj—nT/Q)

np—1—(T)—(|Tu)—nr/2)) 2

= nqjl Bj+1 exp (—iwl (TJO — (LTUJ — nT/Q))) Z exp (—iwls)

s=0
2

1- —i — (79 — (|Tu) — np/2

— ! | B exp (< (10 = (ITu) = nr/2))) exp (i (nr = (1~ (1Tu] —nr/2)))

1 —exp (—iw;)

exp (—iva (T9 = (1Tu] = nr/2)) ) = exp (—ivanr) |

1 — exp (—iwy)

Bis (S.B.15)

We show that the above equation diverges to infinity as w; — 0 with nyw? — 0. If nyw; — a € (0, oc)

then Re (exp

(—iwynr)) # 1 and the order is determined by the denominator. As in the proof of Theorem

S.A.2, |1 —exp(—iw;)|* = w}. Since nrw} — 0, the right-hand side above diverges. If nrw; — 0, we apply
L’Hoépital’s rule to obtain

i (19 = (|Tu) — nz/2)) +ing|

7

—1
np | Bjt
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=g By (= (0 - (7wl = mr/2)” o+~ (10~ (Ta) = nr/2)) mr )
=0 (n%/nT) =0 (nr),

which shows that the right-hand side of (S.B.15) diverges. A similar argument can be applied to the first
term on the right-hand side of (S.B.14) and to the product of the latter term and the complex conjugate
of the second term on the right-hand side of (S.B.14).

It remains to consider case (b) and the sub-case n; 1, (u, 0, n7) /np — 0. The other sub-case follows

by symmetry. We have (S.B.12) and (S.B.13). Note that,
1 nr—1 2

——Bjn Z exp (—iw;s)
Vi s=T0—(|Tu) —n7/2)

RE nTZ_:leX o TO—(|Tu)—np/2)-1 }
N~ p (—iw;s) g Ditl Sz:% exp (—iw;s)
. T0—(|Tul-ng/2)-1 | 2
= _ﬁBj+1 52:% exp (—iws)| — 0.

Thus, we have

T]Q—( |Tu]—nr/241)

E (L7 () = - > (Vitwngzserir — n(Tu] = np/2 4 5+ 1) /T)) exp (~icars)
s=0
np—1 2
+ Y (Vitwenepssrir = #((ITu) = nr/24 54 1) /T) ) exp (—iwis)| +0(1).

s:TJO —(|Tu]—nr/2)

Note that the first sum above involves at most C' < oo summands. So the first term is negligible. The
expectation of the product of the first term and the conjugate of the second term is negligible by using
arguments similar to the proof in Lemma S.B.1 with np in place of T. Thus, the limit of E (I (w;)) is
equal to the right-hand side of (S.B.11) plus additional o (1) terms. [J

S.B.2 Proofs of the Results in Section 4

We first introduce the multiple Fejér kernel as in Velasco and Robinson (2001),

1 T . n
\P(TTL)(xl,...,xn):TlT Z exp{zth:r:j},
j=1

(27T) t1-tp=1
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with z, = — ?:_11 xj. Velasco and Robinson (2001) discussed the following properties. \sz ) (1,5 Tn)

is integrable in 11"~ ! and integrates to one for all 7. For 6 > 0 and T > 1, we have

s

where D¢ is the complement in II""! of the set D = {z € II"™' : |z;] < 4, = 1,...,n — 1}. For
j=1,...,n—1,

n—1
(n) - log T
U (1, .., xn)‘ dri...dxp,—1 =0 (Tsin5/2> , (S.B.16)

// 2|95 (@1, @) [das -+ da = O (T log" 1 7). (S.B.17)
11 11

Recall that the Dirichlet kernel is defined as Dy (z) = Y, exp (itz). It satisfies the following two
relations,

Dy (2)] < min {7, 2|2 *}; /H D7 (z)| dz = O (log T).. (S.B.18)

Eq. (S.B.16)-(S.B.17) follow from
1

’\Ilg?) (x1,..., l‘n)‘ < m |Dr (21)| |Dr (22)] - -+ | D7 (20)|d21 - - - dops - (S.B.19)

S.B.2.1 Preliminary Lemmas

Lemma S.B.2. (Bhattacharya and Rao, 1975, pp. 97-98, 113). Let Q1 and Q2 be probability measures on
R? and %2 the class of all Borel subsets of R?. Let ¢ be a positive number. Then there exists a kernel
probability measure Gy such that

4
sup [Q1 (B) Q2 (B)] < 5 /(@1 — @a) Gl + 5 sup Qo ((0B)*),
Be#? Be#?

where Gy satisfies

3
Gy (B0, 1)) = O ((f) ) , (S.B.20)
and its Fourier transform @¢ satisfies
Gy(t)=0  for ||t] =8 x243/x1/3¢. (S.B.21)
Here (0B)*? is a neighborhood of radius 26 of the boundary of B, |||l is the variation norm, and e means

convolution.

Lemma S.B.3. Let Assumption 4.1, 4.5-4.4 hold. For s > 2 with er (2s) — 0, we have
dy '
Tr (SvWe,)*) = T(2m)* 1S Ly ()b " + O (Thifer (25))
3=0
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where e (25) = (Thy 1) og® ™' T, L; (s) = (1/§)'u; (K*) (& /dw?) (f (u, 0) du)® with |L; (s)] < oo and
Lj (s) differs from zero only for j even (7 =0,..., df).

Proof of Lemma S.B.3. Let ros4+1 = r1 and note that
Tr (v We,)?)

= > H E ( rai—1 TZJ) w (by7 (r2j — r2j41))

1<ry,..,r2s<T j=1

= > H/ F(roj 1T, wyjy) st r2i)en- 1/Kln waj) 7T

1<ry,.,ros<T j=1
T-1

T T T s )
= Z Z Z o Z H / f (7n2],_1/T7 W?j—l) eik2; (w2; —1—w2;)

k2, kdyeo kos=—T+1r1=|ko|+1 r3=|ka|+1  ros_1=|kos|+15=1"1I
% / Ky, (ij)ei((—kzj—k2j+2)w2g‘)dw
11

T-1

- Z — |ka51) // [ ugj—1, waj—1)e ihaj (w2j—1—w2;)

ko, ka,.. ,k29—7T+1j 1

X / Ky, (way) e ((=k2j—k2j+2)w23) do,dey + O (Tﬁl)
II

Z H( — [k24l) // [ (ugj—1, waj—1 /Kb1 waj exp{ Zw] —Tjt1 }dudw—i—O(Tl)

1<ry,..,r2s <T j=1

=T (2m)*> ! Hy, (w, p) Kp, (w) \I’ggs) (p) dwdp + O (Tﬁl) , (S.B.22)
I12s

where \11538) (,U,) = ( ) (/*L17 KRN MQS) ;

Hy, (w, N)Z/ / flur, w—pg — .o — pas) Kp, (0 —p3 — o — pias)
0 0
X fus, w—...— pas) Kp, (W—poa — ... — pas) ... f(ugs—1, w— pas) du,
dp = dps, ..., duss, dw = dwq, ..., was, du = duy, dus, ..., dugs—1, and we have made the change in
variables
M1 = w1 — w2 W2s—1 = W — H2as
M2 = w2 — w1 W2s—2 = W — 25 — H2s—1
H2s = W2s — W2s—1 W) =W — U2 — ... = s =W — U1
with Z 21 i = 0, setting w = wa,, and expressing all the w; in terms of w and puj, j = 2,..., 2s.
Let

B = |Tr ((SyWy,)¥) — T (2m)*~ 1/ (/ f(u, w) u) Klf;l(w)dw.
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Using (S.B.22) we have

Ky, (w) W) ()] dwdp + O (T7).

Hy, (w, p) — (/fuw u)%gll

We split the integral in (S.B.23) into two sets, for small and for large j;. Define the set M = {u € TI?5~1 :
sup; [pj| < b1/ (2s)}. Since K (w) takes small values for |w| > 7by 7, for all u all functions f (u, w) are
boundedly differentiable in w in the set M. We use the following inequality,

B<T (27r)25‘1/

I12s

(S.B.23)

A+ Ay = By By < 3 |Bi-+ Byl [Bysr — Agaa| [Agea -+ Arl, (S.B.24)

and sup,, |Kb1 (w)] = O(bl_},) to bound the integral in (S.B.23) over M by

O TZHST+1 Z// / |f (U241, w — potoqg — ---—Mzs)—f(uzqﬂaw)!‘ﬁbl (w) B (N)’du2q+1dﬂdw
(S.B.25)
0 (Tor5+) Z / / By (60— paag — . — 12s) = Koy ()] [95 ()] dpuo (S.B.26)

We apply the mean value theorem in (S.B.25) to yield,

2s
O (T017) [ Koy @) dw Y [ [mgll ¥ (1) lds
1T q=0 M
2s
<0 (10l7) [ (R @)| o> [ ol 0 () ld
11 q:0 I12s—1

=0 (b7 log ' 7)),
where the equality follows from (S.B.17). Using the Lipschitz property of K (cf. Assumption 4.4), the
expression in (S.B.26) is of order O(b; 7 logZ~1T).

Let M€ denote the complement of M in II?*~!. We now study the contribution to B corresponding
to the set M€. This is bounded by

i 1// ‘Hbl w, 1) K, (w H\I/ (2¢) ‘dwdu (S.B.27)

(/  (u, w) u> R, ()| dw [

+T 27r23 !

w2 (u)] dy. (S.B.28)
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The expression in (S.B.28) is O(by 7 log?*~! T') using (S.B.16) and

1 P —
( / Flu, w)du> Ry, (w)
II 0

Applying (S.B.19) the expression in (S.B.27) is bounded by

dw =0 (by3) -

S 1 N
/ 11 / ‘f (ugj-1, waj—1) K, (w2;) D7 (w2 — w2j-1) Dr (w2j+1 — WQj)‘ dugj_1dwajdwzj 1, (S.B.29)
' 0

where M/ = {|wa — wi| > vp}U{|ws — wa| > vp}U. . U{|wes — was—1| > v} with vp = by 7/ (2s) and 2s+1
is to be interpreted as 1. Note that the integral in (S.B.29) differs from zero only if |ws|, |wal, ..., |was| <
by rm. Without loss of generality, we consider only the case where just one of the events in M’ is satisfied,
|waj — waj—1| > vr, say, the other cases can be handled similarly.

