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Abstract

Consider a linear model y = X3 + u with u = (uy, ..., ur) and u; a serially correlated
linear process given by u; = Z;‘;_h cjer—; for a sequence of innovations e;. Given a
set of instruments Z, the “optimal GMM” estimator based on the moment condition
E(Zu) = 0 is by far the most commonly used method to estimate such models. It can,
however, be inconsistent unless the instruments are exogenous with respect to past
innovations e;—; for j > 0, when ¢; # 0 for j > 0. We propose a GLS-IV estimator
valid in the general case with instruments exogenous or not, as long as they are pre-
determined. It is shown to be much more efficient than GMM whether the moment
condition E(Zu) = 0 is satisfied or not. We discuss issues of consistency by casting the
estimators in a GMM framework with different moment conditions and instruments.
To analyze the relative merits of the estimators when all are consistent, we cast them
as some GLS estimator using different instruments and first-stage regression. It then
becomes clear that GLS-IV involves “stronger instruments”, while GMM is more likely
to be affected by issues of weak instruments. Other motivating elements and extensive
simulations are presented to argue that our proposed GLS-IV estimator has better
properties. As an empirical application, we revisit the extensive study of Mavroeidis
et al. (2014) about the empirical relevance of the forward looking New Keynesian
Phillips curve. Using the GLS-IV procedure on the same dataset, our estimates are all
in the right quadrant, consistent with theoretical expectations.
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“The literature has reached a limit on how much can be learned about the New Keynesian

Phillips curve from aggregate macroeconomic time series;” Mavroeidis et al. (2014).

-Well, maybe not. But we need to revisit good old-fashioned efficiency arguments.

1 Introduction

Consider the linear model y = X3 + u, where y = (y1,....,y7), X = (1, ...,x7), T =
(14, -y xpr) and w = (uq,...,ur). The errors are serially correlated and, for simplicity

assumed to be a linear process of the form u, = C(L)e; = >~ ¢je;—; for some sequence
2

of independent random variables e; with mean 0 and variance oZ. The regressors are said
to be endogenous if E(xe;) # 0, i.e., if at least one element of x; is correlated with the
current innovation. Suppose there is a set of instruments Z available. In this context, the
generalized method of moments (GMM), introduced by Hansen (1982), is the most widely
used estimator and is based on the moment condition E(Zu) = 0. In the majority of cases,
the optimal weighting matrix is used and the resulting estimator labelled “optimal GMM”.

Distinguishing two cases allows to grasp the usefulness and the limitations of GMM.
The “rational expectation (RE) case” occurs when ¢; = 0 for all j > 0. Models with for-
ward looking regressors when the rational expectation hypothesis is assumed is an example.
This implies that e;y1, ..., e;4 are expectation errors and, given the rational expectations
hypothesis, they are uncorrelated with the contemporaneous instruments, hence E(Zu) = 0
is always satisfied. The “general case” instead occurs when c; # 0 for some j > 0. The
moment condition E(Zu) = 0 here requires, in general, instruments that are exogenous with
respect to the past innovations e;_; for j > 0 as well as the condition that E(ze;) = 0 to
be valid. This requirement contrasts with that of pre-determined instruments, which are
uncorrelated with current and future values of e;. Unfortunately, it is common practice to
simply assume E(Zu) = 0 without investigating the implications about the exogeneity re-
quirement it imposes on the instruments. The belief that no other estimators are available
or the practice to think solely in terms of contemporaneous correlation between the errors
e; and the instruments, without properly investigating the temporal exogeneity issue are
two possible reasons for this practice. One of the few alternative estimator proposed is the
Forward Filter (FF) method of Hayashi and Sims (1983). It aims to improve upon GMM by
allowing non-exogenous instruments but is valid only for the “RE case”.

We propose a GLS-IV estimator as an alternative method of estimation that is valid in

the general case with instruments exogenous or not, as long as they are pre-determined. It



is shown to be much more efficient than GMM or FF in both the “RE case” and especially
the “general case”. We discuss issues of consistency by casting all estimators in a GMM
framework with different moment conditions and instruments. We analyze the relative merits
of the estimators when all are consistent, by casting all of them as some GLS estimator using
different instruments and first-stage regression. It then becomes clear that GLS-IV involves
“stronger instruments”, while GMM and FF are more likely to be affected by issues of
weak instruments, thereby decreasing their efficiency. We also make several other arguments
suggesting that GLS-IV is likely to provide better estimates.

Our method is based on a traditional autoregressive approximation of order, say, kr
to approximate the unknown serial correlation in the errors, and we select the order using
the Bayesian Information Criterion, see Schwarz (1978). We follow the method proposed by
Perron and Gonzélez-Coya (2023), based on a generalization of the Durbin (1970) regression,
to account for the non-endogenous regressors. The method involves a few steps but is easy
to implement using standard least-squares procedures. We show that, in most cases, the
feasible version of our GLS-IV procedure is as good as the infeasible version with known
structure and parameter values of the error process. The gains in efficiency are substantial
even with exogenous instruments. This disparity becomes even more pronounced with non-
exogenous instruments, with the optimal GMM exhibiting significant bias and confidence
intervals that are meaningless. Our method relies on C'(L) being invertible. We discuss
what happens when it is not. In a nutshell, as expected, all methods remain consistent when
the instruments are exogenous. When they are not, GLS-IV is inconsistent, while GMM and
FF are and their feasible versions provide tests with the correct nominal level.

As an empirical application, we revisit the study of Mavroeidis et al. (2014) about the
empirical relevance of the forward looking New Keynesian Phillips curve (NKPC). For an
early influential treatment, see Gali and Gertler (1999). Note that as they argue a feature of
importance is the possibility of serially correlated cost-push shocks, in which case issues of
exogenous instruments (and non-endogenous regressors) become central. The theory suggests
that the expected inflation parameter, (3, should be close to but smaller than one and that the
marginal cost parameter, A, also referred to as the slope of the Phillips curve, should be small
and positive. Mavroeidis et al. (2014) analyzed a myriad of possibilities for various measures
of inflation, the output gap or the marginal cost of labor (or labor share). They mostly used
“optimal GMM?” based on the moment condition E(Zu) = 0. Their point estimates are all
over the map and completely uninformative. They conclude that “the literature has reached

a limit on how much can be learned about the New Keynesian Phillips curve from aggregate



macroeconomic time series”. Our findings refute this claim. By using the GLS-IV procedure
on the same dataset, our estimates are all in the right quadrant, values of S below 1 and
of A above 0. Our median estimates are A = 0.03 and § = 0.95, consistent with theoretical
expectations and also in line with estimates obtained with micro data. Our results suggest
that, by applying an estimator that is consistent and more efficient in a wider range of cases,
there is still much to be learned from aggregate macroeconomic time series data.

The estimator we propose has a long history dating back to the early 60s but which,
for some reasons, the essential ingredients have been incorrectly dismissed as inappropriate,
following the same arguments advanced by Perron and Gonzalez-Coya (2023) in the context
of using OLS versus GLS when the errors are serially correlated. Here, we briefly review
such antecedents. Estimators similar to the GLS-IV have been proposed in the context
of the estimation of simultaneous equations with non-spherical errors. A few prominent
examples are Sargan (1961), Theil (1961), Amemiya (1966), Fair (1970), and Fair (1984).
Similar to the GLS-IV, they apply a quasi-difference filter to the model to obtain spherical
errors. The main difference resides in the transformation of the instruments. Our GLS-IV
uses the same quasi-difference filter proposed in Theil (1961) (“Theil’s method”) and applies
it to all instruments, while Fair (1970) applies the quasi-difference filter to the subset of
instruments that appear in only one equation of a simultaneous equations system. Theil’s
method, which coincides with the infeasible version of GLS-IV in the case of a single equation
model, has been neglected in the subsequent literature either because of hurdles in estimating
the variance-covariance matrix or for incorrect reasoning about exogeneity issues. However,
studies by Moazzami and Buse (1990) and Buse and Moazzami (1991) highlight its strong
performance in finite samples, suggesting that it should be “placed on equal footing with
the procedure currently in use” (i.e., GMM). The Fair method instead has found widespread
application, including in the estimation of rational expectations and error-in-variable models.
Nevertheless, complications arise when dealing with expectation errors, as emphasized by
Flood and Garber (1980) and Cumby et al. (1983). They highlight that neither Fair’s nor
Theil’s methods are applicable in such cases. Subsequently, researchers have been using the
GMM estimator. Our approach can be viewed as an extension of Theil’s method to a general
stationary stochastic structure for the error process. For that, we use an autoregressive
approximation, which is a standard tool nowadays. Also, we pay more attention to issues
related to exogeneity of the instruments and regressors with respect to past innovations.

The rest of the paper is organized as follows. Section 2 motivates the analysis by in-

troducing the NKPC and discusses the framework used for our analysis, carefully defining



issues of exogeneity and pre-determinedness of the instruments (and regressors) with respect
to the basic innovations. Section 3 reviews the GMM and FF estimators, and introduces
our GLS-IV estimator. It also highlights how one can cast them in a GMM framework with
different moment conditions. Section 4 provides a framework to interpret all estimators as
some GLS procedure, thereby allowing to extract what are the instruments used and the
implicit first-stage regression, which is useful to assess their relative efficiency. Section 6
presents a step-by-step algorithm to obtain the feasible GLS-IV estimator. Section 5 present
additional advantages of GLS-IV over GMM and FF. Section 7 presents various simulation
results that substantiate the various claims made throughout the technical discussion. Sec-
tion 8 presents the empirical results related to the New Keynesian Phillips curve highlighting
the differences between the GLS-IV and GMM estimates. Section 9 presents brief conclud-
ing remark. An online appendix discusses additional issues and provides more extensive

simulations and empirical estimates to illustrate the robustness of the results.

2 Motivation and Framework

Let us consider an example that will be the focus of our empirical study in Section 8, namely
the forward looking New Keynesian Phillips Curve (NKPC)

Yt = BEt[yern] + Ay + 1y, (1)

where y; is the current level of inflation. According to New Keynesian theory, inflation
is determined by three factors: future expected inflation Ey|y;ys], the deviation of a real
variable from its steady state level x;; e.g., some measure of the output gap or the marginal
cost of labor and a cost-push shock 7n,. The cost-push shock can cover many things, a
recent example being increases in inflation due to supply chain bottlenecks, which are in
general serially correlated. Another is an oil price shock, which can also be viewed as serially
correlated, i.e., having an effect that persists but gradually decreases over time. The value h
can be any positive integer to represent future expected inflation; the commonly used value
with quarterly data is h = 4 so that E;[y;.4] is the expected inflation one year ahead.

As B[y 4] is unobservable, we cannot directly estimate the original NKPC equation (1).
Therefore, we need to consider an alternative specification using the actual value of y;. 4.
The forecast error, under rational expectations, is vy = BEy[ysin] — yirn. It can be shown,

that v, follows an M A(h — 1) process with innovations €.4; = y4; — By—;_1[y1;] given by:

Vi = €t4h + ¢1€t+(h—1) + ot Op1€41, (2)
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Plugging into the original NKPC equation (1), we obtain the following modified NKPC

Y = BYspn + Ay + uy. (3)

where u; = v; + 1,, which can be some ARMA model or a general linear process. Note first
that, since y;., is observed, we can potentially estimate (3). However, ¥, is endogenous: it
appears both as a regressor and in the error v;. Standard ordinary least squares estimation
is not consistent, and we need to rely on an instrumental variable estimator. The second
is that, assuming some regularity conditions to ensure that u; is stationary, by the Wold
decomposition Theorem, we can model u; as a linear process of the form u; = .0, cpeiih.
Our paper discuss various methods to estimate equation (3), which features endogenous

regressors, making efficient use of the information about the non-spherical errors w;.