From (S.B.18) it follows that |Dy(w2; —waj—1)| = O(bi%p) since |wa; —waj—1| > vr = b1/ (2s), and

Ji 1D (w2 — ng_l)f(jbl (waj)|dwa; = O(bilT logT). For € > 0, consider the following decomposition

1
/ / |f (u2j—1, waj—1) Dr (w2j—1 — waj—2)| dugj_1dwaj—1 (S.B.30)
nJo
1
= / / |f (ugj—1, woj—1) D (waj—1 — waj—2)| dugj—1dwaj—1
woj—1|<e JO

1
—i—/ / |f (ugj—1, waj—1) D (waj—1 — waj—2)| dugj_1dwaj_1.
|waj—1|>€ SO

By Assumption 4.1 f(ugj—1, wa;j—1) is bounded if |wy;_1| < e. Then, the integral over |wa;_1| < € above is
of order O (log T"). On the other hand, if |wo;_1| > € (and recall that |waj_1| < by ), we yield as T — oo
lwaj—1 — waj—2| > €/2, say. Then, |Dr(waj—1 —waj—2)] = O (1) by (S.B.18) and the second summand of
(S.B.30) is finite in view of the integrability of f (u, w) by Assumption 4.2. It follows that (S.B.30) is
O (logT'). There are other s—1 integrals of this type that can be handled in the same way. The remaining
integral is of the form

/H/H/O1 \f?bl (was) f (ugs—1, w1) D (w1 — was)

where w; = wasy1 and we have used tlAu/a same argument as in (S.B.30) to show that the integral in
wi is O (logT) for all wo, and that [ |Kp, (was)|dwas = O (1). Thus, (S.B.29) is O(b;5log?*  T') and
B =0(by £ 1og” ' T+ b 510g* ' T+ T7) = O(Tby Fer (25)).

Define Ry, (s) = Z;lio Lj(s) blﬂ ®. Using the Lipschitz property of f( 7) (u, w) for all u,

[ R @) (/01f<u7w>du>sdw—ml<s>
< [ R ™ (/Olfw,w)du)s—] 7 =(2) (/ f(u, 0)d ) W
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/ ’w‘df-‘rg
11

where we have used sup,,cy |K, (w) | = O(bl_lT)
Note that L; (s) differs from zero for j even because L; (s) depends on pu;(K*®). O

— s—1
=0 (sup R (0
well

‘En (w)’ dw) =0 (b‘llf‘Tﬂ“e—erl) ;

Lemma S.B.4. Let Assumption 4.1 and 4.5-4./ hold. For s > 1 with ep (2s + 2) — 0, we have

1 8+1 N s
1 (SyWh,)* Syl = T (2m) %! ( / f (u, 0) du> (Kb, (0))" +0 (b3 log™ ' T+ 771).
0

Proof of Lemma S.B.J. We first write 1'(XyW;,)*Ey 1 using an argument similar to the one used to
derive (S.B.22), the only difference being that we also have the summation over two additional indexes.
We write

Z E (V7“zs+1vrzs+2) ;:1 {E <‘/7"2j71 VT’zj) w (byr (roj — T2j+1))}

0<ri,...,r2s42<T

= Z/Hf(rzsﬂ/T, L e | G
.

X { F(roj—1/T, wyj_q) ' (r2im17r2i)e2s / Ky, (Azj)ei(m_mj“)’\“}d)\dw
II

—ren [ s e du o (171, (S.B.31)
H25+1
using a change of variable, where \IJE,?SH) (1) = \Ilg,?sﬁ) (L1, .oy P25ty — Z?f{l i),

1 1 L N
Sbl (IU):/O /0 f(ulwul)Kln (M1+M2)"'Kb1 (N1+---+M2s)f(u2s+luul+"'+N23+1)du7

and dp = dpy ... dpest1, du = dug ... dugsy1 and dw = dwy . ..dwsst1. Proceeding as in the proof of
Lemma S.B.3, we divide the range of integration in (S.B.31), II>**!, into two sets, M and its complement
M¢, where M = {|p;| < 7bi7/(2s+2),j=1,..., 25+ 1}. We have

1 s+1N
\ / Sy () W2 () dpt — / ( / f (u o>du) K5, (0) 2 (1) dy
M M 0

2s
—o(r) [ 3 s o4 )
-0 (b;ﬁT—lT—l log2st1 T) , (S.B.32)

using (S.B.17), (S.B.24), Assumption 4.1 and 4.4. On the other hand, the contribution from MF¢ is less
than or equal to

[ 180 G0l [0 )|+ 0 (b7 T g1 T, (S.B.33)
Me
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where we have used (S.B.16). Using the same argument used for (S.B.29), the integral in (S.B.33) is less
than or equal to

T(27r23“/ H/ / (ugj—1, waj—1) Kp, (w2;) Dr (waj — waj—1) (S.B.34)

X Dp (w2j41 — w2j) f (Uu2s41, wast1) D7 (w1) D (—was—1)] dudw,
where
M = {|wi| > w7/ (25 +2)} U {|lws —wi| > 7bip/ (25 +2)} U... U {|was—1 — was| > b1/ (25 +2)},

and (S.B.34) is nonzero only if |wa|, |wal, ..., |was| < 7by 7.

If |wjt1 —wj| > 711/ (254 2) for at least one index j € {1,..., 2s} we can obtain a bound of
order (T~'b, 5 tlog? ™ T) for (S.B.34) as in Lemma S.B.3. The same bound is obtained for the case
|wi| > 7rb17T/7(23 + 2) with a similar argument. Combining these results with (S.B.31)-(S.B.33) concludes
the proof. [

Lemma S.B.5. Let Assumption 4.1, 4.5-4.4 and 4.8-4.9 hold. For s > 2 with ery, ;. (25) — 0, we have

d
T ((SpWin)) = Thor (2™ (foLj (s) by " + TZ(LQJ $) + L (s ))b}}j—s)>
i=0

, log% (Tbgj))

+0 (Tb2 o 7 T €Tbyp (25) + b1 7 Thy T

where ery, . (25) = (Tbao,r) " log? ! (Tbyr), Lj (s) = (1/4)!; (K*) fo K (x)dx (dj/dwj) fo (u, 0) du)®
with |Lj (s)| < oo, Lj(s) differs from zero only for j even, Lo (s) depends on 8u2 fc (u, w) du, Ko,
Ky, and s with |La;(s)| < oo, and L3 ; (s) depends on Ay (-), Ky, and s with |Ls ; (s)] < oo.

Proof of Lemma S.B.5. Let ros4+1 = r1 and note that

TT( 2 Wb1 / /0 1<r12 HE( a1 (W) ) Vi, (Uj))w(bl,T (roj —r2541)) du

ros<T j=1
_ (Tuj — (roj—1 — (roj —r9-1) /2)) /T
- Z H Ky b
0 1<ry,...res<T j=1 2,T
" / F(ragea/ Ty 0) 470 [ R )0
I ul
LTb2 r]-1

= / / / H Tb2 T ‘kzj‘) f (u2]—17 w2]_1) ei((dgjfl—OJQj)ij

ko, ka,.. k‘257 H2 j

K, ‘ log (T
x Ky, (way) e'(h2i=k2i+2)92 dydy + O (@T) +0 (OgT(beT)>
2, T
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= Thyr (2m)* ! /

1
(Hbl (oo ) [ K (&) da o+ Hapy o, ) + Hap (o m) (S.B.35)
HQS 0

— s e 9 log®* (T'b
x Kp, (w) \Ilg,?b;T (1) dwdp 4+ O (b%,Tbl,T log?~! (szj)) + 0 < Tng()2T2T)> )

where Hp, (w, 1), dw and du are defined as in (S.B.22), \11(25) o (1) = g2 (B1y -y p2s)

TbQ’T
1
=it ([ 2100 ([ 1 )

XZa 2/ /fUh — iy — o — i) Ky (w0 — g — . — )

jeJ

X f (ugy W — ... — o) Ky, (w— g — ... — pigg) .. f (s 1, w — pigs) duy - - - dugs_1,

with J = {1, 3,..., 2s — 1}, and H3}, (w, p) depends on the discontinuity points, i.e.,

H3b1(w M —b (/ Ks 1 d;(;)( {ulz)\?,jZI,...,mo}Af’j(w—Mg—...—/LQS))

X Kpy (W — i3 — . — piog) f (ug, w— ... — piog) Kp, (W — g — . — pig) -+ f (Uns—1, w — pis)
1 —

+b§7T </ KS1(x)dx>f(ul,w—uz—...—ygs)Kbl (w—p3— ... — p2s)
0

Xf(u;>,,w—...—uzs)ﬁbl(w—u4—...—u25)...

X 1{“2871 = >\‘(7)7.] = 17"'7 mU}Af,] (wilLZS)’

with

A, ) = /01 (85 ()\0 ) /018 Ky (x)dx + a;i ()\?, w) /113 xKo () dm) ds. (S.B.36)

Let

1 —~
B— ‘TbQ,T (2ﬁ)231/0 K3 (v) dw /1128 (Hb1 (w, p) Kp, (w )‘I’%ZT (/ f(u, w) u) Kbsl (w)) dwdp| .

Using (S.B.35) we have

1
B < Thor (2m)% / K3 (2) da /
0

T12s

Hy, (w, 1) — (/fuw u) Ki;l(w)

We split the integral in (S.B.37) into two sets, for small and for large ;. Define the set M = {u € TI571 :

Koy () W3 ()| deodp.

(S.B.37)
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sup; [pj| < b1/ (2s)}. Proceeding as in (S.B.25)-(S.B.26), we have

s—1 1 -
O (Thorbis) Y 1 (0w = piagag — oo = ping) = f (u, )| [Ky, () W) ()] dudwdps
q=0 II/MJO ’
(S.B.38)
s—2
+0 (Tb27Tb1_75T+1) Z /H /M ‘Kbl (W— poyoqg — ... — pas) — K, (w ‘ ‘\IJ 2s) )‘ dwds.
q=0
(S.B.39)

We apply the mean value theorem in (S.B.38) and use (S.B.17) to yield,
@) (TbQ’Tbi%+1> /H ’ﬁbl de/ |:UCI| ‘\IijzT H ‘ H
O(TbgTb SH)/H’Kbl de/ |14 ’\I/szT H ’ H

=0 (b5t log™ ™ (Tharr))

On the other hand, using the Lipschitz property of K (cf. Assumption 4.4), the expression in (S.B.39) is
of order O(b; 7 log? ™! (Thy.r)).