2.1 Setup

The general model for y; a scalar and z} = (xy, ..., Tx) & vector of regressors is
yt:l";ﬁ"‘uta t:]-?"'aT7 (4)

where 5 = (B, ..., B)) is a vector of unknown coefficients. Assume that the errors u,
: . ii.d. oo ;
follows the linear process u; = C(L)e;, with e, "~ (0,02),where C(L) = >3, ¢;L7, ¢, =0
for ¢ < 0, and the roots of C'(L) are outside the unit circle. Also, with u = (uq, ..., ur),
E(uu') = V(u) = 0*Q. We define a regressors ;,; as being endogenous if E(x;e;;) # 0 for

some j = 0, ..., h, and we assume that only the first m elements of x; are endogenous, i.e.,

E(z;te1+5) # 0 Vi=1,..,m and some j =0, ..., h for which ¢; # 0
E(zier) = 0 Yi=m+1,...k andVj> 0. (5)

To deal with endogeneity, consider a vector of instruments z; = (214, ..., 214) with T > [ >
m. Note that the non-endogenous regressors should be included in 2, i.e. 2z, = x;,; for
1 =m++1,..., k, so henceforth all statements about the conditions on the instruments apply
equally well to the non-endogenous regressors. Since the issues related to the conditions
between the regressors and errors are extensively analyzed in Perron and Gonzélez-Coya
(2023), we shall focus solely on the issues related to the instruments.

There are two leading cases of interest. The first is with ¢; # 0 for some j > 0. We
shall label this as the “general case”. Then, the regressors are said to be non-endogenous

if E(z;+e;) = 0. The instrument are exogenous if E(z;e,—;) = 0 for all j > 0,and they are



said to be pre-determined if E(z;e,1;) = 0, for all j > 0. This applies as well to the non-
endogenous regressors since they act as their own instruments. Accordingly, this follows the
classification made in Perron and Gonzélez-Coya (2023). As an example, suppose that the
output gap next period is forecasted to be positive, i.e., g;11 > 0 for a given level of current
output ¢g;. Inflation y; increases immediately as firms that can reset prices will take this
into account in their price-setting decision. Given that inflation four periods ahead remains
unchanged, this news is reflected in the regression as a positive error realization e;. As a
result, we will observe a positive correlation between the errors and the future values of the
output gap. This means that the output gap is not exogenous. Moreover, since the output
gap acts as its own instrument, the full set of instruments will not be exogenous either. A
less stringent requirement that we can hope for is that the output gap be predetermined.

The second case of interest is when C(L) = Z;:lfh c; L7 or uy = ey + C1€4(h—1) +
. + cpo1ei41. Here, E(yiinerr;) # 0 for all j = 1,...,h, hence y;4p is endogenous. The
instruments are strictly exogenous if E(z;e;—;) = 0 for all j > 0. They are pre-determined
if B(z;.e,15) = 0 for all j > 0. This occurs often in pure rational expectations models.
For instance, in the NKPC example discussed above without a cost push shock, when w;
is only a function of future forecast errors, then, E(y;1pery;) # 0 for all j = 1,...,h. It is
inconsequential if any of the instruments is not strictly exogenous since e;_; does not occur
in the model for any ;7 > 0. The instruments are also guaranteed to be pre-determined
given the rational expectations hypothesis, which states that any variable dated at time ¢
is uncorrelated with future forecast errors from an optimal predictor that uses information
efficiently. We shall label this as the “RE case” for Rational Expectations.

3 The Estimators

In the following we adopt the general regression framework (4), understanding the subtleties
involved in the various cases. In matrix notation, we have y = X +u, where y = (y1, ..., Y1),
X = (21, ey T, Tinp1, ---Tg) With z}, = (214, ..., x¢) and u as defined above. We assume that
at least one of the regressor is endogenous as defined in the previous section, i.e., m > 0. We
suppose there is a set of pre-determined instruments Z = (z1,...,2;) with 2z; = (21, ..., 2it)
(I > k) such that E(z;e;y;) =0foralli=1,...,l and all j =0, ..., h, for which ¢; # 0. Note
that z; contains the non-endogenous regressors {x; ;i = m+1,...,k}. The “RE case” simply
involves non-endogenous regressors dated h periods before t. As a matter of notation, we

W

write an infeasible estimate without a and a feasible estimate with one.

It is useful to start with a GMM framework. Consider first the moment condition



E(Zu) = 0. A first option would be to use sub-optimal GMM using the identity as
the weighting matrix. This leads to the standard Instrumental Variable (IV) estimator
By = (X'PzX)" X' Pyy, such that TV2(B,, — B) -5 N(0,02V), with

V = plimp oo [T X' Py X] " (0T X' PP, X) [T X' Py X]

The latter can be consistently estimated by V = [T X'P,X] ' Qz [T X'P,X]™", where
QPZX is a consistent estimate of {dp,x = plimr_0?T 1 X' P,QP;X. Note that, in the
context of time series data, B ;v is consistent under the condition of exogenous instruments,
i.e., E[zu] = 0. This estimator is not often used in practice, since one can do better by

applying the so-called “optimal GMM” estimator for the moment condition stated above.

3.1 Optimal GMM based on E(Zu) = 0.

Using the same moment condition E(Zu) = 0 but with the optimal weighting matrix leads
to the estimator that solves the following minimization problem

ming(y — XB) Z(Z2'Q2) ' Z'(y — XB),
and the closed form solution in the linear model

Bayy = X' Z2(Z'02) ' 2’ X)) X' 72(Z2'Q072) Z'y. (6)

Since plimq—_,o0?T 1 Z'07Z = Q5 an asymptotically equivalent feasible GLS estimate is

Ban = (X' 2O 7' X)X 20, 7'y.
where Q) is a consistent estimate of 2. There are a variety of estimates that were pro-
posed. A commonly used one is S, = R,(0) + 22?;1110(]', mr)Ry(j), where w(j, mr)
is some weighting function and my a bandwidth, with R,(j) = T~ Z;‘F:j 1 00—, and
0y = 24Uy with 4 =y, — XtBIV, where BIV = (X'PzX)71X'Pyy is the standard IV estimate
constructed assuming i.i.d. errors, which acts as a preliminary consistent estimate (with ex-

ogenous instruments). Such an estimate is asymptotically equivalent to the infeasible GMM

estimate and the variance can be estimated using

V(BGMM) - (T_lX/ZQ;Z/X)_l' (7)
This is the most commonly used method. Note, however, that for this method to be consis-
tent in the general case, strictly exogenous instruments are needed (except for some knife-
edge cases), otherwise the moment condition E(Zu) = 0 is not satisfied. In the “RE case”,
the estimate is consistent with non-exogenous instruments, since such issues are irrelevant.

These results follow directly from those discussed in Perron and Gonzélez-Coya (2023).
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3.2 The Forward Filter Estimator

Hayashi and Sims (1983) proposed a so-called forward-filter estimator. In terms of a GMM
setting it amounts to applying optimal GMM for the moment condition E(Z’'Fu) = 0, where
F' is some upper triangular matrix such that FQF’ = I (e.g., the matrix obtained from a
Choleski decomposition). As discussed in more details below, the idea is to apply a quasi-
GLS transformation to obtain residuals that are serially uncorrelated. This leads to the

estimate, labelled as the forward filtered estimate,
Brr = (X'P2X) ' X'Py, (8)

where X = FX and y = Fy. Let Fu = ¢, where € = (€3, .., er) is a sequence of 7.i.d. random
variables. Note that we write € instead of e since in general the sequence € = (€1, .., er) does
not correspond to e = (ey, .., er), but is rather a linear combination of the elements of the
latter. The estimator will be consistent provided plimy_,ooT* Zthl zie; = 0. This condition
is satisfied in the “RE case” since z; is uncorrelated with any elements of the sequence of errors
(€141, .-, €14p) given that these are rational expectations errors. It will also be satisfied in the
general case provided the instruments are exogenous, i.e., uncorrelated with any elements
of the sequence (ey, ..., ¢;). For the general case, the estimator is, in general, not consistent
if the instruments are not exogenous with respect to (e, ..., e;) since ¢; will be some linear
combination of all their elements. To give some perspective, consider u; being an AR(1)
process of the form w; = puy_1 + ;. Ignoring the last observation, the forward filer is given
by (1 — pL™!) so that ¢; = (1 — pL~)u;. Then,

2 2
€t = Ut — PUgy1 = U — P UL — PEt41 = (1 —p )Ut — Pty

= (1= Xibrer s —per 9)

Note that ¢; is a sequence of i.i.d. errors since

E[gt5t+j] = Ef(u; — Put+1)(ut+j - Put+j+1)]
= Blugtryj] — pEutirrji1] — pBlugiue ] + pQE[Ut+1ut+j+1]
= PBluw] — pp T Bluw] — pp T Blupuen] + 0% p Bl
= (@ =" =0+ )V () =0.

However, ¢; from (9) depends on e;,1, €, €;_1,...,e1. Hence, both pre-determined and exoge-

nous instruments are required.



3.3 The GLS-IV Estimator

The estimate proposed in this paper can also be cast in a GMM framework using the moment
condition E((DZ) Du) = 0, where D is any matrix that satisfies DQ2D’ = I. In practice,
we shall use D as a lower triangular matrix generated by an autoregressive approximation.
However, in principle, any D can be used provided there exists an invertible representation
for the errors u; in terms of a (possibly) infinite autoregression. The arguments are similar

to those in 7. Applying optimal GMM,
Bars—ry = argming(y — X 2(Z'02) 7 20y - XB),
and the closed form expression for the estimator is given by

Bars-rv = (X"Pz-X*)"' X" Pgey*
= [XlQ—lz(ZlQ—lz)—lle—lX]—1XIQ—1Z(Z/Q—lz)_lz/ﬂ_ly’ (10)

where y* = Dy, X* = DX and Z* = DZ, with Py, the usual projection matrix Py =
ZX(Z*Z*)71Z¥. Tts limit distribution is given by

VT (Bars v — B) 4 N(0, plimp—.oe0 T (X" Pz X*)71). (11)

Let Du = e*. The condition for the consistency of the estimate is plimr_..(DZ)e* = 0.
Following the arguments in Perron and Gonzalez-Coya (2023), this holds requiring only pre-
determined instruments whatever the form of D. In a nutshell, one can always choose D lower
triangular such that a) Du = e, the original sequence of shocks, b) DZ only involves past
values of the instruments z;. Since D'D = Q~! by construction, the estimator is invariant
to the choice of D. Hence, only pre-determined instruments are needed whatever the choice
of D. To give an example, consider again the AR(1) model with the forward filter, i.e., D

chosen to be upper triangular. Then, the condition for consistency is

E[(2: — pzee1) (us — puei)] = Bl(2 — pzer1) (1 = p*)us — perin)] = 0

which requires a) B[z, 1€,41] = 0, which holds by assumption; b) E[z;e,41] = 0, satisfied with
predetermined instruments; and ¢) E[(z; — pzi1)us] = 0, which also holds with instruments
that are not strictly exogenous. To see this, assume E[z:e;_;] # 0 (i.e., errors correlated with

future instruments), then

El(z — pzer)u] = E[(2 — pzis1) Zz':o pes) =EBlzp e ] — pElapap’ e ji]
= pElze ;] — pPElzieji1] =0

9



Hence, only predetermined instruments are needed even if Du depends on the past e;’s. It
also shows the importance of transforming both the regressors X and the instruments Z
when using the upper triangular transformation F', unlike what is done with the Forward
Filter estimator suggested by Hayashi and Sims (1983), which only transforms X not Z, in
which case it is inconsistent from the arguments above. Transforming only X but not Z

when using the backward filer D would result in a consistent but inefficient estimator.

3.4 Summary

The analysis so far suggested three estimators: GMM, Forward-Filter and our GLS-IV. In
the “RE case” or with exogenous instruments, all are consistent. In the “general case”
with non-exogenous instruments, only the GLS-IV is consistent. This is by itself a strong
argument in favor of adopting GLS-IV. However, when all estimates are consistent, we have
no clear guidance about which estimator might be more efficient. In the traditional literature
on GMM estimation, the so-called “optimal GMM” estimate are optimal for the particular
moment condition selected. The theory of optimal instruments is a way to guide us on how to
modify the moment condition to obtain an estimate that is actually optimal for all possible
moment conditions and achieves the semi-parametric efficiency bound. This theory has been
used to great benefits in cases dealing with random samples of data. Unfortunately, in time
series contexts, especially under the level of generality adopted here, no useful results are
available. But still there are ways to make useful comparisons to guide us about the relative
efficiency of the estimates. We do so by first casting the estimators into a GLS framework.
This allows comparing the strength of the instruments implicitly used. We then use other

arguments that show that GLS-IV is likely to be superior using a variety of scenarios.