Let M¢ denote the complement of M in I12*~!. The contribution to B corresponding to the set M¢
is bounded by

Thy (2m)% 1 / /
H c

+ Tbg T 271'

Hy, () Koy ()] [953), ()| o (S.B.40)

(/ f (u, ) u>fb (w)|d

The expression in (S.B.41) is O(b; 7 log? ! (Thy.r)) using (S.B.16) and

1 s
( / f (u, w>) s, (w)
11 0

The expression in (S.B.40) is bounded by

251 / i) M)’dﬂ. (S.B.41)

dw =0 (bi7) -

s 1 _
/ H/ ’f (u2j-1, woj—1) Kpy (w2;5) Doy 4 (W25 — w2j—1) D1y 4 (W2541 — w2j)‘ dugj—1dwojdwaj_1,
A 0
(S.B.42)

where M is defined after (S.B.29).
From (S.B.lS) it follows that “DTbZT (ng - ng_l) | = O(bl_’%«) since |w2j - ng_ﬂ > vp = bl,T/ (28),

and [} [Drv, ;. (waj — wajr1) Ky, (w2j) |[dwa; = O(bl_} log(T'ba,7)). For € > 0, consider the following de-

S-20



LOW FREQUENCY CONTAMINATION IN HAR INFERENCE

composition
1
/ / ‘f (u2j-1, waj—1) D1y 4 (w251 — w2j—2)‘ dug;_1dwaj 1 (S.B.43)
mJo
1
= / / ‘f (u2j-1, waj—1) Dy 4 (w251 — w2j—2)‘ dug;—1dwoj_1
|waj—1|<e JO
1
+/ / ‘f (u2j-1, waj—1) Dby 1 (w251 — W2jf2)‘ dugj_1dwaj_1.
|w2j_1\>e 0

By Assumption 4.1 f(ugj—1, waj—1) is bounded if |wg;_1| < e. Then the integral over |wpj_1| < € above
is of order O(log(Th7)). On the other hand, if |wg;—1| > € we have |Dry, ;. (woj—1 — w2j—2)| = O (1)
by (S.B.18) and the second summand of (S.B.43) is finite in view of the integrability of f (u, w) by
Assumption 4.2. It follows that (S.B.43) is O(log(T'ba,7)). There are other s — 1 integrals of this type
that can be handled in the same way. The remaining integral is of the form

/H/H/()l ‘R:bl (was) f (U2s—1, w1) D, 1 (w1 — was)

where w; = wasy1 and we have used the same argument as in (S.B.43) to show that the integral in wy is
O(log(Tba,1)) for all wos and that i | Ky, (was) |dwss = O (1). Thus, (S.B.42) is O(by 7 log?* ! Thy 1) and
B = 0(by " 1og> ! (Tby1) + by 5 108> (Thy1)) = O(Tby b FPern, 1 (25)).

Next, let

dUQS_ldwldWQs = O (log (TbQ’T)) :

By = Thy 1 (21)* 71 /
HQS

Hop, (w, 1) = 0300 (£, C, 5) Kyt ()| Koy () 95, ()| devdp,

where Aq(f”, C, s) depends on f (u, w), the second partial derivative of f (u, w) in u at the continuity
points in C and s. By Assumption 4.9, for j € J and u; € C (0/0u?) f (uj, wj) has similar smoothness
properties in w; to those of f (u;, w;j). Thus, the proof used above to bound B can be repeated which
then results in By = O(Tbg,Tbi_TSeTblT (29)).

Let

B3 = Tb2,T (277)25_1 /2 H3,b1 (wv ,LL) - b%,TA3 (f/a {)‘97 ] = 17 ey mO} ) S) f{/gl_l (w)‘
[12s

- 2s
X | Koy (w) O ()| dovdp,

where Az(f, {)\?, j=1,..., mp}, s)dependson f (u, w),As(-) and s. By Assumption 4.9, (0/0u_) f (u, w)
and (0/0uy) f (u, w) for u a discontinuity point have similar smoothness properties in w to those of
f (u, w). Thus, the proof used above to bound B can be repeated which then results in Bs = O(Tb;Tbi}s
€Tby 7 (25))-

The rest of the proof follows from the same arguments used in the last part of the proof of Proposition
S.B.3. O
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Lemma S.B.6. Let Assumption 4.1, 4.3-4.4 and 4.8-4.9 hold. For s > 1 with ep (2s + 2) — 0, we have

(E Wbl) X5 1_Tb2T(27r)28H<</ f(u, 0)d > / K (a

+ 637 (o (£, Cs) + 85 (£, {A) 5 =1, mo}, s))> (K, (0))°

1Og2s+1 (Tbgg’) )

+ 0 (0155 log?** (Thyr) + b1 5
' : Tbor

where Aa(f", C, s) depends on f (u, w), the second partial derivative of f (u, w) in u at the continuity
points in C and s, and As(f’, {)\?, j=1,...,mp}, s) depends on f(u, w), As(-) and s.

Proof of Lemma S.B.6. We first write 1’(E‘~/Wbl)52‘~/1 using an argument similar to the one used to
derive (S.B.31),

1 B . ) 1
/ Z E (‘/:"23-&-1 (US+1) ‘/;“234,_2 (us+1)> / e /
0 1<ry o ;

<riye,r2s42<T

x {E (Vh,_, (uj) Veay () w (bar (ra; = r9541)) } du

Tb2 T

=Tby //f (o1 /T, wosyr) e Fasr2ee s / /

k25+2—*Lsz J+1
Tb -1
762 Thyr — |ky;]

% f (Uijl/T, w2j71) Z Tb2 T / Kbl k2j+k2]+1)402j dOJdU
ko, ki, kos=—| Tho,p | +1

1
<sb1 () / K5+ (2) do + Sap, () + Sa, <u>) U () dp (S.B.A4)

log25 (TbQ,T)
Tbyr

I2s+1

+ O (b%Tbl—’% 10g28*1 (TbQ,T)) + O (bl_é—v

where \II(QSH) (1), Sp, (n) and dp = dpy .. . dugsyy are defined as in (S.B.31),

1 1
Sopy (1) = b3 7 </o 2* Ky (x) diU) /0 K3 (z)dey | —— o2 / / f(ur, ) Ky, (1 + p2) ..

JjeJ

X Kbl (1 + oo 4 p2s) fugser, 1+ -+ post1) du,

with J = {1, 3,..., 254+ 1} and Sz, (w, i) depends on the discontinuity points, i.e.,
Ss.r (1) = b3, / K5 (o) de (1{ur = A}, j = L., mof Ay (m)) Koy (i1 + pi2)
Ky (1 pas) f (upeet, g p2ss)
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1 —~—
+b%,T/ K3 () daf (ur, w—pg — .o — pios) Ky, (w—pg — ... — p2s)

0
XE[)I(/,L1+...+,U,23)1{U25,1:)\?,j:].,-..,mo}Af,j(,Uz1+.,,+,UJ23+1),

with Ay ; (w) defined in (S.B.36). Proceeding as in the proof of Lemma S.B.4, we divide the range of
integration of the integral involving Sy, () in (S.B.44), II?**1 into two sets, M and its complement M¢,
where M = {|p| < 7wbi7/(25s+2),j=1,...,2s+ 1}. We have

1 S—i-lN
[ S 9 = | ( | 1 o>du) R, (0) U5 (1) dp
—o(ni) [ Zw\%?:jf) ) dn
:O<b1_,T_ (Tby,r) " log™ ™ (TbZ,T))7 (S.B.45)

using (S.B.17), (S.B.24), Assumption 4.1 and 4.4. On the other hand, the contribution from M¢ is less
than or equal to

Thyr (27T)23+1 /MC |Shy (1) ‘\1}7?;;2) (M)‘ dup+ O (b;} log2s+1 (Tbg}T)) ’ (S.B.46)

where we have used (S.B.16). Using the same argument used for (S.B.42), the expression in (S.B.46) is
less than or equal to

s el gl -
/ H/ / ‘f(ijl, A2j-1) Kb, (A2j) Dy, 1 (A2j — Azj-1) (S.B.47)
122140 0

X Db, o (A2j41 — A2j) f (u2st1, A2s+1) Doy o (A1) Doy (—)\25—1)‘ dugs1dug;j—1dA,

where M’ = {’)\1‘ >7rb1T/(2$+2)}U{]/\2—)\1\ >7rb1T/(2s+2)}U U{’/\QS 1—A25‘ >7Tb1T/(28+2)}
and (S.B.47) is nonzero only if [Aaf, A4, ..., |Aas| < w1 7.

If (Nj41 — Aj| > wbir/ (25 + 2) for at least one index j € {1,..., 2s} we can obtain a bound of order
(T )10 5 Hlog? ™ (Thy 1)) for (S.B.47) as in Lemma S.B.5.

Next, we have

[ (S )+ Sy () 95572 () (5.8.48)
— by /H C(Ba (£ Cos) +As (£ (X G =1 m s) ) K (0) W () dp

By Assumption 4.9, (82/0u?)f (u, w) for u € C, (8/0u_) f (u, w) and (8/8u,) f (u, w) for u a disconti-
nuity point have similar smoothness properties in w to those of f (u, w). Thus, the proof used above to
bound (S.B.45) can be repeated which then results in (S.B.48) being O(b3 b YogZ ™ (Tby 7). O
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Lemma S.B.7. Let Assumption 4.1, 4.2 (p > 1), 4.3-4.4 and 4.7 (0 < ¢ < 1) hold. Then, ||Zy Wy, || <
Civy 7 where Cy depends on f (-, -) and K, 0 < Cy < 0o and v = max{bilT log? T, T(2_p)/2pb;¥2 log? T)}
— OQ.

Proof of Lemma S.B.7. We have

| Xy Wh, || = sup Z ;T Z/ f@/T, \) f(’bl (w) e e 5wt =iN) g\ duw
lzl|=1 {5 h=1 t=1 =171

>_A

+0 (17"
= sup Z f(t)T, \) et Zazja:h/ R/bl (w) Dr (—w) "IN dxdw| 4+ O (T_l)
[zll=1|t=1 j 1

< sup / / Z f /T, N e Dy ( Zx]xthl e =3 g\ duw
w<leJ ¢

llzll=1

+ sup
ll=l=1

/ / Z f(¢/T, A) e Dy ( ijznth )elt=Ndrdw| + 0 (T7)
w>e Sy

2 A4 +0(1)+0 (T* ). (S.B.49)

Let Lo : R — R be the periodic extension with period 27 of
T, w| <1/T,
Lor (W) = wl <1/
el 1T < || < I,
Lemma S.A.1-2 in Casini and Perron (2023) showed that
T

STFE/T, A)e ™

t=1

< La7 (N, (S.B.50)

and fr[ Ly (XN)dX < CplogT for T'> 1 and Cp, > 0 being a constant independent of T'. Let X7 (w) =
ZJT:1 x;¢"%. Then, the contribution to A; from |A| < € is bounded by

T .

Y FE/T, A) e

sup / /
lzll=1/w<e X |=1

< sup b} sup K (o y/ Loz (A (/H\DT(—w)HXT ()] | Xr (A)) drdw

|Dr (—)| | Xr (@)] | X7 (V)] | Ko, ()] dAda

Jall=1
, 1/2 ) 1/2

< o b sup K (o )1 / L (V) ( / Xr ()

x 1 we

1/2 1/2

</|DT )2 dw) </|XT )2 dw)

< 21Coby 1sup | K (w) |log? T, (S.B.51)
T well
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where 0 < Cy < 0o and we have used sup,qy | K (w) | = O(bilT), (f,1X7 (w) |*dw) = 27 and (S.B.50). For
|A| > € the contribution to A; is bounded by

sup /LKHXT; </H (f (t/T, \)P d)\> v </H A X (N) |pf1d)\> v ’DT w) X (w) K, (w)‘ dwdw

llzll=1

. . (r—1)/p —
<G Y ([remxei#man) " [ |Dr (o) X ) Ry @)] o
w<e

[|lz]|= 1t 1

(r=1)/p (r—1)/p
< Cy sup (/ |eitA | 7=1 1d)\) / </ | X7 (\) |71 1d/\>
lzl=1 =1 wee
1/2 1/2
« (/ Dy (- |dw> </ X7 ()2 dw) (/ [, () dw)
II

< V270 <sup|K( )|> K|, ()@ VP 7 by log? T, (S.B.52)

where 0 < Cy < oo and we have used sup,, , [ X7 (\)| < VT and

(/n | X7 (N\) |ppld>\> (p—1)/p _ </H Xr () |2+2_119d/\)(p—1)/p
= (/ | X7 () P X7 (V) |ifdA) (b=1/p
<

L (»=1)/p
/ X7 (\) [2T2 pl)d)\>

S (27‘( (1’ 1)/PT
From (S.B.51)-(S.B.52) we have A; < Cyvor for some C; such that 0 < €7 < co. O

Lemma S.B.8. Let Assumption j.1, 4.2 (for some p > 1), 4.5, 4.4 and by + T~ 1b_1 log® T — 0 hold.
Then, there exists ca > 0 such for ||t|| > cymp with ¢; > 0 we have [ (t)| < eXp{ com#} , where
myp = min{(Tby )"/ ?log T, TP-1/P} — co.

Proof of Lemma S.B.8. The proof is similar to the proof of Lemma 15 in Velasco and Robinson (2001)
with the difference that reference to Lemma 16 there is changed to reference to Lemma S.B.7. [J

Lemma S.B.9. Let Assumption 4.1, 4.2 (p > 1), 4.3-4.4, 4.7(0 < q¢ < 1) and 4.8-4.9 hold. Then, HZ‘;WblH <
Civa 1 where Cy depends on f (u, w) and K, 0 < Cy < 0o and vo 1 = max{bl_’lT log (Tbar) (Tbgj)(z*p)/zf’

by )} — oo

Proof of Lemma S.B.9. The proof is similar to the proof of Lemma S.B.7. (I

Lemma S.B.10. Let Assumption 4.1, 4.2 (p > 1), 4.5-4.4, 4.8-4.9 and by 1 + (TbLTbQ’T)_l].Og?)T — 0
hold. Then, there exists a ¢y > 0 such for ||t|| > c3mar with cg > 0 we have | (t1, t2)| < eXp(_c‘lm%,T)’
where mar = min{(Tb,rb1,r)'/?/1og(Tby,r), (Tba,r)P~1/P} — 0.
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Proof of Lemma S.B.10. Following Bentkus and Rudzkis (1982) and Velasco and Robinson (2001) we first
study the characteristic function of Jpk 7. Define 7 (t2) = E(exp(itave)) = 7' (t2) exp(—it2 Yo ), where

-2 N ~1/2
. Y
= H 1-— 21t2 s
j=1 Thy /by Vo7 JT

21ty
\/To21 /b1, 7V 1T

and X]— are the eigenvalues of X W}, . Note that

7' (ty) = |I —

=W,

bir 1

1 =Var (vg) = Thoy V2,2
2,7YT

b
Vo {<2‘7Wb1) } ngTTV TJT Z)\

where we have used the normality of {V;} and the relationship between the trace and the eigenval-
ues. Rearranging yields erzl )\? = 2_1bilTTb27TV%7TJ% = O(bilTTbZT). Further, we have max; |\;| =
SUD||z|=1 |25 Wh, 7, 7| = [|[X5 W), ||. We can apply Lemma S.B.9 to yield

m]ax ’XJ‘ < Civar, Vo, r = Max {bl_lT log (Tbar) , (Tbg,T)(Q*p)/zpb;;/Q} — 00,

where Cq > 0 is such that Cy < oo. Let gj = Xj(ClygT)*l and note that for 7' large enough we have
lgj| < 1. Using 3°5_, g7 = (2C13 1)V3 1 J3by 1 Tba 1 we yield

T 2,2 (1/4)
< 1442 1727 )
j1:[1 ( bl,lTTbZTV%,TJ:/z*

, Vir  4C} ~(/B)CTVE 1 b Thavy 1
L+t = 712
b by V317

9

2, —(1/2)(C5 ' +0 (b3 p+ern, 1. (2)) ) Tha,rby 15 7
<1 + tQm |:O2 + 0 (bl T + eTbg T (2))}>

where Cy = C2/(x®4(fi) f (u, 0) du)? ||K|[3 || K2[|2) and we have applied (1 + at) > (1 + t)* which is valid
fort > 0 and 0 < a < 1. Thus, for all n > 0, we have

Thy b
()] < (1+77) Tre{Thartiin) (S.B.53)
for |ta]| > ny /TbQ,Tbl_}VQ_% and for n; > 0 and 72 > 0 depending on 7.
Next, we consider the joint characteristic function ¢ (¢1, t2). Its modulus is equal to
1 . -1
b7 (t1, t2)| = |7 (t2)| exp <_2t%€é,T‘@ (I - 2%22‘7Q2,T) 217521) : (S.B.54)

where # (A) stands for the real part of A. From Anderson (1958, p. 161) %’(Z‘Z/l — 2itaQo ) =
%(I—QitQQQ,T)_lE;/ is positive definite since t2Q2 7 is real. Then féyT,%(I—2it22‘7Q2,T)_1E‘7§2,T > 0 for
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all ta € R. Thus, |ta| < dy\/Tby by p/var for all d > 0 and & p2(I — 2ityS5 Qo )~ Séor > € for some
e > 0 depending on d because ||S5Qor|| = O(Tbyrby 1)~ /2||Se Wi, || = (O(Tbyrby 1)~/ ?va7), and
leorl] = (/Thordr) V12 + 124 .+ 12 = 1/\/bapJp, with Jp — 27 [ f (u, 0)du, 0 < f (u, 0) < o0
for all v by Assumption 4.1. Then, for |t;|v/2 > di, /Tb2,TbilT/V2,T and |t2] V2 < di /TbQ’Tbi;/VZT and

some €1 > 0 depending on dj,

1o, ) 1 1 1, Thorbip
exp (—2?5162’71% ([ — 21t22‘7Q27T) V§2 T> < exp (—2t161> < exp —Zd16127’ . (SB55)

var

From (S.B.53)-(S.B.55), there exists a do > 0 such that |¢r (t)] < exp(—dg(TbZTbl_’lT/V%T)) for {t :
Ht|| > dlﬁ/TbQ,Tbi%“/VQ,T} C B1 @] B2 where B1 = {t S RQ : ‘t2| > (dl/ﬂ)g/Tbg,Tbi%ﬂ/Vg’T} and
By, = {t S R2 : ’tg’ < (dl/\/i)q/szTbl_}/l/Q,T and ‘tl‘ > (dl/\/i%/Tbg,Tbl_}/l/zT}, and the lemma

follows because Tbgybi%p V3 =m3 — 00, O

S.B.2.2 Additional Lemmas Used for the Proofs of Theorem 4.1-4.2

We first present a result about the limit of Jp and a result about the bias of jH AC,T-

Lemma S.B.11. Let Assumption 4.1 with df = 1 and o0 = 0 hold. Then, Jr — 2w folf(u, 0)du =
O (T~ Y1ogT). If in addition Assumption 2.2-(i) holds, then the order is O(T~1).

Lemma S.B.12. Let Assumption 4.1, 4.3, 4.5, and 4.6 hold. Then,

~ 1 Lp(ds u, 0) du d d
E(JHAC,T)%/O f (u, 0)du—27rf0f d;,’ ) ay (K) b = O (T log T+ b11)

We now study the cumulants of the normalized spectral estimate ho.

Lemma S.B.13. Let Assumption 4.1, /.53-4.4 hold. For s > 2 with ep (s) = bcllfTJrg +T7 'y rlog® 1T — 0,
we have

T (s—2)/2 dy
Fr (0, s) = kr (0, s) () ZE b 7+ O (er (s)),

b1,

where Z; (0, s) is bounded and depends on K and f9) (u, 0) (j =0,..., dy).

A few examples of Z; (0, s) are Zq (0, s) = (4m) (s~ 2)/2 D! [ K° (w) dw ||K||5° and Z1(2, 5) = 0.
If (8/8w)(f01 [ (u, w) du)|w=o = 0 then =;(0, s) = 0 for j > 1. In order to develop an Edgeworth expansion
to approximate the distribution of h, we need to study the cross-cumulants of h.

Lemma S.B.14. Let Assumption 4.1 and 4.5-4.4 hold. For s > 0 with er (s +2) — 0, we have

dy
Fr(2, 8) £ kp(2, s) (Thyr)*? = Zz- )bl 7+ O (er (s +2)),
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where Z;(2, s) is bounded and depends on K and f) (u, 0) (j = 0,..., dj).

For example, we have Z¢(2, s) = (47T)S/2 sIK®(0) || K5 ® and =1(2, s) = 0. Using Lemma S.B.13-
S.B.14 we can substitute out By and Vr in Zr and, by only focusing on the leading terms, we define the
following linear stochastic approximation,

_ 1 .d - -
Zr & (1 -2 1C1b1ch — 274 || Ka|| hy (Tby 1) 1/2> :

Lemma S.B.15. Let Assumption 4.1, 4.2 (p > 1), 4.3-4.5 and 4.7 (¢ = 1/(1 + 2dy)) hold. Then, Zr has
the same Edgeworth expansion as Zr uniformly for convex Borel sets up to order O((Tbyr)~'/?).

Note that the condition ¢ = 1/(1+2dy) is sufficient for the consistency of Ji ac,T- Indeed, for dy = 2
it implies that by =T —1/5 which coincides with the MSE-optimal bandwidth choice for the quadratic
spectral kernel [cf. Andrews (1991)].5
S.B.2.3 Proof of Lemma S.B.11

Note that Jp = 311 Y4 D (k) where T'p (k) =T EtT=|k\+1 E(ViVi—k). We have

T 1
JT: /f (t/T, w) e dw
T+1 t=|k|+1
= ’k‘ zkw
= Z / /f U, W) dwdu—l—O( )
—T+1 |kl/T

—27r//fuw Y (w) dwdu+ 0 (T71).