4 The Estimators as GLS Procedures

In this section, we assume that E(Zu) = 0 so that all estimators are consistent. Casting
them as GLS procedures is useful as it will permit gauging the nature and strength of the

instruments from the implied first-stage regression. In matrix notation, the model is still
y=XpB+u (12)

with the same conditions as stated previously. Recall that the IV estimator is of the form
3 = (Z’ X )_IZ’ y, where Z = ZR is some linear combination of the instrument, with R a
¢ x k of rank k. We seek the matrix R that yields the best IV estimator, in the sense that it is

10



consistent and has minimal variance in the class of estimators using some linear combinations
of the instruments Z. We start by analyzing how GMM falls into this framework and our
treatment follows McFadden (1999). First, multiply (12) by Z’ so that

Z'y=72Xp+Zu=27'XB+w, (13)

where v = Z'u and V(v) = 02Z'QZ. Note that E(X'Zv) = E(X'ZZ'v) = 0, and GLS
applied to (13) yields

Boun = (X' Z(Z'Q2) 2’ X)X Z(Z'02) " 7'y,

with vVT(Boyas — B) <, N(0,02%[QxQ2,'Qzx]™"), where Qzx = plimr_o,T'Z'X and
Qy = plimr_ooo®T~ 12’07, Hence, GMM first applies some IV estimation and then the
GLS transformation. This corresponds to setting R = (Z'QZ)~'Z'X. To see that this is the

optimal choice, consider the estimate
Br=(RZX)'RZy=p+(RZX) 'R Zu,
so that TY2(8, — 8) 5 N(0, (R'Qzx) " H(R'QzR)(QYyR)™). One can show that

(R'Qzx) " (R'QzR)(QyxR) ™ — (Q7xQ%'Qzx) ™" >0, (14)

in the sense that it is positive semi-definite when R = (Z'Q0Z)~'Z'X. The proof is omitted.
The derivations above apply IV first then GLS. One can, of course, do the reverse. We first
transform the model pre-multiplying by the matrix D:

Dy=DXB+ Du= DX +e",

where V(e*) = o2, Now the errors are i.i.d. but still correlated with the regressors. Let
Z = (D')~'Z and apply IV with the instruments Z. Let DX = P;DX be the projection of
DX on Z,i.e., Py = Z(Z'Z)~'Z'. Since V(e*) = o2, the optimal IV is

Biv = ((PzDX)DX)"(PzDX) Dy
= (X'Z(Z(D'D)'2) ' Z’X)'X'Z(Z(D'D) ' 2)"'Z' X)y
= (X'Z(ZQ02) ' 2’ X)) ' X' Z2(Z'02) " Z'y = Bowrur-
Recall that for any square matrix C, (C")~! = (C~1') and (D'D)~! = (7))~ = Q.

We now address the Forward Filter estimator. An alternative way to derive and interpret

this estimator is the following. We start by applying the GLS transformation to the model

11



y = X B + ¢, where y = Fy and X = FX with F an upper triangular matrix such that
FQF" = I. Now, since the instruments are Z, the optimal IV is

By = (X'Z(Z2) 2 X)) 'X'2(Z'Z) 2 = Bpp
= B+ (X'Z2(Z2'2)'\ZX)' X' Z(Z' 2) e,

so that TV2(Bpp — B) > N(0,02Q", .97 Q5] "), where Q 5 = plimr_.oT ' Z'FX, Q7 =
plimr_oT'Z'Z and 02 = V(&,).

We now turn to the GLS-IV estimator. The approach is similar but uses the instruments
Z* = DZ. The idea is that if Z are good instruments for X than DZ should be better
instruments for DX than Z. This leads to the infeasible estimate, labelled B, ¢ ;1 given

that it first applies a GLS transformation and then an IV estimation:

Bars-rv = (X"PgpX*) ' X" Pgy*
— X' Z(Z07 2) 20 XX 2(20 7 2) T 20 Yy

with limit distribution TV2(8gpe_ 1 — 8) % N(0, plimp—.ee0®T(X* Pz X*)~1). An alterna-
tive way to derive and interpret this estimator is to start by applying the GLS transformation
to the model y* = X*f + e*, where y* = Dy and X* = DX with D a matrix such that
D'D = Q7' and DQD’ = I. The optimal linear instruments are then P X*, which implies

Bars_1v = (XY ZX(27 25129 X)X 2927 20) T 2y

so that
TY2(Bars v — B) 2 N(0, 02 plimy o[ X Py X*]71). (15)

4.1 Summary

As before, when framing the estimates according to a GMM framework, we cannot draw any
conclusion about either estimator having higher precision in general. They differ according
to the GLS transformation applied before implementing the IV step. Here we argue that
using GLS-IV imply stronger instruments, i.e., with a higher F-statistic in the first stage.
The intuition is that GLS-IV preserves the relationship between the regressors and the
instruments that one specifies while the other methods do not. In practice, this property is
particularly important if it allows us to move away from the weak instrument zone to avoid

the use of weak identification techniques. To better understand the difference between the
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estimators, we start by analyzing the first stage of GMM, FF, and GLS-IV obtained from

their interpretation as GLS procedures. The first stages are:

GLS-IV DX =1,DZ + vy,
CMM DX =T1,(D") ' Z + v,
FF FX =137 + vs.

We first highlight that on the left-hand side of the equations, we have DX or FX as the
endogenous regressors in the GLS transformed model. The instruments, on the right-hand
side instead depend on the estimator used, namely DZ for GLS-IV, (D')~'Z for GMM,
and Z for FF. By applying the same transformation on both sides of the equation, GLS-
IV preserves the relationship between the two variables, while the other estimators do not.
This means that in principle the correlation between the filtered endogenous variable and
the instruments is likely, in general, to be maximized by GLS-IV. The intuition is simple.
If Z is deemed a good instrument for X, then DZ should be the obvious candidate as the
corresponding instrument for DX . Simulations reported below confirm that this is the case
in all our experiments. Consider a simple example with errors following an AR(1) process

with autoregressive coefficient p. The first stage of the FF estimator is
(2 — pre) = 32 + vs.
Then if p is close to 1, we are trying to fit the increments in x; with the level of z;. On the
opposite, for GLS-IV the first stage is
(zt — pri1) = My (2 — p2e1) + v,

where we fit the increments in z; with the increments in z;. It seems from common sense that
the latter would yields better instruments. For the case of GMM, things are more complex

as the relationship between the instruments and DX is rather ad hoc.

5 Other Advantages of the GLS-IV Estimator

As highlighted by Hayashi and Sims (1983) the performance of the GMM and the FF estima-
tors depends on the entire distribution of the variables. This also translates to the comparison
with the GLS-IV estimator. However, we can still present other arguments suggesting that
the GLS-IV estimator has some advantages compared to FF and GMM in the case with ex-
ogenous instruments (and regressors) or the “RE case” so that all estimates are consistent.

Issues related to non-exogenous instruments (regressors) were addressed previously.
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Argument 1: GMM versus GLS-IV objective functions. An important feature of
the difference between GMM and GLS-1V is the difference in how the weighting is done. It

can be shown that 3.,,,, solves the following problem
mins(y — X6 Z(2'02)7 2 (y - XB).

Hence, it weight the moments Z'u by the square-root of their long-run variance. Note,

however, that 5., ¢_; solves the minimization problem

ming(y — XB)Q ' Z(Z2'Q ' 2) 1 Z'Q  (y — XB)
= ming(DY — DXB)YDZ(Z'QZ)"'Z'D' (DY — DX}).

Hence, it weights the transformed observations by some matrix DZ(Z'Q'Z)"1Z'D’, in a
similar way as what is done by GLS. An argument can be made that weighting all observa-
tions can lead to more efficient estimates than weighting aggregate moments.

Argument 2: The case with no endogeneity. As mentioned before there is nothing in
the GMM framework that guides us in the choice of the moment restriction. This is a dis-
advantage of the GMM framework as it may lead to inefficient estimators. To illustrate this
issue, we review two cases, one in which GMM is optimal and one in which it is not. Consider
a standard linear regression model without serial correlation y = X +wu. The standard GMM
theory suggests using the E[X'u] = 0 as the moment conditions. Consider homoskedastic
errors: V(u) = 02I. Then, the GMM estimator is OLS: Boyn = (X'X) 7' X'y = BoLs.
With non-spherical errors, i.e., V(u) = 02Q # 021, optimal GMM is no longer optimal. It

does not reduce to GLS, which is optimal in this case, i.e.,
Beyn = (X'X(X'QX) ' X'X) ™ X'X(X'QX) ' Xy # Bers

Note that in both cases we assess the optimality of the GMM estimator by comparing it to
other estimators which we know are optimal in that situation. Clearly, in the second case, in
principle we can modify the GMM moments as follows to recover GLS so that GMM becomes
optimal: B[X'D'Du] = E[X'D'e] = 0. Then, Bayn = (X'QX) ' X'Q 1y = B4.¢. But in
this case Boyar 18 Bors_ry- It can be shown that GLS-IV is the only method that reduces
to the optimal GLS estimator in this case. Note that we achieved this optimality result not
because of the GMM theory but by modifying the moments to exactly yield the GLS, which
we knew ex-ante to be optimal. Unfortunately, for the general setup where, on top of non-

spherical errors, we also have endogeneity of the regressors, a clear comparison between the
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estimators is not possible as the optimal estimator would depend on the correlation structure
between the regressors, the dependent variable, and the instruments.

Argument 3: The case with only heteroskedasticity. Probably the most compelling
argument in favor of GLS-IV when all estimators are consistent is that when only het-
eroskedasticity is present, it is the only that reduces to GLS, which is optimal, i.e., the
GMM estimator with optimal instruments, which can be obtained here in the context of a
random sample of data. Consider the standard linear regression model and assume both en-
dogeneity and heteroskedastic errors, V(uy|2;) = 0. We know from the optimal instruments

theory of GMM that in this case the optimal instrument is
2 = cB[O(y — 28)/0B)z] 0y * = —co "B [7)]z] = o) "B [x)]z]

where c is a free constant that we set to —1 in the last step. Using this optimal instrument

for GMM is equivalent to applying IV to the following model with z;/0; as the instrument

yi/or = (w1/00)B + ug /oy (16)

To obtain the estimator, express the model in matrix notation where D is diagonal with
entries 1/0y, so that DY = DX + Du. Applying IV using DZ as an instrument,

B = [X'D'DZ(Z2D'2)"'Z'D'DX| ' X'D'DZ(Z'D'Z)"'Z'D'DY
= [X'2(Z2'02) 207 X T X Z(Z'07 2) 2 = Baps v

which is the GLS-IV estimator. This shows that the GLS-IV framework includes the case
of optimal GMM instruments when only heteroskedasticity is present as a special case. On
the other hand, FF reduces to applying IV to the regression (16) with z; as the instrument
instead of z; /0y, which is not optimal. By definition, the GMM estimate is also sub-optimal.

It reduces to an estimator originally proposed by White (1982).

6 Feasible GLS-IV

The GLS-IV requires the knowledge of the variance-covariance matrix 02Q = V(u), which is
unknown in the majority of the applications. Here we discuss a feasible version which has
the same limiting distribution as the infeasible GLS-IV under the general class of processes
discussed in Section 2.1. We start by explaining the intuition of the procedure and then

we state the formal algorithm. Let us first consider a simple case. Assume that the errors
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follow a known AR(1) process. Substituting the errors u; = pyus—1 + e; in the model and

subtracting p;y:—1 from both sides we obtain

Ye = pr1¥i—1 + B(xs — pywy_1) + ey (17)

While in the initial regression model the errors are AR(1), the errors in (17) are i.i.d..
Assuming that the regressors are predetermined so that Ey,_1e;] = 0, E[xe;] = 0, and
E[z;_1e;] = 0, we can estimate p; consistently by IV. As discussed in Perron and Gonzélez-
Coya (2023) for the case with no endogeneity, the Cochrane-Orcutt procedure will not work.

We now consider the case with an error component u; that follows a linear process of
the form u; = C(L)e; with the roots of C(L) outside the unit circle, we have A(L) =
C(L) 'uy = ¢;. Here, A(L) is, in general, an infinite order polynomial. However we can use
an approximation that involves a finite number of lags, say kr, so that A(L)* = (1— 2521 p;)

is close to C'(L)~!. This leads to applying OLS to the following regression model

Yp = Zf; PiYi—j + x5 — 2521 x::—jdj + ek, (18)

where the sequence e, is nearly i.i.d.. Since some of the regressors are correlated with the
errors e;, one needs to estimate the parameters p; using an IV procedure. Provided the
regressors are pre-determined, following the work of Berk (1974) and others, the estimates
will be consistent provided k7 — oo and k3./T — 0 as T — oo. One can then construct the
matrix D as a lower triangular matrix with the proper powers of the estimates of p; as the

entries. This amounts to using the transformed regression
yi =B+ e, (19)

where y; =y, — Zf; pjyi—j and xy = x; — Zf; p;Ti—; are the quasi-differenced data and
p; (J = 1,....kr) are the estimates obtained applying IV to (18). We then simply use IV
applied to (19) to estimate § using the instruments z; = zt—zgl p;%—j. This is a completely
standard approach in the time series literature with a long history of useful applications. In
order to select the lag length kp in such a way that the technical conditions are satisfied,
we use the Bayesian Information Criterion (BIC), see Schwarz (1978). For this we need to
specify a sufficiently large value k., and repeat the IV estimation described above for all
k € [0, kmaz). Then, we select the model with the lowest BIC and use the corresponding
estimates of p; to construct the quasi-differenced data. Of particular interest is the fact
that when kp is properly chosen, the residuals e, from the regression (19) will be nearly

the same as the original time ¢ shock e; and more so as T' increase when the order of the
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autoregressive process is infinite. Intuitively, not many lags are needed as a short-memory
stationary process implies a geometric rate of decay on the parameters. Our simulations will
show that it performs well even in the case of finite order moving-average processes.

Note that this amounts to some approximate GLS since the matrix D is truncated to
eliminate the first k7 rows so that the initial errors are set to their unconditional mean 0.
Other approaches might be possible; e.g., using the method of Prais and Winsten (1954).

This would complicate matters greatly without efficiency gains for commonly sample sizes.

6.1 Estimation Algorithm

We now outline the detailed steps of the algorithm to obtain a feasible GLS-IV estimate.
Step 1) Select kpax, usually a number like 12 should be sufficient. Of course, other values

are possible depending on the sample size. Initialize k7 = 0. Step 2) Consider the regression

Yt = Z] 1 PjYt— j+xt/6 Z] 1xt 35 + €k, t=kmax +1,..., 7, (20)

where 0; = p;. Note that we use the same number of observations for all values of £,
namely 7" — kpax. This is needed to ensure a proper comparison across models as suggested
by Ng and Perron (2005). Given the exogeneity restriction E[ze; ;] = 0 we can use IV to
estimate the parameters. Note that the estimate of /3 is consistent but inefficient. Step 3)

: 22 _ ar—-1NT 52 —
Compute the sample variance 6, = N>, &7, where N =T — kpax and

R kp
€tk = Yt — Zjil PiYt—j mtﬁ + Z] 1 xt g

Step 4) With N =T — kyax, compute the BIC for the model associated with kr, BIC), =
In(62,)+(n N/N)kr with N = T —kpax. Step 5) Increase kr by 1 and, provided that kr is in
the range [0, kmax, repeat Steps 2-4. If kp > k. move to the next step. Step 6) Choose the
autoregressive order that minimizes the BIC criterion, i.e., b} = arg miny, BI1C}, and store
the p; associated with k7.. Step 7) Compute the autoregressive-based GLS-IV estimator,

BGLS_ ;v- This is amounts to applying IV to the transformed regression y; = z}'5 + e,

where y; = y — 2521 piyi—j and ¥} = 3y — 2521 p;Te—j using z; = 2z — Zfil pjZ—j as
the instruments. The following optional steps can improve the accuracy of the estimates
in finite samples. Step 8) Given the estimate of BGLS_ 1v» which is consistent, compute the
residuals @ = y — XBap9_sv- Step 9) Select kmax, something like 12 should be sufficient.
For k = 1,..., kyax, re-estimate the regression 4, = Zle p;Ui—; + v, and store the values
p;- Compute the BIC for each model and choose the value k7 associated with the model
that minimizes the BIC criterion. Step 10) Repeat Step 8. Of course, further iterations are
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possible, but we failed to find any benefits in doing so, though we did find some benefit of
applying the additional Steps 8-10.

The limit distribution is given by (15), whose covariance matrix can be consistently
estimated by ¢°[(T'Z¥X*)(T'Z*Z*)"Y(T~'Z* X*)]~', where 6* = T~* zj{:kw é2, with
é; the residuals from Step (7), or Step (10) if further iterations are applied.

The estimation algorithm for the FF estimator is similar, except that one does not apply
a quasi-difference operation on Z and one transform the data using F' = D’, which amounts
to a forward filtering of the form z; = =z, — Zfil pjTivj. This ignores the last observa-
tions but without loss in large samples, so that the estimate of the covariance matrix is
G(T 12X (T2 Z) " (T 2'X).

6.1.1 Dealing with Heteroskedastic Errors

If heteroskedasticity in the errors is a concern, two avenues are possible. The first is to correct
the standard errors of the estimate using a heteroskedasticity-robust covariance matrix as
suggested by, e.g., White (1980) or variations suggested afterwards. In obvious matrix

notation, the limit covariance matrix of the estimate S,y is

V = plimy oo [T X" Py X*] (T 2702) [T X" P2 X*] 7
which can be consistently estimated by V = [T~ X* P, X*] "' Qu [T X* P, X*]"", where
Qn = TV 6,0, with ©, = 2fé,, and & = yi — 25 Bars_rv- Of course, various
finite sample refinements are possible. Alternatively, one can apply a further feasible GLS
correction as suggested by Gonzélez-Coya and Perron (2024). It is based on an Adaptive
Lasso procedure to fit the skedastic function. Overall, further reduction in the MSE of
the estimates are possible even using incorrect covariates to estimate the skedastic function
as long as there is some correlation between the covariates used in the Lasso specification
and those in the true skedastic function. The coverage rate of the confidence intervals
have an exact size close to the nominal level and the lengths are smaller than obtained when
applying OLS or correcting only for serial correlation. With homoskedastic errors, the results
are equivalent to those obtained correcting only for serial correlation. Hence, correcting for
heteroskedasticity when it is not present has no detrimental effect on the precision of the
estimate. They showed that it provides improvements in the precision of the estimates,
as well as good coverage rates of the confidence intervals in the linear model. Perron and
Gonzalez-Coya (2023) show the same for GLS regression in models with errors that are both

serially correlated and heteroskedastic. They note, as many others do (e.g., Romano and
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Wolf (2017)) that it is difficult to obtain a feasible version that achieves what could be done
using the true structure. Still, additional gains in efficiency are possible. Since these features
have been documented at length elsewhere, we shall not consider them further and focus on

the relative performance of the various estimates when correcting only for serial correlation.

7 Simulations

As mentioned above the comparison between the properties of the various estimators requires
specifying the entire joint distribution of zy, 1, 2,. We instead run some simulations with
reasonable data-generating processes and parameter specifications to assess the performance
of our GLS-IV estimator relative to GMM and FF. We first describe the data-generating
processes, then present results assuming exogenous instruments, followed by results with
predetermined but not exogenous instruments. In all cases, we present the case with known
values of the parameters and the structure of the model and the feasible versions. This is
done in order to a) verify the theoretical properties discussed above when using the true

structure; b) assess how close the feasible procedures are to the best that can be done.

7.1 Data-generating Process and Estimation

For the simulations, we specify a simple setting where we have only one endogenous regressor

x; and one instrument z;. The data-generating process is the following with x} = (1, zy;)

g = b+ (21)

Ty = ptwipt+ vt

2 = Y+ /2 — yway, (22)

and the errors u; can either follow an AR(1) or M A(1) process

Up = P Ui—1 + €, OF Up = Q61 + €. (23)

where €, vy, w4, and wy,; have mean 0 and variance o2, 62, 02, and o2,, respectively. They

are all uncorrelated except that E(e;v;) = ¢, which measure the strength of the endogeneity,
i.e., the correlation between x1; and ¢;. The coefficient 7 lies between 0 and 2 and modifies
the strength of the instrument z;, a higher value implies stronger correlation between the
regressor and the instrument. The term wo; in (22) is used to keep the R? constant as

we vary . Table 1 reports the baseline values of the parameters in our simulations which
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consists of N = 1000 replications with a sample size of T" = 200. For both AR or MA
processes, the coefficients p, and ¢, assume values {—0.9, —0.6,—0.3,0.3,0.6,0.9}.

We consider the following regression model

yr = By + Bow1y + uy.

When  is assumed known we compute the estimators by plugging it into (6), (8), (10).
For Qz, we use the empirical analog T-'Z’Q1Z and obtain D and F we use the Cholesky
decomposition. For the case in which ) is unknown, we use the procedure described in
Section 6 to estimate D. For F', we simply take the transpose of D and for GMM we
compute the variance of the moment condition using the methods suggested by Andrews
(1991) with a quadratic spectral kernel and a bandwidth selected using the plug-in method
based on an AR(1) approximation. For every estimator (GMM, FF, GLS-IV), we plot the
value of the bias, mean square error (MSE), the average length of the confidence interval
(Length), the coverage rate of the confidence interval (Coverage) of 3, and the F-statistic

(F-Mean) from the first-stage regression applicable to each case as explained in Section 4.1.

7.2 Simulation Results with Exogenous Instruments

We start with cases involving exogenous instruments. Figure 1 presents the results when €2
is known and u; follows AR(1) process, while Figure 2 shows the results using the feasible
version of the estimators. The results shows that they are virtually the same. They confirm
the theoretical expectations concerning bias: all estimators provide consistent estimates
(GMM is slightly biased when p, = + 0.9, i.e., near the boundary of the stationary region).
Moreover, the coverage rate of the confidence interval is near the nominal 90% level for
all estimators, except for GMM with p, = 0.9, a well documented feature. Hence, in most
cases, they all provide valid statistical inference. Importantly, the MSE, and the length of
confidence intervals for GLS-IV are consistently lower than those for all other estimators.
Notably, when the AR coefficient is +0.9, GLS-IV exhibits an MSE that is about 10 times
smaller than that of GMM. This indicates that GLS-IV yields more precise and efficient
estimates across the entire range of values considered while maintaining the correct coverage
for the confidence intervals. This can partly be explained by looking at the F-Test from
the first-stage regression. When the AR parameter is 0.9, GLS-IV has by far the highest
value. Compared with GMM, it can be as large as 15 times higher; e.g., below 10 for GMM,
which is a sign of weak instruments and larger than 40 for GLS-IV, which indicates very

strong instruments. The FF estimator has a performance intermediate between the two
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other estimators. The results seem not to depend on the value of the AR coefficient. In
none of the cases considered does FF perform better than GLS-IV. Overall, these findings
highlight the advantages of using GLS-IV in this scenario.

The results for the M A(1) case are presented in Figures 3-4. They are qualitatively
similar. The bias is very small for all estimators, especially GLS-IV. The MSE is smallest
for GLS-IV and considerably so as the MA parameter ¢, is near the boundary of the non-
invertible region, i.e., ¢, = £ 0.9. All estimators have a coverage rate near the 90% nominal
level. However, the lengths of the confidence intervals are considerably shorter for GLS-IV
and the largest for GMM. Again, this can be explained by looking at the F-Test from the
first-stage regression, which is highest for GLS-IV and by a wide margin when ¢, = 4 0.9.