Since [ \Ifg?) (w) dw = 1, we can apply the mean value theorem for f (u, w) in a small interval [—¢, €], € >
0, for some || < 1 depending on w,

1
<o </w|<e+/|w|>e)/ /yf(u, W) = 1 (u, 0)|[ ¥ ()] dwdu+ 0 (T7)
= (/w<6/ w1 FM (u, wn) |‘\I/ ‘dudw
1
+ (/0 (I1f (@) |ls + £ (a, o>>du> Tl) +0(r7)

-0 (T—llogT) +0 (T—l) ,

JT—27T/01f(u, 0) du

where we have used Assumption 4.1,

1 _
[0 ()] < 5oz D1 @) Dr (<) < =™,

SNote that the MSE bounds under nonstationarity in Section 8 in Andrews (1991), which are used to determine
the optimal bandwidth, are not correctly stated [cf. Casini (2022)].

S-28



LOW FREQUENCY CONTAMINATION IN HAR INFERENCE

from (S.B.18)-(S.B.19) and |0 (w)| < O ((T)71) if |w| > €.
For the second result in the lemma, note that

|K|

Be Y T Y E(W)—- Y 1Y B (W) + Z Y B ().

k=—T+1 t=|k|+1 k=—T+1 t=1 —T+1 t=1

Then,

+

Z T 1ZE(VtVt )|

—T+1 t=1

Z leE(V;Vt " —27r/fu0du

1
JT—27T/ f(u, 0)du| <
0 —T+1 t=1

:O(T_>,

using Assumption 2.2-(i). O

S.B.2.4 Proof of Lemma S.B.12

We can write jHAC,T =27 [ Ebl (w) I (w) dw. Note that

:/1/f(u, NP (@ = A dAdu+ 0 (T7Y).
0 JII

Thus, we obtain

(JHACT —27r/Kb1 //fua+w v (a )dadudw+0( )

Then, using [; \I'(TZ) (w)dw =1 and [ Ky, (w) dw = 1 we have

1 () (u, 0
E(JHACT —277/ f (u, O)du—QWbITudf )/0 fdf(')du

= 27r/ Ky, (w)/ / \I/g) (@) (f (u, w+ a) — f(u, w)) dadudw
i 0 Ju
- 1 (@r) (u, 0
d u, _
+/ Ky, (w)/ [f (u, w) = f (u, 0) = by "ppta, (K) fd(')] dudw + O (T 1)
I 0 £
A -1
For € > 0, we introduce the sets A = {|a|, |w| < ¢/2} and its complement A€, both defined in IT?. Let

Aq1 and Ajs be the contributions to A; corresponding to A and A€, respectively. Then, applying the
mean value theorem we have

1
|A11] :27r/ ‘Kb w dw‘dw/ ‘\I' ’\a\da/ sup
jwl<e/2 laf<e/2 0 |wl<e

:O( _llogT>,

7O (u, w)‘ du
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where we have used (S.B.18)-(S.B.19) and Assumption 4.1. Let By = {|a| > €/2} and By = {|w]| > €/2, |a] < ¢/2}
and note that A¢ C {B; UBs}. The contribution to Ao from By is

|/|a|>e/2 VP (@) [ Foy @) [0 0t 0) = () o

( /HQ/ ‘K”I (v, w + @) = f (u, Lu))’ dudwda)

=0 (T_l (1 + /w|<6/0 ‘§b1 (w) f (u, w)‘ dudw))
o) ( / Ky, (w ’dw) (S.B.56)

using (S.B.18)-(S.B.19) and Assumption 4.1. Since K, (w) is of reduced magnitude for w > €/2, the
contribution to Ajs from By is, for large T,

1
K (w (2) « b w4 o) — f(u o)) dudodw
‘/|w|>e/2/|age/2Kbl( )7 ( )/O (f (u, w+a) = f (u, w)) dudad

This implies that Ajp = O (T 1).
As for Ay we apply a Taylor’s expansion of f (u, w) around w = 0 and we split the integral into two
parts for |w| < € and |w| > €, denoted as As; and Agg, respectively. We have for || < 1 depending on w,

— 0, (S.B.57)

dp—1

w (dr) u, 0
A9y = Ky, (w / ( Z Fu) f(df) (u, nw) dfj: - fd;!),udf (K) b(lifT) dudw
/ W Ky, (w dw/ 79 (u, 0)

+ df /|w|<b1,T7r deln (w )/0 (f(df) (u, nw) — f(df) (u, 0)) dudw

- (‘/W|<bl,T7T ‘Kbl ’ ‘w’df—hg dw) =0 (b‘ff‘;"-’) )

where we have used Assumption 4.5 and the fact that as by 7 — 0 the integration is within [—e, €] and

that by Assumption 4.1 f (dr) (u, 0) is Lipschitz continuous of order p for all w € [0, 1]. We can use the
same argument used for Ajo to show that Ass = 0. [J

dfl

S.B.2.5 Proof of Lemma S.B.13

From the definition of ()7, we have

kr(0, 5) = 2571 (s — 1)1 (VpJp)~° (T/bLT)_S/2 Tr((Sy W, )®),
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for s > 1. By Lemma S.B.3,

(VrJr)®

o B 251 df }
700, 5) = w0, 8) (brpT)e202 = 25— DI2m) (Z L; (5) b g+ O (er (23))) . (SBAY)
=0

Using again Lemma S.B.3 with s = 2 to evaluate V. yields

:]2 1 ~ 1 %
2 YT o 1 YV,
TiZ = 12 T'by,rVar (JHAC,T) =12 Tby 7 Var (V T V)

d
2bl,T 2«2 2b1,T 3 f -1 4
= 47[_2TTI' (Wbl EV) = 12T T (27’[’) J;O LJ (2) bl,T + Tbl,TeT (2)

dy
=4r Y L; (2)b] p+er (2),
§=0

where we have use the normality of V;. Lemma S.B.3 implies that 0 < Lo (2) < oo and L; (2) are fixed
constants independent of T'. Then

Jr\ S dy .
(VT27TT> = (4m)2 Y Hy (s) b+ O (er (), (S.B.59)
=0

where Hy (s) = Lo (2)"*/2 and so on. Denoting ¢ (0, s) = (47)®"2/2 (s — 1)! and using (S.B.58)-(S.B.59)
we yield the following expression for the cumulants, 77 (0, s) = ¢ (0, s) E?io P; (s) b{,T +O (er (s)), where
P;(s) = i;o Hy (s) Lj—¢ (s) are constants not depending on 7' with P; (s) = 0, P> (s) = Ho(s) La (s) +
Ja (s) Lo (s), and so on. Setting =; (0, s) = ¢ (0, s) P; (s) the lemma follows. [J

S.B.2.6 Proof of Lemma S.B.14

Note that for s > 0 we have

s/2
kT (2, s) = 2°81¢0 (SyQr)° Sy ép = zsslleTTs/;\éJ%r (W, Sv)* Syl
From Lemma S.B.4,
(2, 5) = s/20s gL BT, s
7(2, s) = (T )" 2 sl TS/QV%J;l (W, Zy)” Xyl
- 5/2 s 1 bi/% 2s+1 ! . > $
= M) 28l e (7 (2m) ( /0 £ (u, 0) du> (K5, (0))

+ 0 (b3 log™*1 7))

( 27 )527Tf01f(u, 0
JrNT Jr

u 1 ?
)d (4m)* s! </ f (u, 0) du) K(0)°+ O (er(s+2)),
0
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where we have used the fact that f(/bl (0) = b, 7K (0). Using Lemma S.B.11 and eq. (S.B.59), we yield

)

mT(2,3)2<Jj<T/T>S(1+O( 1logT (/qu ) K(0)°+ 0 (er(s+2))
— (4m) "2 (4m)° s (/fu(] ) ZH )Vl 4O (er (s +2)),

where the Hg(j) are as in the proof of Lemma S.B.13. The lemma follows by setting =;(2, s) =
(4m) ™% (am)® s! (f f (u, 0) du)*K (0)° H; (s). O

S.B.2.7 Proof of Theorem 4.1

We first construct the approximation for ¢ (t). It follows from Velasco and Robinson (2001) and
Taniguchi and Puri (1996) that only the cumulants k7 (0, s) and xr(2, s) are nonzero, and that the
cumulant generating function is given by

T+1 TblT (2—9)/2

log ¢ (t) = ||zt|| + Z

|
S Fr(ri, ) (i)™ (i) + R (7). (S.B.60)
r1:iro:

where r = (71, 72) with r1 € {0, 2} and |r| = 71 + 7o, and

Rr (T) = (TbLT)i‘r/2 (RO,‘H_Q (itz)TJrz + Ry r (it1)2 (itz)T) , T even,
_r 1 _ T + 2 +1 . T
O R ] (mo, 7 +2) (it2) 2 + (7)2(7) (2, 7) (it1)? (ita) )
+ (TbLT)_T/2 (RO,T+3 (itQ)T+3 + R27-,—+1 (it1)2 (itz)T_H) N TOdd,

where the Ry ; and Ry ; are bounded. Using Lemma S.B.13-5.B.14, we have

s(s—1)_

log v () = 5 [t +Z 5

T+1 (2—s)/2
(Th
! T) <KT(0, s) (ita)® +

22, 5 — 2) (it)? (it2)5_2> + Ry (7)

=2 Lit)? + ; (Tb1,7) > (Br (s, t) + {(it2)" + (it1)” (it2)° "} O (ex (5))) + Rr (7).

where

,Zb] {HJ (0, ) (zt2)3+8(82_1)5j(2, 5= 2) (ity)? (it2)32}.
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The approximation of the characteristic function of u using its cumulant generating function is

1 T7+1 ) T+1 1
AT (t7 T) = exp {2 HZtH2} 1+ Z (TbLT)(Q_])/Q Z H [BT (n’ t)]T" —_—
J=3 r n=3 T3l Tr4l
where r = (r3,..., r741), mn € {0, 1,...}, and the summation is over all r satisfying Z;ié (n—2)r, =

j — 2. To obtain a second-order Edgeworth expansion we set 7 = 2 and we include in Arp (t, 2) terms up
to order (T )~ /2,

A7 (t, 2) = exp {; HitHQ} (1 +Br (3, t) (TbLT)_1/2> , (S.B.61)

where in Br (3, t) includes only the leading term in bjl',T ( =0) in the expansion for the culumant of

order three. Note that the characteristic function of @g,? )() is Ar (t, 2).

The rest of the proof consists of studying the distance between the true distribution and its Edgeworth
approximation. Lemma S.B.16 studies the Edgeworth approximation for the characteristic function for
It < c14/Thi1, whereas Lemma S.B.8 analyzes its tail behavior. The desired result follows from the
same steps as in Theorem 1 of Velasco and Robinson (2001) which relies on Lemma S.B.2. [0

Lemma S.B.16. Let Assumption 4.1, 4.3, 4.4 and by 1 + (Tbl,T)f1 log® T — 0 hold. There exists §; > 0
such that, for ||t|| < 61/Tbir and a number d; > 0,

7 (6) = Ar (8, 2)] < exp {~du "} F (1) O ((Tbl,ﬂ-l/? (Br+er(3)+ T;ﬁ) 7

where F (|[t]]) is a polynomial in t with bounded coefficients and Ar (t, 2) is defined as in (S.B.61).