All results points in the direction of favoring GLS-IV. A noteworthy comment is the
following. It is often the case that the correlation structure is such that the process is near
the unit root region for the AR case, e.g., p,, = 0.9, and near the noninvertible region in the
MA case, e.g., ¢, = —0.9. Much work has been done to document the fact that this leads to
problems of weak instruments, thereby leading to estimates with poor properties. As can be
seen from the results presented, this issue disappears when using GLS-IV. Hence, one need

not consider more complex refined alternative methods of inference.

7.3 Simulations with non-Exogenous Instruments

We now assess the performance of the estimators when the instruments are predetermined
but not exogenous. Of course, the estimation methods are the same for all estimators. All
that is being changed is the data-generating process. It is identical to the one described in

Section (7.1), except for the equation that defines the instrument, which is replaced by

2 = YW1 + /2 — ywa + €.

Adding the component ¢;_; makes the instruments non-exogenous with respect to past inno-
vations, though they remain pre-determined. For the simulations we set @ = 1 and we keep
the remaining parameters at the baseline values defined in Table 1.

Figure 5 considers the case when € is known and u,; follows an AR(1) process. The
results are drastically different from the case with exogenous instruments. GLS-IV is nearly
unbiased (consistent with the fact that it is consistent), while the bias of FF and GMM is
substantial. Additional simulations show that it does not decrease as T increases, in line
with the fact that they are inconsistent. GLS-IV has by far the smallest MSE, the smallest

length of the confidence intervals with coverage rates that are near the 90% nominal level.
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The coverage rates of the confidence intervals for FF and GMM are very poor and liberal
(under-coverage). Again, the F-test in the first stage regression is highest with GLS-IV, but
now this is only part of the explanation since FF and GMM are inconsistent. The results for
the case with () is unknown are presented in Figure 6. They are virtually the same. Hence,
the feasible GLS-IV procedure performs as well as if the true structure and parameter values
were known. All these results are consistent with the theoretical arguments discussed and
show that the feasible GLS-IV method performs as well as the infeasible one. Of importance
here is that FF and GMM break down while GLS-IV remains adequate.

The results for the MA case are presented in Figure 7 for the case with ) known and
in Figure 8 for the feasible procedures with {2 unknown. When (2 is known, the results
are qualitatively the same as in the AR(1) case, except that the differences in performance
between the estimators are even larger. Again, the bias of GLS-IV is near zero while those
of FF and GMM are now very large. The same applies to the MSE. The coverage rate of the
confidence intervals for GLS-IV is very near the nominal 90% level, while for FF and GMM
they are very low. The lengths of the confidence intervals are again smaller with GLS-IV. The
differences in the fist-stage F-tests are even larger. When (2 is unknown the same conclusions
apply to the relative ranking of the estimators: GLS-IV has smaller bias and MSE, shorter
length and better coverage rates for the confidence intervals. The only caveat is some bias
when the MA parameter ¢, is near 0.9 and an associated coverage rate that is below the
90% nominal level, even though better than with FF and GMM. It is to be noted that the
design adopted implies a high degree of correlation between the instruments and the past
innovations when setting a = 1. As shown in Section A.2 in the appendix, when a = 0.25,
arguably a more realistic value, the coverage rate of GLS-IV is very near the nominal 90%
level, and according to all other measures (bias, MSE, length of the confidence intervals) still
outperforms GMM and FF by a wide margin. Still, it remains an open question about how
to obtain reliable coverage rates for the confidence interval for GLS-IV when the strength of

the correlation between the instruments and past errors is high.

7.4 Comments about Non-invertible M A Processes

We now discuss the properties of the estimators when the MA process generating the errors
u; is non-invertible, i.e., u; = C(L)e; with some roots of C'(L) inside the unit circle. For
simplicity, we focus on the M A(1) case. This should be enough to provide a clear overview
of the issues and results, without much loss of generality and considerably less technical

derivations. All details are provided in Appendices A.5 and A.6.
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Consider first the general model given by y; = x}3 + u;, where u; is serially correlated.
If the instruments are exogenous, then all estimators are consistent and the infeasible and
feasible versions have the same asymptotic properties so that valid asymptotic inference
can be applied. This results basically hinges on the fact that a filtered version of the error
process will fit the observationally equivalent invertible representation. The second element
is that there is a direct relationship between the covariance matrix of the non-invertible and
invertible representations, which implies that one is simply a scaling factor of the other.
Hence, the infeasible estimator using one or the other version yields the same estimate with
the same limit distribution, a consequence of the observational equivalence.

When the instruments are not exogenous, then all estimators are inconsistent. It is un-
known to us what could work in that case since non-invertibility is not a testable hypothesis,
at least working with the first two moments as done when dealing with linear estimators or
with normally distributed errors. Maybe with non-normal errors, some non-linear methods
could achieve consistency.

Consider now models of the “RE case”. Suppose that some rational expectations model
specifies that y;, = SE(z412), with no other source of randomness. This is equivalent to
Yt = Tyro + Upyo, where ugro = B(E(zy12) — x442). Then the errors are an M A(1) process.
Suppose that x; is an AR(2) process of the form z; = ¢ 2,1 + pyx;_2 + v;. Then standard
arguments shows that u; = e; + p,e;,_1, with e; and 4.i.d.(0, ag) process. It certainly can be
the case that ¢, > 1. For instance, if z; is an AR(2) process with parameters (1.34, —0.42).

As discussed in Appendix A.6, GMM and FF are consistent and provide valid asymptotic
inference whether the instruments are exogenous or not. On the other hand, GLS-IV is
inconsistent with non-exogenous instruments. It is consistent with exogenous instruments
but offers no improvement over GMM and FF, i.e., all estimators have similar finite sample
properties. Hence, this is a case where GLS-IV breaks down while GMM and FF provide
reliable inference. The problem is worth consideration in the sense that GLS-IV should not be
applied blindly. There are, however, several problems. First, one must be confident that the
model is a well specified one that falls in the “RE case” and not affected by additional source
of randomness that could be serially correlated as in the Phillips curve example discussed
in Section 2. Second, as stated above, it is in general very difficult to ascertain whether the
errors process is invertible. Here, with the overly simplified model, one could simply fit a
process for x;. But in more complex models, this simple approach may not be feasible. We
have no reliable guidelines to offer other than simply state that in such RE models GLS-IV

is not appropriate with non-exogenous instruments, while GMM and FF are.
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8 Empirical Application

To show that the method of estimation can make substantial differences in important empir-
ical applications, we consider estimating the forward-looking New Keynesian Phillips Curve
outlined in Section 2. Theory suggests that the parameter of expected inflation, 3, should
be equal to the discount factor: any positive value between 0 and 1 is acceptable. In the
presence of sticky prices, if firms expect higher inflation tomorrow they raise prices today.
The slope of the Phillips curve, i.e., the parameter of the output gap, or the marginal cost of
labor, A, should be positive. The current empirical evidence is extensive and in disagreement.
The initial works by Gali and Gertler (1999) and Sbordone (2002) were initially seen as suc-
cessful in estimating the NKPC parameters but were later criticized. Mavroeidis et al. (2014)
provides an extensive survey and report a myriad of estimates of the parameters obtained
via GMM using a vast number of combinations of measures for inflation, the output gap,
and the labor share series (equivalent to the marginal cost of labor under some conditions).
They also considered other variations that we will not address here. The results showed pa-
rameter estimates scattered across the parameter space including many with positive values
of B and/or negative ones for A. They conclude saying “the literature has reached a limit
on how much can be learned about the New-Keynesian Phillips curve from aggregate time
series.” We use a subset of the cases they considered by focusing on a single set of instru-
ments (sensitivity analyses to using different instruments are present in the Appendix). For
GMM, the results are similar, namely parameter estimates all over the map and often of the
wrong sign. With GLS-IV, almost all estimates support the theory with the coefficient on
expected inflation below one and those on the output gap (or marginal cost of labor) above
zero, provided one uses level or detrended inflation and the same for the output gap or the
marginal cost of labor, i.e., not level against detrended. Hence, the evidence is that the
theory is just fine. The widely dispersed estimates obtained using GMM are likely simply

caused by biases due to non-exogenous instruments and/or simply inefficiency.

8.1 Estimation of the New Keynesian Phillips curve

We now consider the NKPC in its general formulation, where we allow for a cost-push shock.

Substituting the unobserved expectation with the actual realization into (1), we obtain

Yy = Byt+h + /\l’t -+ Uy. (24)

The error term u, is a combination of the forecast error and the cost-push shock, given by

w = [ne + B(B¢[ysen] — veen)] = [me + Bry]. Rational expectations imply Ey[r,] = 0, but
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not E;[u;] = 0. The majority of prior studies that addressed this problem used GMM type
estimators selecting instruments based on the moment condition E[z;1;]. For example, Galf
and Gertler (1999) include as instruments four lags of inflation, labor share, output gap,
10-year minus 90-day yield spread, wage inflation, and commodity price inflation. These
are effectively pre-determined with respect to the shocks v;. However, empirical data often
reveal that inflation is persistent: cost-push shocks tend to have a lasting effect over multiple
periods. Consequently, the residuals in the regression display autocorrelation, violating the
assumption E;[u;] = 0 and the moment condition on which GMM relies. The instruments
are then plausibly non-exogenous with respect to past innovations in 7, rendering GMM
inconsistent. To address this issue, many researchers have introduced lags of inflation in the
regression to mitigate residual autocorrelation. But this does not solve the problem.

Estimating the NKPC using GLS-IV is a more robust approach. It allows for the pres-
ence of serial correlation in the errors without the need to introduce lags. GLS-IV remains
consistent whether the cost-push shocks are i.i.d. or serially correlated. In either case, it also
remains efficient. This makes GLS-IV an obvious choice for estimating the NKPC.

To apply the feasible GLS-IV procedure, we need to modify the estimation algorithm
slightly, to account for the fact that inflation is present both as a dependent variable and
as a regressor. The reason is that when estimating equation (20), we do not identify the
parameters p;, but instead some non-linear transformation of various parameters. To see
this, apply the filter (1 — S_F, p;L%) to the model in (1) with A = 1. Then,

Ye = Zf:l piL'y + (1 - Zf:l PiLi) Yer1 + A (1 - Zf:l piLl) Ty + €tk

k-1 (Pz‘ - ﬁp1+i) Pk
— St A o+ _ 25
11 Gp, i+ 2zt 11 8p, T 14 gt (25)
k Y
- Ty — iy TPt T Ctk
1+ Bp, " 2eic 1+ﬂp1p ' tk

where in the second equation we group all the same terms that come from the filtration of

yy and vy 1. Equation (25) clearly shows that when estimating a regression of the form

Yt = MYt+1 + Zle TiYi—i + Ooxy — Zle 0T + ey,

there is no correspondence between the parameters «; and p; for i = 1, ..., k. For example oy
would identify the ratio (p; — Bp,) /(1 + Bp;). But one can use instead the ratio d;/dy which
corresponds to p; for i = 1,..., k. Such a method goes as far back as Wallis (1967). Following

this intuition, we can modify Step 2 of the algorithm as follows: consider the regression
Y= MYt + Doty Tilimi + 00Ty — Youty 0im + €rp = max + 1,0, T
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Assuming valid instruments with E|w:e, ;] = 0, we can use IV to estimate the parameters
,bZD = Si/go (1 =1,....kr). Repeat for kr = 1, ..., knax and use BIC to select the lag length
k%. Then compute the IV estimates for 5 and A from the OLS regression

kX A kX A kX A *
(yt_Zjil P?yt—j) = B<yt+1_2j£1 PijtJrl—j)_(-Tt_Zjil ngxt—jy)“f‘etk, (t =kp+1,...T),

Note that in this modified Step 2, we cannot use lagged values of y; (here inflation) as in-
struments as they are part of the regression. However, these are reintroduced when applying
GLS-1V, once the values of p, have been estimated. Similar arguments applies when multiple

leads or lagged values of y; are present as regressors, with minor modifications.

8.2 Data and Results

We use the data from Mavroeidis et al. (2014), which contains the exact specification of all
variables and their original sources. These were obtain from the Journal of Economic Lit-
erature website at: https://www.aeaweb.org/articles?id=10.1257/jel.52.1.124. This dataset
consists of quarterly aggregate time series for inflation, the output gap, and the labor share.
Assuming a Cobb-Douglas production function, the latter is equivalent to the marginal cost
of labor. Hence, we use also use this measure. There are nine series for the output gap,
ten series for the labor share, and 19 series for inflation. The variables are summarized in
Table 2 where the set of inflation variables is divided into measures in level and in gap.
The data spans from q1-1950 to q4-2011. We keep the same sample period to allow for a
fair comparisons with the results of Mavroeidis et al. (2014). These series are the results
of various measurement techniques, filters, or transformations, resulting in a total of 1710
different possible combinations. We can categorize the various proxies for inflation into two
primary groups: those measured in levels and those measured in “gaps” or some deviations
from various fitted trend function.

We estimate a regression of the form (3) via GMM and GLS-IV, including a constant
with h = 4, so that the expected inflation is used. For the specification we decided to follow
as closed as possible Gali and Gertler (1999): we use the same set of instruments listed
above, all the measures of inflation in levels, and the labor share series as a proxy for the
marginal cost of labor. The results are displayed in the top two panels of Figure 9. In each
plot we present the estimates of the parameter for the labor share, A, on the vertical axis
and the one associated with the future expected inflation 5 on the horizontal axis. The
plots on the left show the results using GLS-IV, while those on the right the results using
GMM. We can see that both the optimal GMM and the GLS-IV precisely identify A, i.e.
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the slope of the Phillips curve. According to theory, A should be a positive value close to 0.
For GLS-IV, the estimates vary between 0 and 0.12 with a median value of 0.03, a small but
economically relevant value in line with the findings of Rotemberg and Woodford (1997),
Hazell et al. (2022), Gagliardone et al. (2024). They obtain estimates of 0.024, 0.006, and
0.02, respectively, using alternative methods based no micro data. Our results show that a
proper time series method can yield results in line with alternative micro-based techniques.

The estimates with GMM are, however, much more dispersed ranging from -0.07 to 0.20.
However, only GLS-IV seems to correctly identify the parameter of the expected inflation,
[, as it almost always yields values below 1, with a median estimate of 0.95, consistent with
what the theory suggests. GMM tends to produce estimates well above this threshold, i.e.,
with pairs in the wrong quadrant.

The bottom panels of Figure 9 provide evidence contrary to some claims made by Galf
and Gertler (1999). They motivate the use of the labor share as a forcing variable since using
inflation in level and the output gap to estimate the NKPC leads to puzzling results. They
used the labor share in level. Here, instead we have 8 out of 10 measures of the labor share
in gap form. This is not common practice. The reason is that until the mid-90s, the labor
share remained constant, hence the measure in level was stationary. Afterward, it declined
so it is necessary to take the gap to detrend the series to make it stationary; see Gwin and
VanHoose (2008) and King and Watson (2012). Rudd and Whelan (2007) previously raised
similar arguments criticizing the widely accepted practice of “substituting labor’s share of
income in place of detrended output”. For this reason, we have 8 out of 10 measures of
the labor share in gap form. The bottom panels display the results using measures of the
output gap with all the measures of inflation in gap form presented in Table 2. The results
qualitatively agree with those using the labor share, with slight differences in the median
estimates, which for GLS-IV are A = 0.1 and § = 0.92, while the GMM estimates remain
in a territory unsupported by theory, mostly the right quadrant again. The rationale of
the use of the detrended inflation instead of the level when the output gap is the forcing
variable is that it is necessary to apply a similar transformation to both variables to ensure
consistency in with respect to the analytical approach. The appendix presents a sensitivity
analysis using a different set of instruments used by Gali et al. (2001). The results are very
similar to those in Figure 9. Our findings show, contrary to Gali and Gertler (1999), that
by simply detrending inflation and using GLS-IV one can obtain reasonable estimates of the

NKPC even when the output gap measures are used.
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9 Conclusion

In the context of linear models with endogenous regressors and serially correlated errors, we
propose an alternative estimator, the GLS-IV, and show that a) it is more efficient than the
optimal GMM estimator and b) it preserves consistency with non-exogenous but predeter-
mined instruments. When both are consistent such as with exogenous instruments or models
of the “RE case”, GLS-IV still remains more efficient. We propose a feasible implementation
of the GLS-IV and show via simulations that it outperforms other methods. Our findings
suggest that, both with exogenous and with predetermined instruments, the GLS-IV yields
the lowest MSE for a wide range of specifications. The performance of the feasible GLS-1V is
similar to the infeasible GLS-IV testifying for the robustness of our proposed implementation.
In our empirical application, we estimate the parameters of the New Keynesian Phillips
Curve, comparing the results obtained using the optimal GMM and the GLS-IV. Contrary
to what Mavroeidis et al. (2014) concludes, we find that GLS-IV provides reliable parameter
estimates that align well with theoretical expectations, in contrast to results obtained with
GMM. This suggests that by applying the proper estimator, there is still much to be learned
from aggregate macroeconomic time series data. Our conclusion is that optimal GMM
should not be applied indiscriminately, assuming its optimality in every contexts. Despite
the general suboptimality of the GMM, a disproportionate amount of empirical work has been
devoted to finding better instruments for GMM or slightly changing the model specifications.
Our paper demonstrates that more emphasis should be put on adopting a long-neglected class
of estimators based on the principles of efficiency dictated by the GLS method, rather than
forcing optimality upon an estimator that is not. Our empirical application to the NKPC
shows the benefits of using a more efficient estimator than GMM such as the GLS-IV.
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Table 1: Parameter Descriptions

Parameter | Value | Description
N 1000 | Number of replications
T 200 | Sample size
Kmax 12 Maximum number lags considered in the
estimation of the AR(k) process
6] (1, 1) | Parameters to estimate
Y 1 Parameter governing the strength of the
instrument
1 1 Parameter in the data generating process
of z;
o? 1 Variance of ¢,
o2 1 Variance of v,
o2 5 Variance of w;
o, 5 Variance of wy
10) 0.5 | Covariance between ¢ and v




Figure 1: Simulations with © known and u ~ AR(1); exogenous instruments
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Note: The plots show the value of the (BIAS), mean square error (MSE), the average length of the con-
fidence interval (LENGTH), the exact coverage rate of the confidence interval for a nominal 90% level
(COVERAGE), and the mean value of the F statistic of the first stage (F-MEAN). The different colors rep-
resent different estimators, namely GLS-IV, FF, and GMM. On the horizontal axis, 6 different values of the
autoregressive parameter are considered: {—0.9,—0.6,—0.3,0.3,0.6,0.9}.



Figure 2: Simulations with Q2 unknown and u ~ AR(1); exogenous instruments
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Note: The plots show the value of the (BIAS), mean square error (MSE), the average length of the con-
fidence interval (LENGTH), the exact coverage rate of the confidence interval for a nominal 90% level
(COVERAGE), and the mean value of the F statistic of the first stage (F-MEAN). The different colors rep-
resent different estimators, namely GLS-IV, FF, and GMM. On the horizontal axis, 6 different values of the
autoregressive parameter are considered: {—0.9,—0.6,—0.3,0.3,0.6,0.9}.



Figure 3: Simulations with © known, u ~ M A(1); exogenous instruments
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Note: The plots show the value of the (BIAS), mean square error (MSE), the average length of the con-
fidence interval (LENGTH), the exact coverage rate of the confidence interval for a nominal 90% level
(COVERAGE), and the mean value of the F statistic of the first stage (F-MEAN). The different colors rep-
resent different estimators, namely GLS-IV, FF, and GMM. On the horizontal axis, 6 different values of the
autoregressive parameter are considered: {—0.9,—0.6,—0.3,0.3,0.6,0.9}.



Figure 4: Simulations with © unknown, u ~ M A(1); exogenous instruments
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Note: The plots show the value of the (BIAS), mean square error (MSE), the average length of the con-
fidence interval (LENGTH), the exact coverage rate of the confidence interval for a nominal 90% level
(COVERAGE), and the mean value of the F statistic of the first stage (F-MEAN). The different colors rep-
resent different estimators, namely GLS-IV, FF, and GMM. On the horizontal axis, 6 different values of the
autoregressive parameter are considered: {—0.9,—0.6,—0.3,0.3,0.6,0.9}.



Figure 5: Simulations with Q2 known and u ~ AR(1); predetermined instruments
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Note: The plots show the value of the (BIAS), mean square error (MSE), the average length of the con-
fidence interval (LENGTH), the exact coverage rate of the confidence interval for a nominal 90% level
(COVERAGE), and the mean value of the F statistic of the first stage (F-MEAN). The different colors rep-
resent different estimators, namely GLS-IV, FF, and GMM. On the horizontal axis, 6 different values of the
autoregressive parameter are considered: {—0.9,—0.6,—0.3,0.3,0.6,0.9}.



Figure 6: Simulations with © unknown and u ~ AR(1); predetermined instruments
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Note: The plots show the value of the (BIAS), mean square error (MSE), the average length of the con-
fidence interval (LENGTH), the exact coverage rate of the confidence interval for a nominal 90% level
(COVERAGE), and the mean value of the F statistic of the first stage (F-MEAN). The different colors rep-
resent different estimators, namely GLS-IV, FF, and GMM. On the horizontal axis, 6 different values of the
autoregressive parameter are considered: {—0.9,—0.6,—0.3,0.3,0.6,0.9}



Figure 7: Simulations with Q2 known, u ~ M A(1); predetermined instruments
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Note: The plots show the value of the (BIAS), mean square error (MSE), the average length of the con-
fidence interval (LENGTH), the exact coverage rate of the confidence interval for a nominal 90% level
(COVERAGE), and the mean value of the F statistic of the first stage (F-MEAN). The different colors rep-
resent different estimators, namely GLS-IV, FF, and GMM. On the horizontal axis, 6 different values of the
autoregressive parameter are considered: {—0.9,—0.6,—0.3,0.3,0.6,0.9}.



Figure 8: Simulations with © unknown, u ~ M A(1); predetermined instruments
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Note: The plots show the value of the (BIAS), mean square error (MSE), the average length of the con-
fidence interval (LENGTH), the exact coverage rate of the confidence interval for a nominal 90% level
(COVERAGE), and the mean value of the F statistic of the first stage (F-MEAN). The different colors rep-
resent different estimators, namely GLS-IV, FF, and GMM. On the horizontal axis, 6 different values of the
autoregressive parameter are considered: {—0.9,—0.6,—0.3,0.3,0.6,0.9}.



Table 2: Summary of the variables used

Inflation level | Inflation Gap
GDP Deflator Filtered GDP Deflator Gap
CPI Smoothed GDP Deflator Gap
Chained GDP Deflator Filtered CPI Gap
GNP Deflator Smoothed CPI Gap
Chained GNP Deflator SPF-based CPI Gap
NFB GDP Deflator Filtered Core CPI Gap
PCE Smoothed Core CPI Gap
Core PCE Filtered PCE Gap
Core CPI Smoothed PCE Gap
Filtered Core PCE Gap
Smoothed Core PCE Gap
Labor Share Output Gap
NFB CBO difference
NFB Cointegration Relation HP Filter GDP Gap (A = 10000)
HP filtered NFB gap BK filter GDP Gap
BK filtered NFB gap Linear Detrended GDP Gap

Linearly Detrended NFB Gap
Quadratically Detrended NFB Gap
Real-time NFB HP Gap (A = 1600)

Real-time NFB BK Gap
Real-time NFB Linear Detrended Gap
Real-time NFB Quadratic Detrended Gap

Quadratic Detrended GDP Gap
Real-time HP filtered GDP Gap (A = 10000)
Real-time BK Filter GDP Gap
Real-time Linear Detrended GDP Gap
Real-time Quadratic Detrended GDP Gap

Abbreviations: CPI (Consumer Price Index), SPF (Survey of Professional Forecasters), NFB (Non-Farm
Business), PCE (Personal Consumption Expenditures), CBO (Congressional Budget Office), HP (Hodrick-
Prescott), BK (Baxter-King). Fore more details, see Mavroeidis et al. (2014).