Proof of Lemma S.B.16. It is similar to the proof of Lemma 14 in Velasco and Robinson (2001). O

S.B.2.8 Proof of Lemma S.B.15

It is similar to the proof of Lemma 5 in Velasco and Robinson (2001). O

S.B.2.9 Proof of Theorem 4.2

Consider the transformation s = (s1, s2)’ = (Z7(h1, ha), ha)' = Ar (h) say, and its inverse h = AL (s) =
(hJ{(sl, s2), s2)'. Let Ly = {h: |hy| < LT, 0 <~ < dy/(3(1+42dy)), i = 1, 2}, where [; are some fixed
constants. Using (1+2) "' =1—2+2? — 23 + ... for || < 1, we have uniformly in the set L,

1 1 _ -
i (s) = s {1 + Saby + 5 VaT [ Ko sz (Toyr) 1/2] + o0 ((Thyr)™?).
We have P(Zr € C) = P(h € A;' (C x R)) and from Theorem 4.1,

aup[F (1€ A7 (© ¢ B) 0 (271 (© % B)| =0 (7)) scost sup? ( (087 (€ x )™ )
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where ¢ = (Thy 7)~® with 1/2 < @ < 1. The rest of the proof is similar to the proof of Theorem 2 in
Velasco and Robinson (2001). O

S.B.3 Additional Lemmas Used for the Proofs of Theorem 4.3-4.4
Lemma S.B.17. Let Assumption 4.1, 4.3, 4.5-4.6 and 4.8-4.9 hold. Then,

) (u, 0)d
Jo ! d;? )u,udf (K)bilfT

1
E(Jokr) - 2 /O fu, 0)du — 27

1 2
— b3 T/ 22Ky (z) dx /y 8—2]‘" (u, 0) du — 27b3 7 A ¢ (0)
) 0 c au )

=0 (b + (Thor) ™ log (Thar) ) + 0 (B3

The term 27Tb%7TAf (0) in Lemma S.B.17 is the contribution to the bias due to the local time-
smoothing in the neighborhoods involving a discontinuity point.
We now consider the cumulants of the normalized spectral estimate vs.

Lemma S.B.18. Let Assumption 4.1, 4.3-4.4 and 4.8-4.9 hold. For s > 2 with €Ty 1 (s) = bcllfjjrg 4
(Tbo,rbi,r) "t log®H (Ther) — 0, we have

Far (0, s) 2 ko (0, s) (Thy b T)(HW
df ‘
=D 52, (0, ) bl + b3 TZ (~2J (0, 8) +Zs,5 (0, 3)) b +0O (eTbQ,T (3)) ;
7=0

where s ; (0, s) is bounded and depends on K, K and on fU) (u, 0) (j =0,..., dy), Eg,j (0, s) is bounded
and depends on K, Ko, 9 (u, 0) and (0%/0u?) f (u, w) and Z3; (0, s) is bounded and depends on K, Ks,
f9) (u, 0) and Ay (w).

We now consider the cross-cumulants of v.
Lemma S.B.19. Let Assumption 4.1, 4.5-4.4 and 4.8-4.9 hold. For s > 0 with ery, ,. (s +2) — 0,

ds ‘
Rom (2, 8) 2 a2, 8) (Thorbir)” =3 (Z2,5(2, ) + Br (225(2, 8) + Bs,4(2, 9)) ) bl g
j=0

+ O (6Tb2,T (s+ 2)) ,
where Za;(2, s) is bounded and depends on K, Ko and fU) (u, 0) (j =0,..., dy), =, (2, 5) is bounded

and depends on K, Ko, f9) (u, 0) and (8?/0u?) f (u, w), and Z3; (2, s) is bounded and depends on K, Ko,
£9) (u, 0) and Ay (w).
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S.B.3.1 Proof of Lemma S.B.17

r ~
exp (—iwt) Vi (r)

For r € 6, using a second-order Taylor’s expansion as in the proof of Theorem 7.3 in Casini and Perron
E (fT (r, w)) =E 1
27 Tby 1 Pt

(2023), we yield
2)
| T2, | -1

Sy /1@( i (t_m))/T) £ ((E+ B/2)/T, A) eeVax
II

b
k= | Ty 1 | +1t=Ikl+1 2T

+0 ((TbQ,T)_l log (sz,T))

=/f<r, VO (w—A)d
s |

11
N 2T TbQ,T

b%T ! 2 9? 2 -1
+2r /0 2Ky (@) do g f (u, @) s +0 (B3 ) + O (Thar) ™ log (Tbar) ).

In a neighborhood of a break point )\?, let r = /\9 + sby 7 for some s € (0, 1). Then,
EITrw /fr)\ Tb o (W—=A)dA

+bor (/0 zKs (x )dw—f( )—l—/llsxKg (x)da:aqirf (/\?, w))

When integrating the last term above over r we have

9 mo 1l o 0 1-s o 0 1
bQ,T Z/O W ()\ja W) /0 Ko (l') dx + Mf ()\j, CU) / Ko (J:‘) dr | ds.
j=1 -

1-s

Thus, we obtain
E (Jbk.r —27T/Kb1 / /f u, o+ w) U (@) drdudw

N 2
+ ng,T/ 22Ky (z) dx/ Ky, (w) /~ 882f (u, w) dudw
0 11 c ou

+2mb3 7 /H Ky, () A (@) dw + 0 (037) + O (Tho,r) Hlog (Thy7)) .

Then, using [, \Ilg?) (w)dw =1, [ Ebl (w) dw = 1, Assumption 4.9 and similar arguments as in the proof
of Lemma S.B.12 applied to the terms involving g—;f (u, w) and Ay (w), we have

R 1 dy) 0
* d u,
E(Jhkr) —271'/0 £ (u, 0) du — 21by/pq, (K)/O f d;! ) du
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1
—7rb / 22Ky (z )dm/ aa2f(u, O)du—Qﬂ'bg’TAf (0)

= 27T/ Ky, (w / / (u, w~+ @) — f (u, w)) dadudw
— (df) u, 0
+ 27r/ Ky, (w)/ f(u,w)— f(u,0)— b1 "rha (K) fd(") dudw
I 0 I
o (b31) + O ((Tba,r) Hlog (Thar) ) + o (b3 rb%r )
2 A1+ As 40 (Br) + O (Tbor) ' log (Thyr)) -
To conclude the proof, note that by Lemma S.B.12 we have |A;| + |As| = O (T~ tlogT) + O(bdfﬂj). O
S.B.3.2 Proof of Lemma S.B.18
We have
ko (0, 5) = 2271 (s — 1) (Vo dr) ™ (Thoyr/bir) ™ Te((S5 Wi, )®),
for s > 1. By Lemma S.B.5,
Fo.r(0, 8) = ko (0, 8) Ty bor) 272 (S.B.62)

s—1 s — - 25—1 dy '
— 2 <(V2 711)}:’(1?5 ) (Z L b{ T + 52 T Z ( L2j ) + L3,j (S)) b{,T) + 0 <6Tb2’T (S))) .

7=0

Using Lemma S.B.5 to evaluate V%T yields

2 J% 1 T Loy W
V2’T477T2 == meLTbQ,TVaT (JDK,T) == Tbl’TbQ,Tvar o Vv ('I") WZTV (7") dr
_ 2t 2 12
= 47r2Tb2 TTI' (Wblﬁf/)

2b1 T

(Z Li (b7 + Y1 Z (L2 (8) + Lay () b{}l)) + Thorby 1O (ertr (2))

=4m (Z L;(2) b{,T + b3 TZ ( Ly (s)+ Ls;(s)) ble)) +0 (GTbQ,T (2)) ;
=0

where we have use the normality of {V;}. Since Lemma S.B.5 implies that 0 < Lg (2) < co and L; (2) are
fixed constants independent of T', we then have

JT —s dy .
<v2 T2> = (4m) 2N H; ()6 .+ O (ﬁsz,T (2)) : (S.B.63)
j=0
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where Hy (s) = Lo (2)75/2 and so on. Using (S.B.62)-(S.B.63) we yield

R21(0,5) =¢(0, s (ZPQJ b7 +b Z((PQJ s)+ P (s )) bi,T)) JrO(eTbZT (2)),

where ¢ (0, s) = (47r)(572)/2 (s=1), Ppj(s) = {: Hy (s) Lj—¢ (s) are constants not depending on T" with
Pyi(s) =0, P (s) = Ho(s) L2 (s) + Hz (s) Lo (s) and so on, and Pyj(s) = YI_o Hi (s s) La,j—¢ (s) and
Psj(s)=>_yHt(s) L3 j—t(s). The lemma follows from setting Z» (0, s) = ¢ (0, s) Py (s), 22,5(0, s) =
c(0, s) Py (s) and E2(0, s) =¢(0, s) P3 (s). O

S.B.3.3 Proof of Lemma S.B.19

For s > 0 we have

s/2
s 1 by 1 s
— 9Sale! - ~ — 9Ss ) / ~ ~
ko1 (2, 5) = 2°s1&p (ZVQQ’T> Yyér =2 s! barJr (Thaz) /23 Tj%l (Wbl Ev) Xyl

From Lemma S.B.6, we have

s/2
1 bt s
For(2, s) = (Tby rby1)? 255! ’ 1 (W, 2=) =1
R (2, s) = (Th,rbe,r) § TbyrJ7 (Tha.T) S/QVS,T‘]% ( b1 V) 1%
s/2
1 b
= (Thy 7byr)? 2%! =il

Tby TJT (Tbg T) s/2\/3 TJS

(Tbg (27r)23+1(</ f(u, 0)d )SH/ K3' (z) dz + 03 hs (£, C, 5)

+ b%,TXB (f,, {)\?, 7=1,..., mo} )) (Kbl (0))

1 2s+1 Tb
10 (515 10g? ! (Thy ) + b3 5 (Th2r)
’ ’ Tbo T

S 1
:<JT2V7T2,T> 2 fo / JT“ 0) du ((/ f(u,0)d )/K5+1 () da + b3 1 (A;+7\§)>K(0)s

+0 (eTbQ,T (s + 2)) ,

where l~\§ and /~\§ are equal to JNXQ and 1~X3, respectively, without the factor fol f (u, 0) du, and we have used
Ky, (0) = b, 1K (0). Using Lemma S.B.11 and (S.B.63), we yield

E2,T(2, S) = (JT2V7T27T) B (1 + O ((TbQ,T)_l log(Tbg,T)))