Figure 9: Empirical Results for the NKPC
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The four plots present the estimates of the coefficient of the forcing variable A on the vertical axis
and the estimates of the expected inflation coefficient 3 on the horizontal one. The plots on the
left show the results for GLS-IV, while the two on the right display the estimates using GMM.
The upper plots use labor share as a forcing variable and inflation measured in level. The bottom
plots use output gap as a forcing variable and inflation measured in gap. Every point in a plot
corresponds to a different combination of regressors and instruments using the available measures
of inflation, labor share and output gap.
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Appendix for Online Publication

In this supplement, we present a variety of additional results to illustrate the robustness
of the results and discuss in more details some issues discussed in the text.

A.1 Details about Argument 2 of Section 5

We show that GLS-IV is the only estimator that reduces to GLS which we know is optimal
with non-spherical errors. Start by considering the GMM and replacing Z = X Because we
have as many instruments as regressors (¢ = k), GMM reduce to standard IV, so that

= [X'Z(Z2'02)"'2'X] 7 X'Z2(Z2'02) " 2y
— [X'X(X'0X)T'X'X] T X'X(X'QX) T Xy
7£ BGLS7

so that GMM is consistent but not efficient. The FF estimator also does not reduce to GLS,
namely

BGMM

Bpp = [X'FZ(Z'2)Z'FX| ' X'F'Z(Z' )" Z'Fy
= [X'F’X(X’X)’lX'FX]_1 X'FX(X'X) ' X'Fy
= [X'F'X] ' X'F'y # Bars-
Moving now to GLS-IV, if we use X as instruments we revert to GLS, since

Bars—ry = [X7'2(Z2'Q7'2) 271 X] - X0z 2y 2y
= XXX XN XX (e Y) Xy
= [XQ7X]T X7y = Boss.

A.2 MA(1) case with Different Strength of Exogeneity

In Section 7.3, we reported simulation for the case with M A(1) errors and non-exogenous
instruments with parameter @ = 1. This implies a very strong correlation, which led to the
GLS-IV estimator having liberal coverage rate. Here, we show that with a smaller vale of
a = 0.25, the coverage rates for GLS-IV is fine. Also it remains by far superior to GMM
and FF when considering bias, MSE and length of the confidence intervals. The simulation
design is exactly the same, only the value of o changes. The results are presented in Figure
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A.1 for the case of §2 unknown (the case with € known is similar). The results show no bias
for GLS-IV and biased estimates for FF and GMM. The MSE and length of the confidence
intervals are smallest with GLS-IV. But now the coverage rate of GLS-IV is very near the
nominal 90% level, while that of FF and GMM are still below. This shows some sensitivity
of the coverage rate of GLS-IV to the extent of non-exogeneity between the instruments and
past innovations. When the strength of the correlation is moderate (o = 0.25) everything
is fine. However, there is some deterioration when the strength of the correlation is large
(v = 1) as reported in the main text. It remains an open question as what to be done to
achieve a precise coverage rate for any permissible value of a.

A.3 Sensitivity Analysis to Other Error Processes

In the main text, we used simple AR(1) and M A(1) processes. We here present results for
a broader class of processes. the design is exactly the same as in Section 7.3, except that we
vary the specification for the structure of the error process. We only report the case for €2
unknown as the results assuming {2 omega known are similar. We consider the following;:

o MA(3): w = e + @yi€-1 + ©ysi—2 + ©y3ei—3. We consider the following sets of
values for (¢,1, Pugs Pusz): (0.9,0.3,0.2), (—0.5,0.9,0.2), (0,0.3,0.2), (0.4,—0.3,0.2).
The results are presented in Figure A.2 for exogenous instruments and Figure A.3 for
non-exogenous but pre-determined instruments.

o AR(2): uy = pyui—1 + pyaut—o + €. We consider the following sets of values for
(Pu1s Pua): (1.34,—0.42), (0.5,—0.3), (—0.5,0.3), (0.0,0.3), (0.5,0.3). The results are
presented in Figure A.4 for exogenous instruments and Figure A.5 for non-exogenous
but pre-determined instruments.

o ARMA(1,1): w = p,ur—1 + e + p,e,_,. We consider the following sets of values
for (p,, ¢,): (0.5,—0.4), (0.2,—0.4), (0.5,—0.4), (0.8, —0.4), (0.8,0.5). The results are
presented in Figure A.6 for exogenous instruments and Figure A.7 for non-exogenous
but pre-determined instruments.

The results lead to qualitatively similar conclusions: GLS-IV has lower bias, MSE and
length of the confidence intervals in essentially all cases. The differences are larger when
considering non-exogenous instruments compared to when the instruments are exogenous;
e.g., most of the cases with ARM A(1,1) errors. The superiority of GLS-IV can be especially
large in some cases; e.g., an AR(2) with parameters (1.34, —0.42). GLS-IV also has better
coverage rates, though some cases show that the 90% nominal is not achieved. In some
cases, all methods fails with respect to the coverage rate. This is especially the case for MA
processes and non-exogenous regressors. As before reducing the extent of the correlation
between the instrument and the past innovation to a = 0.25 yields substantially better
results for GLS-IV.



A.4 Sensitivity Analysis to Different Instruments

In this section, we report the empirical results with an alternative set of instruments, namely
those used by Gali et al. (2001). These are four lags of inflation and two lags of the labor
share, the output gap, and the wage inflation. The results are presented in the bottom
panels of Figure A.8 when using the labor share and in Figure A.9 when using the output
gap. Again, note that in Steps 2-3, we do not use the lagged inflation instruments as they
are part of the regression. However, these are reintroduced when applying GLS-IV, once the
values of p; have been estimated.

The results are in the same direction as those in the main text but not as definitive.
When using the labor share, the GLS-IV estimates are again less dispersed than the GMM
estimates. But we have estimates of 3, the coefficient on expected inflation above one in
both cases. The median of the GLS-IV estimates is slightly above one, while the median of
the GMM estimates is slightly below one. In most cases, the estimates of v, the coefficient
associated with the labor shares are above zero. When using the output gap, the results are
broadly in line with those reported in the main text. Almost all estimates of v are above
zero whether using GLS-IV or GMM. However the estimate of 3 are spread out above one
using GMM, while they are more often below one when using GLS-IV. The medians of the
estimates of 3 and v are similar to those reported in the main text: slightly below one for 3
and about 0.1 for ~, consistent with theoretical predictions.

A.5 Non-invertible M A processes in the General Case

In this section, we present simulation results for the general case. The DGP is exactly as
specified in Section 7.3, except that we concentrate on the MA(1) case with parameters
taking values

0, =1{-19,-1.6,-1.3,1.3,1.6,1.9}.

Hence, all values are greater than one in absolute value so that the process is non-invertible.
We consider two cases with exogenous (o = 0) and non-exogenous instruments (o = 1).
Recall that here the instruments are correlated with the lagged value of the innovation,
namely e; ;. Since the results assuming {2 known or not are the same, we present only the
results for the latter case. These are in Figures A.10 for the case with exogenous instruments
and in Figure A.11 for the case with non-exogenous but pre-determined instruments.

When the instruments are exogenous, the results are similar to those reported in Figure
4 for the invertible M A(1) case. The main differences are: a) slightly larger bias, including
for GLS-IV; b) much improved coverage rates for GMM but now with a larger length of the
confidence intervals. The relative ranking in terms of MSE remains the same with GLS-IV
having the smallest value across the parameter space. The intuition for this result is as
follows. Any non-invertible MA process has an observationally equivalent representation in
terms of an invertible process. GLS will fit this process adequately. Then inference can
proceed as usual. The same applies to FF.
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Things are very different when the instrument are not exogenous. The bias and MSE are
much larger for all estimates, though those for GLS-IV are still the smallest. What is striking
is the complete breakdown in inference. The coverage rates of the confidence intervals are
near zero for all estimators, making a comparisons of the length of the confidence intervals
meaningless.

Some explanations for this issue can be understood using the following arguments. To
keep things simple and still get an idea of the main issues, we consider M A(1) errors given
by

u = puer—1+e = (1+¢,L)e,

with |, | > 1. This error process u; is observationally equivalent to
v =, a1+ ea=(1+¢, L,

where €; = ¢, ;. Let

L+¢s o, o - 0

vy 14el @, 0

Qualp,) =0T =02 | 0 Yo lHer o0
0 0 0 - 14+¢?

be the covariance matrix of u;. Given that 1+ ¢2 = ¢2(1 +1/¢?) and that ¢? = ¢2(1/¢2),
we have

Qurale,) = eaa(l/e,) (A1)

Equation (A.1) is key for understanding the breakdown in inference for GLS-IV, FF, and
GMM. Consider first GLS-IV. We have

BGLSfIV
_ -1 _ -
= | X2 (204(0)2) 7 29510, X]
_ — -1 _
XX'Qufa(0)Z (Z'Nial0) Z) Z'Ualen)y

= [X a0 VZ (Z'pale I)Z)_lzlgﬁ/x( JI)X]_l
X X' Uialea ) Z (2 %aley )Z) Z'Ualea)y
= 0+ [XIQJQIA(SD;l)Z (Z Qraly 1)2)_ ZlQJT/fA(SD;l)X]
<X'Ualea)Z (ZIQMA(SOul)Z) 2"yl u
since the proportionality factor ¢? cancels out. Hence, consistency holds provided

E[Z'Qyra(ey)u] =0, (A.2)

-1
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where u = (ug, ..., ur)’. This is equivalent to
E[Zfe;]] = E [((1 + @JlL)*th) ((1 + @JlL)*lut)] =0,
where

ef =(1+¢,' L) 1+ p,L)er = e+ 0,0, —0,) X2, (—p,) 7 e

and Z; = > 22 (p,) 7 Z;; Tt is clear then that condition A.2 is not satisfied with non
exogenous instruments, i.e., E(Z/e}) # 0.

Consider now FF. It uses an upper triangular matrix F(p,) such that F'(¢,)F(p,) =
Qura(p,). From the arguments above, it is clear that F(p,) = F(p,!), since

F'(0,)F(u) = Qualpn) = ¢2Qua(l/p,) = /(9 ) F (o). (A.3)
Then, with P, = Z (Z'Z)™" Z', the usual orthogonal projection matrix,
Brr = [X'F(p)P2F(0,)X] " X'F'(9,)P2F(p,)y
= [X' (o) P () X] T X' F (0, P2 F (0, )y
= B+ [X'F(e)PrF (o) X)X F/ (9, )Pz F (g u (A4)
since again the proportionality factor ¢, cancels out. Hence, the condition for consistency is
E[Z'F'(¢, " )u] =0 (A.5)
This is equivalent to
E[Zié)| =B [Z (14 ¢, ' L) uy)] =0,

where
ElZe)) =B [Z (14 ¢, ' L) )] =0,
with
& = (I+ SOJIL_I)_I(l + @, L)es
> e (—%jl)j Uprj = U — 0, Upyr 4+, Uppo + oo
= @yt + e — @, (puer + er1) + on (Puerin + e2) + ...
= Pulr-1, (A.6)

so that V(¢é;) = p202. This means that condition A.5 is not satisfied with non exogenous
instruments since one can have E(Z;e; 1) # 0. When the instruments are exogenous, the
limit distribution of the infeasible FF estimator is

VT(Bpp —B) % N0, [X'F(p,)PsF (0,)X] 7).
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Since the feasible version will fit the invertible representation given the observational equiv-
alence, the limit distribution of the feasible version will be, in view of (A.6),

VI(Brp = B) 5 N(O, @2plime oo [X'F' (6, ) P2 F (,)X] )
= N(0,plimr o0’ [X'F'(,) PzF (0,) X] ")
Hence, the two are equivalent and the feasible version have provides the correct asymptotic
confidence intervals.
Moving now to GMM, we have
Bawn = [X'2(Z2'02)72'X|7 X' 2(2'02) Yy
= B+ [X'2(Z2'02)' 2 X] 7 X' 2(Z2'QZ) .

The condition for consistency is then simply
E[Z'u] = 0.
This is equivalent to
ElZuw] =E[Z/(1 - ¢,L)e)] = EB[Zi(es — ¢ e-1)] = 0,

which, in general, requires exogenous instruments. When this is the case, the limit distrib-
ution of the feasible and infeasible version of GMM coincide and is given by

VT (Bpp — B) > N(O, plimp—.ooo®[ X' 2(Z'Q2) 2/ X 71)).

A.6 Non-invertible M A Processes in the RE Case

Again, to keep things simple, we discuss the case of rational expectations model by looking at
an application related to the estimation of the Taylor Rule. This is a case where the rational
expectation hypothesis can generate errors that follows a moving average process that are
uncorrelated with contemporaneous instruments. We will see that the Forward Filter and
GMM remain consistent, while GLS-IV is not.

The Taylor Rule is widely used as an approximation of the monetary policy rule and
states that the interest rate in each period 7, is a function of expected inflation E;(m;,2) ad
output gap ¢, as follows

re = By + B1Ei(mis2) + Bogi

Here, we specify a two-periods ahead expected inflation so that the expectation errors follow
a M A(1) process. We assume that inflation follows an AR(2) process given by:

Tt = Q1M1 + Gomy + €0 + Y1), (A7)
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where e, and 7, are two error terms. The need of the latter will become clear later. Using
the rational expectation hypothesis, we can rewrite A.7 as follows

T = Bo + B2 + Bagr + (A.8)
where the error follows an M A(1) process given by

up = =1 (2 + dreeir).

We assume for simplicity that e;, g¢;,7n, are jointly drawn from the following multivariate
normal distribution

€t 0 O'g 0 0
g | ~ N 0,10 0'12] 0
7, o |0 0 o2

We note that 75 is correlated with u; in (A.8). We specify the instrument z; as follows
2t = M4 + acy_q,

where 7, guarantees that the relevance condition is satisfied and a controls the exogeneity
of the instrument. Note that whenever o = 0, then u; and z; are uncorrelated. This implies
that GLS-IV, FF, and GMM are all consistent. However, when « # 0 multiple cases need
to be considered. Within the set of parameters ¢,, ¢, such that inflation is stationary (i.e.,
—(1—=¢y) < ¢y <1—0¢y and ¢y > —1) if |p;| < 1 then wu; is invertible and all estimators are
all consistent. If (ii) |¢;] > 1 then u; is not invertible and GLS-IV is not consistent while
FF an GMM are. To understand why in case (i) FF is consistent we rewrite the condition
A.5 for the rational expectation case as

E[Z'F(¢7")u] =0, (A.9)
where u = (ug, ..., ury2)". This is equivalent to
E[Ziérso) = E [Z (14 ¢ ' L7Y) Mugsn) | = 0,
and

b = L1+ 07" L7 1+ ¢yL)erys
By(preii1 + erra — ¢fl(¢1€t+2 + ei43) + ¢f2(¢1€t+3 + €ra) +.0)
= [1P1€i41-

This means that condition A.9 is satisfied with non exogenous instruments (o # 0). A
similar argument for GMM shows that

E[Zwu o] = EB[Z:8,(1 — ¢y L)eryo] = B[Zif (€112 — drei41)] = 0,
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requiring only pre-determined instruments. Following the arguments in the previous sub-
section, the limit distribution of GMM and FF are the same and as stated previously. For
GLS-1V, the transformation will involve the observationally equivalent representation with
(L) = (14 ¢ 'L). A researcher using the invertible model would not recover the true
structural shocks, but rather

(147" L) My = (L+ 67 L) 11+ ¢y L)ersy
= e+ (01 — o)L+ ¢ L) tern
= ek + (01" — 1) Yoto(—01 L) ersn s
= €kt (¢1_1 —¢1) 220<_¢1)_i€t+k—1—i~

The problem is with the second term, which involves all past values of the innovations,
thereby requiring exogenous instruments for GLS-IV to remain consistent.

To describe the results above, we simulate the Taylor Rule and run the following regres-
sion:

e = By BiTige + Bage + uy,
e = Zy+ vy,

where 1T = (I1;,115) and Z; = (z,2,-1). We set the parameters to the following values:
T =1000, N =500, j=1,5=(1,1,1),0.,=1,0,=1,0,=1,and vy = 1.

Tables A-1 and A-2 report results where ¢ = [1.2,—0.6] with @ = 1 (non-exogenous
instruments). The former assumes 2 is known and we can see that the GMM and FF
estimators are unbiased GLS-IV is not. Qualitatively similar results are found when 2 is
unknown and the feasible versions are used.

Tables A-3 and A-4 report similar results with @ = 0 (exogenous instruments). The
former assumes €2 is known. Then, all estimators unbiased and perform similarly. The same
conclusions apply to the case with the feasible versions of the estimators that assume ()
unknown. Again, all estimators are unbiased, however GLS-IV performs poorly in terms of
MSE. Overall, the coverage rates are near the nominal 90% significance level, though the
length of the confidence intervals are smaller with GMM or FF compared to GLS-IV.



Figure A-1: Simulations with Q unknown, u ~ M A(1); predetermined instruments (o =
0.25)
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Note: The plots show the value of the (BIAS), mean square error (MSE), the average length of the confidence
interval (LENGTH), the exact coverage rate of the confidence interval for a nominal 90% level (COVERAGE),
and the mean value of the F statistic of the first stage (F_MEAN). The different colors represent different
estimators, namely GLS-IV, FF, and GMM. On the horizontal axis, 6 different values of the autoregressive
parameter are considered: {—0.9,—0.6,—0.3,0.3,0.6,0.9}.
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Figure A-2: Simulations with € unknown, u ~ M A(3); exogenous instruments
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and the mean value of the F statistic of the first stage (F_-MEAN). The different colors represent different
estimators, namely GLS-IV, FF, and GMM. On the horizontal axis, 4 different values of the moving average
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Figure A-3: Simulations with € unknown, u ~ M A(3); predetermined instruments
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Note: The plots show the value of the (BIAS), mean square error (MSE), the average length of the confidence
interval (LENGTH), the exact coverage rate of the confidence interval for a nominal 90% level (COVERAGE),
and the mean value of the F statistic of the first stage (F_-MEAN). The different colors represent different
estimators, namely GLS-IV, FF, and GMM. On the horizontal axis, 4 different values of the moving average
parameter are considered: {(0.9,0.3,0.2),(—0.5,0.9,—0.2),(0,0.3,0.2),(0.4,-0.3,0.2)}.
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Figure A—4: Simulations with © unknown, u ~ AR(2); exogenous instruments
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Note: The plots show the value of the (BIAS), mean square error (MSE), the average length of the confidence
interval (LENGTH), the exact coverage rate of the confidence interval for a nominal 90% level (COVERAGE),
and the mean value of the F statistic of the first stage (F_-MEAN). The different colors represent different
estimators, namely GLS-IV, FF, and GMM. On the horizontal axis, 4 different values of the autoregressive
parameters are considered: {(1.34,—0.42), (0.5, —0.3), (—0.5,0.3), (0, 0.3), (0.5,0.3)}.
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Figure A-5: Simulations with € unknown, u ~ AR(2); predetermined instruments
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Note: The plots show the value of the (BIAS), mean square error (MSE), the average length of the confidence
interval (LENGTH), the exact coverage rate of the confidence interval for a nominal 90% level (COVERAGE),
and the mean value of the F statistic of the first stage (F_-MEAN). The different colors represent different
estimators, namely GLS-IV, FF, and GMM. On the horizontal axis, 4 different values of the autoregressive
parameters are considered: {(1.34,—0.42), (0.5, —0.3), (—0.5,0.3), (0, 0.3), (0.5,0.3)}.



Figure A—6: Simulations with € unknown, u ~ ARM A(1, 1); exogenous instruments
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Note: The plots show the value of the (BIAS), mean square error (MSE), the average length of
the confidence interval (LENGTH), the exact coverage rate of the confidence interval for a nomi-
nal 90% level (COVERAGE), and the mean value of the F statistic of the first stage (F-MEAN).
The different colors represent different estimators, namely GLS-IV, FF, and GMM. On the horizon-
tal axis, 4 different values of the autoregressive and moving average parameters (py, @, ) are considered:
{(-0.5,-0.4),(0.2,-0.5), (0.5, —0.4), (0.5,0.5), (0.8, —0.4), (0.8,0.5) }.



Figure A-7: Simulations with © unknown, u ~ ARM A(1, 1); predetermined instruments
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Note: The plots show the value of the (BIAS), mean square error (MSE), the average length of
the confidence interval (LENGTH), the exact coverage rate of the confidence interval for a nomi-
nal 90% level (COVERAGE), and the mean value of the F statistic of the first stage (F-MEAN).
The different colors represent different estimators, namely GLS-IV, FF, and GMM. On the horizon-
tal axis, 4 different values of the autoregressive and moving average parameters (py, @, ) are considered:
{(-0.5,-0.4),(0.2,-0.5), (0.5, —0.4), (0.5,0.5), (0.8, —0.4), (0.8,0.5) }.
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Figure A-8: Gali, Gertler and Lépez-Salido instrument set; labor share
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Figure A-9: Gali, Gertler and Lépez-Salido instrument set; output gap
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Figure A-10: Simulations with € unknown, u ~ M A(1) (non-invertible); exogenous instru-
ments
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Note: The plots show the value of the (BIAS), mean square error (MSE), the average length of the confidence
interval (LENGTH), the exact coverage rate of the confidence interval for a nominal 90% level (COVERAGE),
and the mean value of the F statistic of the first stage (F_MEAN). The different colors represent different
estimators, namely GLS-IV, FF, and GMM. On the horizontal axis, 6 different values of the moving average
parameter are considered: {—1.9,—1.6,—1.3,10.3,1.6,1.9}.



Figure A-11: Simulations with © unknown, u ~ MA(1) (non-invertible); predetermined
instruments
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Note: The plots show the value of the (BIAS), mean square error (MSE), the average length of the confidence
interval (LENGTH), the exact coverage rate of the confidence interval for a nominal 90% level (COVERAGE),
and the mean value of the F statistic of the first stage (F_MEAN). The different colors represent different
estimators, namely GLS-IV, FF, and GMM. On the horizontal axis, 6 different values of the moving average
parameter are considered: {—1.9,—1.6,—1.3,10.3,1.6,1.9}.
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Table A—1: Summary Statistics for 51 with €2 unknown, a =1

Coverage Bias MSE MAE Std. Error Length
glsiv 0.01 -0.697 0.633 0.697 0.15 0.49
ff 0.90 0.006 0.003 0.046 0.06 0.19
gmm 0.91 0.002  0.003 0.045 0.06 0.19

Table A—2: Summary Statistics for Bl with 2 known, a =1

Coverage Bias MSE MAE Std. Error Length
glsiv 0.05 -0.726  0.601 0.735 0.14 0.47
ff 0.89 0.005 0.003 0.045 0.06 0.19
gmm 0.91 0.002 0.003 0.045 0.06 0.19

Table A-3: Summary Statistics for ﬂAl with € known, o =0

Coverage Bias MSE MAE Std. Error Length
glsiv 0.90 0.002 0.004 0.052 0.06 0.21
ff 0.91 0.004 0.004 0.048 0.06 0.19
gmm 0.90 0.003 0.004 0.047 0.06 0.19

Table A—4: Summary Statistics for Bl with € unknown, o = 0

Coverage Bias MSE MAE Std. Error Length
glsiv 0.89 -0.042 0.138 0.107 0.13 0.44
i 0.89 0.005 0.004 0.048 0.06 0.19
gmm 0.90 0.004 0.004 0.048 0.06 0.19