X (47)° 8! ((/0 ) / K5 (x) da + b3 (A5 + K?,)) K (0)° + 0 (emp, (s +2))
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= (47m) 72 (47)* 8! ((/Olf(u 0)d ) / K5t (@) de + b3 7 (A;+K§)>K(0)52Hj (5) b
+ 0 (6T52,T (8 + 2)) ,

where the Hj (s) are as in (S.B.63). Letting

1
55(2, 5) = (4m)~*/? (4m)° (/ f(u, 0)d ) (0)8/0 K5 (2) deH; (s)

2,(2, ) = (4m)2 (4m)" A3 K (0)° /0 3 (2) dot, (s)
~ 1
) o [

Z3,(2, s) = (4m) 7%/ (47)* sIALK K3 (z) dzH; (s)

the lemma follows. [J

S.B.3.4 Proof of Theorem 4.3

It follows from Velasco and Robinson (2001) and Taniguchi (1987) that only the cumulants 2 7(0, s) and
k2,7(2, s) are nonzero, and that the cumulant generating function is given by

1, o, s (Thyrbar) /2 s NP ey L
logyr (t) = 5 it]> + > (Tbwr 2;) T1'T2'E2,T(T1, ra) (it1)" (it2)™ + Ry (1), (S.B.64)
= ! =, mire!

where r = (r1, 72)’, with 71 € {0, 2} and |r| = r; + 72, and

Ry (7) = (Tbirba,r) 7/ [Ro 1y (it) 7 + Ry, (it1)* (it2)7] 7 even,
« —r 1 _ T T+2)(1+1 , T
R (1) = (Thyrbyr) ™ R (0, T4 2) (it2)™ "2 + M@ 7(2, 7) (it1)? (ita) }
(14 2)! 2
+ (Thyrbor) ™ [R6,7+3 (it2) ™" + R ;4 (it1)? (it2)7+1} : Todd,

where the Rf)’j and Ry ; are bounded. Using Lemma S.B.18-5.B.19, we have

1. T (T by ) B9/2 s Ss(s—1 ) s
logr () = 3 [lit]* + 3 Thyr 25{) (m,T(o, 5) (it2)" + (Q)EZ,T(z, s — 2) (it1)” (it2) 2)
5=3 '

+ Ry (1)
T7+1
= litl + 3 (Tourbo)® % [Bor (s, ) + {(ita)" + ()" (i82)"*} O (er ()] + Ry (7).
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where
1 dr ~ ~
Bor (s, )= 5> b{,T{ (22,00, ) + 87 (22,0, 8) +Z3,5(0, )) ) (ita)*
P
s(s—1) /_ = = . s
+ o (202 s =)+ B (B2 (25— 2) + Eay(2, 5 - 2))) (i0)° (it2) }

The approximation of the characteristic function of v using its cumulant generating function is

1, T+1 (2-i)/2 T+1 - 1
Ao (b, 7) = exp ( 5 [lat]* ) |1+ (Toirbar) Y I Ber (0, 8)" ———— 1,
2 — - ral. . orrgq!
j=3 r n=3
where r = (r3,..., 7741), 7 € {0, 1,...}, and the summation is over all r satisfying 7% (n — 2) 7, =
j—2. To obtain a second-order Edgeworth expansion we set 7 = 2 and we include in A 7 (t, 2) the terms
up to order (TbLTbZT)*l/Z,
L. = _
Ao (£, 2) = exp (2 |]th2> (14 Bor (3. 6) (Thyrbor) ™) (S.B.65)

where By 1 (3, t) includes only the leading term in b{T ( = 0) in the expansion for the culumant of order
three. Note that the characteristic function of Qg%() is Ao 7 (t, 2). We use Lemma S.B.2 with kernel G
to bound the distance between Pr and QéQ)T First,

[(Pr =)+ Gerly <2, e [(Pr—Qii) e Gorl 42, oo

(Pr - Q47) * Gor|.

where B (0, r7) is a neighborhood around 0 with radius rp, rp = (Tby,rbe )" with a > 0, and |||y
denotes the total variation norm. For B C B (0, r7)“ we have uniformly

|(Pr - Q%)) 0 Gy, | < [Pr o Gy | + [QF) 0 Gy |
<P (|vl| > rr/2) + 2y, (B (0, r7/2)°) + 2057 (B (0, 77/2)°) .

By definition of qéz% (v) it follows that @gz)T(B (0, r7/2)) = o((Thy 7ba.7)/?). In view of the definition
of vg, we have P{||v|| > r7/2} = o((Tby rbar)""/?). By Lemma S.B.2,

Gy (B(0, r7/2)%) = O ((¢T/7“T)3) =0 ((Tbl,TbQ,T)_3(w+a)) =0 ((Tbl,szT)_l/Q) _

For B C B (0, rp) we have by Fourier inversion

|(Pr - Q%)) 0 Gy, | < (2m)7" m"%/ (Br - Q) (6) Gy, (1) dt, (S.B.66)
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where P denotes the characteristic function of Pr (i.e., Pp = 7 (t)) and @52% = Az 7 (t,2). Let
a =8 x 2*/3771/3, Using Lemma S.B.20, a bound for (S.B.66) is given by

2@—1/2 2
O ((Tbrrber)**™V?) |2+ €rny 0 (3)] /”t||<02\/m

2a
-+ O (Tbl,TbQ,T) /
cay/Tby pba r<|[t]|<a’ (Tby,rb2 7

eI (61| | Gor (11| dt (S.B.67)

. / |(Br = QF7) (8) Gy, (1) at.
(S.B.68)

The integral over [[t|| > a' (Tbyrber)” is equal to zero from (S.B.21). Choosing a < 1/4 (S.B.67) is

o(((Tby,rbor) ™).
By Lemma S.B.10, for comar < [/t|| the expression in (S.B.68) is bounded by

a —d3m?2 —
0] ((Tbl’Tbg,T)2 ) / _e dsm3 ¢ +o0 ((TbLTbQ’T) 1/2) ,
02\/Tb1,Tb2,T<Ht||Sa'(Tb1,Tb2,T)

for some d3 > 0. This implies that (S.B.68) is bounded by O(((Tby 1by)2@+0))e~B"5.0) 4 o((Tby rbo.r)~Y/2)
since by Assumption 4.7-4.8 it holds mo 1 > €(Tbo 7)€ for some € > 0 depending on ¢ and p. O

Lemma S.B.20. Let Assumption 4.1, 4.5-4.4, 4.8-4.9 and by 7+ (TbLTbQ,TY1 IOgS(TbQ’T) — 0 hold. Then
there exists a co > 0 such that, for ||t|| < ca\/Tb1 b2 and a dy > 0,

~ _ 1
[r (6) = As,r (8, 2)] < exp (=dz [¢%) F (I6]) O | (Tbarbor) ™ (80 + ervyr (3)) + o |
Tby b1

where F (||t])) is a polynomial in t with bounded coefficients and Ag 1 (t, 2) is defined in (S.B.65).

Proof of Lemma S.B.20. From Feller (1971, p. 535) for complex a and f it holds that |e* — 1 — b| <
e (la — b| + [b]* /2), where v = max{al, |b]}. We set
5!

—Ror(r1, r2) (it1)"™ (it2)"™ + R} (2) ,
7‘1!7‘2! ’

1, . _
a=log (t) — 3 it)|* = (Tby by )"/ >
|r|=3

where the right-hand side follows from (S.B.64). Let b = (Tby rby 1)~ /?*Bar (3, t) where By (3, t) is
defined after (S.B.65). Using Lemma S.B.18-S.B.19 for s = 3 we have

|a — b| S (TbLTbl’T)_l/z O (b%,T -+ ETb2,T (3)) ((it2)3 + (itl)z (’itz)) (SBGQ)

1

t Ty pbar <R6,4 (it2)* + Rh 5 (it1)? (it1)2)|

B 1
< P ()0 (<T"1’TblvT> V2 (bt ernae () + zmm) |

where P; is a polynomial of degree of 4. Note that [b|*> /2 < Py (||t])) O(Tb1.rb1.7r)~") where P is a
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polynomial of degree 6. Then, for some polynomial P

2
14

b
la — b| +

16" —1/2 (12 ;
5 < P(|lt])oO ((TbLTbl,T) (bLT + €Ty (3)) + Tbl,sz,T> .

Next, we need to find a bound for v = max {|a|, |b|}. For ||t|| < cp\/Tb1rbor with ¢, > 0 we have
_ -1/25 2 [ 1 -1/2 1= =
b = ‘(Tbl,Tbl,T) Bar (3, t)’ < M7 5y Torrbrr) " [122,0(0, 3)[ +3[E2,0(2, DI It]] o (8.B.70)
& —_ —_
< I { 5 (122000, 3) + 3[220(2 D) | < 4] T,

where 0 < Tj < 1/4 by choosing ¢, sufficiently small. For a given a we can choose a ¢, > 0 sufficiently
small such that, for [[t|| < cq+\/Tb1 7017,

1 — — =
la] < [|t] {3, (Tbyrb1,0) " [[22,0(0, 3)[ +3[Z2.1(2, D]+ O (B 1+ €m0 (3))] (S.B.71)
X 161 + (Tor,rbrr) ™ [|Roa| + [Ros| HtHz}

C — —_
< 1 {5 (122000, 3) + 3 1Z00(2 DI+ 0 (B + em (9)] + €2

1
<l {5 + 0 (B + e (3))

R+ |3a] }

From (S.B.70)-(S.B.71) we have for [[t|| < ca\/Tb1 7b1 7 with ¢ = min {c,, ¢},

exp (1) < exp { [t |5+ O (B + emn (3)) ]},

or
1 1
exp {—21:2 + fy} < exp {HtHz [_4 10 (R + erny <3))} } < exp {~dy [1t1*}, (S.B.72)

for some do > 0. Note that ¢ (t) = exp{i|jit|* + a} and Asr (t,2) = exp{l [|it||*}(1 + b). Using
(S.B.69)-(S.B.72) the result of the lemma follows. [J

S.B.3.5 Proof of Theorem 4.4

Consider the following linear stochastic approximation to Ur,

~ 1_ 4 1 _ 1_
Or 2 1 (1 geaty = VAR K 1 Kallyva (Toyrbar) ™2 = Jeatr ). (SB.73)
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Consider the transformation s = (s1, s2) = (Ur (h1, v2), v2) = Ar (v) say, and its inverse v = Azl (s) =
(hJ{ (s1, s2), s2)’. Let v > 0 be such that

37

o,
(Tb1,sz,T)3/2

and define Ly = {v : |v;| < ;T7, i = 1, 2}, where [; are some fixed constants. Using (1+z)"! =
1 -2+ a2 —2%+... for |z| < 1, we have uniformly in the set Lr,

1 1 _ 1 -
Bl (s) = s1 {1 + flbf,fT + g var [ K| || Kzl s2 (Tbrbar) V2 26253,4 + 0 ((Tbirbe) ).
We have P(Ur € C) = P(v € A7' (C x R)) and from Theorem 4.1,
sup [P (v € A7 (C x R)) ~Qf) (A7 (C x R))|
C
2
=0 ((TbLTbZT)_l/z) + cost sup @52% ((8A}1 (C x ]R)) d)T) , (S.B.74)
C )

where ¢ = (Tbi7bo7)™", 1/2 < p < 1. From the continuity of A7, we can obtain, for some ¢ > 0,

Q2 ((m;l (C x R))%T) < QY (A7 (0C)?T x R}, (SB.75)
and
0 (A7 (CxB)) = / e (e () dx+ o (Thyrbar) )
LTﬂA; (CXR)

= / w2 (A71 () a5 (A1 (9)) 1TV ds + o ((Tbarbor) ™2,
LxNn{CxR}
where ¢ (+) is the bivariate standard normal density, L. = Ap (Lz), and || is the Jacobian of the
transformation. Neglecting the terms that contribute o((Thy 7b2.)~'/?) to the integrals, we yield
-1 _ L o[ ds 1\ﬁ —1/2 1_ .9
2 (A1 () = ¢ (s1) p(s2) (1 351 [ibyp + 5 VAT | Kly [| K]y s2 (Tbrrber) ™" + Seabar) )

(S.B.76)

and
1

2 (Thy 7by.1) "2 (B0 (0, 3) Hs (v2) + a0 (2, 1) Ha (h) Hy (12)) (S.B.77)

gor (V) =1+

where
1 4 1 _ 1
T1 =1 Sebly + S VAT Kol [ Kaly 52 (Torrbar) ™2 + Seatdr.
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For j =1, 2, 3 let p; (s) denote polynomials not depending on 7. We have

% (a7 € xm) = [

o { [ [+ ) Thrban) ™2 42 (9) 5 3 5) 8] ¢ (s2) di s

(S.B.78)
+o0 ((Tbl,TbZT)il/Q)
)

= /C %, (81) [1 + 71 (81 (TbLTbZT)_l/Q + 1o (81) bil’fT + 73 (81) b%,T} dsy
+o ((Tbl,TbZT)il/Q) y

where 7 (s1) are polynomials in s; for j = 1, 2, 3 with bounded coefficients. Integration with respect to
so in R yields ry (z) =0, ro (z) = —27'¢; (22 — 1) and r3 (z) = =271, (22 — 1). Using (S.B.74)-(S.B.78)

provides the second-order Edgeworth expansion for the linear stochastic approximation Ur. Since Lemma
S.B.21 below shows that Ur and Ur have the same Edgeworth expansion, the proof is concluded. [J

Lemma S.B.21. Let Assumption 4.1, 4.2 (p>1) and 4.3-4.5, 4.8-4.10 hold. Then, Ur has the same
Edgeworth expansion as Up uniformly for convex Borel sets up to the order O((Tbl’TbgyT)_1/2).

Proof of Lemma S.B.21. We first expand Ur (v) around 0 in Ly with |na] <1,
1 _ “ _
Ur = dphy — 5dé_’;vg,Thva (Tby,rbar) ™2 + Ut g (Torrbor) ™" (S.B.79)

where dr = (1 + By ) ~'/? and

w

—5/2

Uty = (14 Bor + maVarvs (Thyrbor) ™) 7 V3 phiod,

oo

We now express Ur in terms of Uz where the latter is defined in (S.B.73). Substituting for By 7 and Vo 1
in (S.B.79), we yield Up = U + U (Tbyrbyr) " where Uy = Y8 Uy,

U;,T = h1 (O ((bLTbQ,T) -1 logT + TbQ,Tbi}derQ) + o0 (Tbgval’T))

and
Uz = hvsO (Thirbor)'? (B +er (2)).

We now show that Uj(Thy 7bar)~! can be neglected with error 0((Tb17Tb27T)1/2). This follows from
Theorem 2 in Chibisov (1972) provided that the following condition holds,

P (|U7*w‘ > ’YT\/Tbl,TbZT) < ip ( > ;')/Tw/Tbl,TbZT) =0 ((TbLTbQ,T)_l/Z) s (S.B.SO)
=1

for some positive sequence {7} such that vz — 0 and v7/Tb1 7b2, 7 — co. Note that

*
3, T

_ N _ _ d
(Tb1,rbo,r) ™ Usp = mO (Tho,r) "/ by (Thor) ™ log T + (Thorbir) /2 b))
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By Assumption 4.10 the right-hand side above is O((T'b2 7b1,7)~") for some v > 0. Further,
(Tb1,rbo.r) > Usp = hiaO (B3 1 + er (2)) = O(Thorbir) ™),

for some v > 0. Since h; and v9 have finite moments of all orders, we can take vy = 1/logT and apply
Chebyshev’s inequality to establish IP’(|U;T| > 37 yp/Thyrbor) = O((Tbl’TbQ,T)_1/2) for i =2, 3.
It remains to show P(\Uf7T| > 37 yp/Thyrbor) = 0((Tb17Tb2,T)_1/2). We have

P (‘UT,T’ > zl))'YT\/Tbl,TbQ,T>

3 _
<F (‘V%,Thlvg (Tbyrbyr) /* > 7%/2>

8
+P (‘1 + Bor + m2Va 1o (Tbl,TbQ,T)_l/Q‘ (Tbyrbor) " > 7%/2) :
£ Ay + As.

Using Chebyshev’s inequality A; = o((Tbl?szT)*l/Q). Using (TbLTbQ,T)_l/IO 7;1/5 — 0 we yield

Ap < CoP (‘112 (Tbl,TbQ,T)_l/Q‘ > 62) =o0 ((Tbl,TbZT)_l/Q) ,

where Cs and ¢y are some positive constants and we have used Chebyshev’s inequality. [J

S.B.4 Proof of the Results of Section 5
S.B.4.1 Proof of Theorem 5.1

Consider first the numerator of tpy;. We have

T3y, = 6205 (TY/T; Mng) + Op (Th2T57 (T = 1) /%) A (0, Jon)
= 6208 (T;7"/n5) + 08 (1),

for some Jpyr € (0, co) where ns depends on the length of the segment where the mean of xEQ) shifts by
§. The factor 62 follows from the quadratic loss.

Next, we focus on the expansion of the denominator of ¢tpy; which hinges on which LRV estimator
is used. We begin with part (i). Under Assumption 4.6 by 7 — 0 as T"— oo. Using Theorem S.A.1,

lor']
Jinwstr = > (L—|burk])T (k)
k=—[b7"]
[bir] 1
= Z (1-— ]b17Tk|)/ c(u, k)du
0
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. LISJ A (2_1 (Tb — Ty — 1) (Tn ~ T} — 2) 5* + op (1))

Ty Ty

b
’ T, -1, —1 T, —T,—2
. . -1 b m n b 4
—Clp+ S (1— [byrk]) <2 < - > ( . )5 +0p(1)>,

for some C' > 0 such that C' < co. By Exercise 1.7.12 in Brillinger (1975),

_ _ 2
%3 sin V’l,lTJ“’
Z (1 — |b17Tk‘) exp (—z’wk) = bl,T Slnii
k=77 ’
Evaluating the expression above at w = 0 and applying L’Hoépital’s rule we yield,
b7 i3]\
(1= |br7kl) = bir | — = VH_,H :
h=—[br 1| ’

Therefore, jdL7NW877T = CJpu + 6*Op (bf}) and

6205 (T /*ns) + 08 (1)

S.B.81
(510 (%) v ( |

ltom Nws7| <

520 (TS
= 520(51}/)2) =0 (T5bi'7).

which implies P6(|tDM,NW87| > Za) — 0.

Under Assumption 4.7 with ¢ = 1/3, similar derivations yield |tpm nws7| = O( 571/6) and Ps(|tpv Nnws7| >
Za) — 0.

In part (ii), b1 = T~1. Proceeding as in (S.B.81) we have |tpy kvs| = O(T5™1) and Ps([tpm xvs| >
Zo) — 0 since TS™1 — 0.

Finally, we consider part (iii). Using Theorem 3.1, we have

. Tt T
Ja, DK, T = Z K, (bl,Tk>? Z ¢k, (rnr /T, k)
k=—Tn+1 noor=1
Th—1 A T [Tn/nT]
- Y K (bLTk)T— 3 (c(rnT/T, k)
k=—Tp+1 noo

+ 31 {(Irnr + k/2 + nar/24+1) = Tf|/narr) € (0, 1)}) +op (1)
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. Th
= Jpwm + 620 (bllT 2L ”T) +op(1).
’ nr Tn
It follows that
5205 (i *ns) + Op (1)
- 1/2

(ot +620p (b 1bo.r))
=420 (1) ,

ltbmDK| =

and so P6(|tDM7DK’ > Za) — 1 since Té — oo. [
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S.C Figures

CONTAMINATION IN HAR INFERENCE

Plot of loss differentials d;; 0 =2
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Figure S.1: a) top panel: plot of {dt}; b) mid-panel: plot of the sample autocovariances i"\(k) of {d:¢}; c) bottom panel:

periodogram I (w) of {d;}. In all panels § = 2.
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Plot of loss differentials dy; 0 =5

0 2 40 60 80 100 120 140 160 180 200
t
Sample autocovariance I'(k); & =5
80
\ \ \ \ \

60 3
~ 4 =
<
e
- .

o

_20 | | | | | | | | |

0 2 40 60 80 100 120 140 160 180 200
k
Periodogram I(w); 0=5

400 ‘

300 3
3w -
N

100 — !

0 ‘ |
0 l4 7l2 3nld T

Figure S.2: a) top panel: plot of {d:}; b) mid-panel: plot of the sample autocovariances /f(k) of {dt};

periodogram I (w) of {d¢}. In all panels § = 5.
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Local autocovariance ¢(236/400, k); 0 =2
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Figure S.3: The figure plots cp (u, k) for u = 236,/400, )\(1), 264/400 in the top, mid and bottom panel, respectively. In all panels
§=2.
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Local periodogram I1,(236/400, w); & =2
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Figure S.4: The figure plots I, (u, w) for v = 236/400, /\?, 264/400 in the top, mid and bottom panel, respectively. In all panels
§=2.
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Local autocovariance ¢(236/400, k); 0 =5
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Figure S.5: The figure plots cp (u, k) for u = 236,/400, )\(1), 264/400 in the top, mid and bottom panel, respectively. In all panels
§=5.
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Figure S.6: The figure plots I, (u, w) for v = 236/400, /\?, 264/400 in the top, mid and bottom panel, respectively. In all panels
6 =5.
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