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In Section S-1, we present detailed theoretical and simulation evidence about the claims
made in Remark 6. Additional simulation results are reported in Section S-2 that complement
those in Section 5, while Section S-3 presents simulation results for predictive regressions.
Section S-4 discusses our suggested method to further correct for possible heteroskedasticity
in the errors. The method is presented as well as simulations showing that further reductions
in MSE can be achieved. Section S-5 contains the preliminary lemmas and the proofs of the
results stated in Section 4.1 of the paper.

S-1 The Robustness of GLS

It is often argued that GLS may be less robust than OLS because a wrong specification
of the process for ut may lead GLS to have higher MSE than OLS. We show that this is
incorrect, in general. To have meaningful comparisons, we assume exogenous regressors so
that both OLS and GLS are consistent. Note first that GLS is consistent even when using
a misspecified model when the regressors are exogenous and pre-determined. Suppose you
assume that V (u) = σ2

eΩ∗ while the correct specification is V (u) = σ2
eΩ. Let Ω−1

∗ = D′
∗D∗

and Ω−1 = D′D. Then,

T−1X ′Ω−1
∗ u = T−1X ′Ω−1

∗ D−1e = T−1(HX)′e
p→ 0,

since HX with H = (D−1)′Ω−1
∗ is simply a linear combination of all the regressors, which are

uncorrelated with the innovations at all leads and lags (and current value). We shall show
that when adopting a simple AR(1) specification, it is possible to obtain GLS estimates that
performs no worse than OLS, and most often much better, irrespective of the true data-
generating process for the errors, as long as it is stationary. For reasons that will become
clear, we apply an AR(1) GLS with some known value ρ, i.e., OLS applied to the regression
(10). We ignore the initial condition for simplicity. We have the following results about the
relative MSE of OLS and GLS.

Theorem A.1. Let ut be a zero mean stationary process and β̂GLS the estimate applying
OLS to (10) for a given value ρ. The scalar exogenous variable xt is jointly stationary with
ut, both having at least finite second-order moments, and satisfies p limT→∞ T−1

t=1
T−jxtxt+j =

Rx(j), corx(j) = Rx(j)/Rx(1), with similar definitions for coru(j). Also, hxu(0) is the
spectral density function at frequency zero of xtut, R̃xu(1) =

∫ π
−π cos(λ)hx(λ)hu(λ)dλ, and

R̃xu(2) =
∫ π
−π cos(2λ)hx(λ)hu(λ)dλ with hx(λ) and hu(λ), the spectral density function of xt

and ut, respectively. Then, limT→∞(MSE(β̂GLS)/MSE(β̂OLS)) < 1if

ρ2 − 2ρ(1 + ρ2)R̃xu(1)/hxu(0) + ρ2R̃xu(2)/hxu(0) < 2ρ2corx(1)
2 − 2ρ(1 + ρ2)corx(1).
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The result in the previous Theorem, proved in Section S-1.1, is useful but opaque as far
as obtaining useful insights given the level of generality. The following corollary considers
the case with i.i.d. regressors. While restrictive, the results allow important insights that
still apply with a serially correlated regressor.

Corollary A.1. Under the same conditions as in Theorem A.1, except that xt ∼ i.i.d.(0, σ2
x),

limT→∞(MSE(β̂GLS)/MSE(β̂OLS)) < 1 if

ρ/(2(1 + ρ2))(1 + coru(2)) < coru(1) when ρ > 0,

ρ/(2(1 + ρ2))(1 + coru(2)) > coru(1) when ρ < 0.

A necessary condition for such inequalities to hold is that ρcoru(1) > 0. To explore the
intuitive content, suppose that ut is an AR(1) process with parameter ρu and ρ > 0. Then,

limT→∞(MSE(β̂GLS)/MSE(β̂OLS)) < 1 ⇐⇒ ρ(1 + ρ2u)− 2ρu(1 + ρ2) < 0.

If ρ = ρu, the condition is trivially satisfied, as expected. Moreover, it is satisfied unless
ρu < 0.27, in which case we need 0 < ρ < 2ρu. As will transpire from the simulation results,
ρcoru(1) > 0 is nearly also a sufficient condition unless coru(1) is small. This is quite a
strong result. It says that applying GLS with an AR(1) specification will lead to an estimate
with lower MSE than OLS for a wide range of data-generating processes for ut by simply
quasi-differencing the data with a parameter ρ that has the same sign as coru(1), the first-
order correlation coefficient of ut. If coru(1) = 0, OLS performs better. This can occur with
serial correlation implying coru(1) = 0 and coru(j) ̸= 0 for some j > 1. An example is an
MA(2) process of the form ut = et + θ2et−2. We view such cases as knife-edge ones. When
coru(1) is small, the same results hold for a range given by 0 < ρ < 2ρu.

S-1.1 Proof of some results

Proof of Theorem A.1. The GLS estimator is the OLS estimator of the quasi-differenced
equation

(yt − ρyt−1) = (xt − ρxt−1)
′β + et, (t = 2, ..., T ).

Let wt = ut − ρut−1 and note that wt is a filter: wt = ψ(L)ut with ψ(L) = (1 − ρL). Let
Λ = E[uu′] so that

Λ−1 =



1 −ρ

−ρ 1 + ρ2 −ρ 0

−ρ 1 + ρ2 −ρ
. . .

0 −ρ 1 + ρ2 −ρ

−ρ 1


.
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Hence, the GLS estimator can be written as

β̂GLS = (X ′Λ−1X)−1X ′Λ−1y,

β̂GLS − β = (X ′Λ−1X)−1X ′Λ−1u.

The variance of the GLS estimator is

V ar(β̂GLS) = (X ′Λ−1X)−1X ′Λ−1ΩΛ−1X(X ′Λ−1X)−1.

The OLS estimator can be written as

β̂OLS = (X ′X)−1X ′y,

β̂OLS − β = (X ′X)−1X ′u.

with V ar(β̂OLS) = (X ′X)−1X ′ΩX(X ′X)−1. Since both estimators are consistent the limit
of their MSE is equivalent to the limit of their variance. We have,

limT→∞ TV ar(β̂OLS) = p limT→∞(T−1X ′X)−1T−1X ′ΩX(T−1X ′X)−1

= Rx(0)
−22πhxu(0).

Note that hxu(0) is the spectral density function of the process zt = xtut. By the Convolution
Theorem, we have,

hxu(ω) =

∫ π

−π
hx(λ)hu(ω − λ)dλ,

and thus
hxu(0) =

∫ π

−π
hx(λ)hu(−λ)dλ =

∫ π

−π
hx(λ)hu(λ)dλ,

since hu(−λ) = hu(λ). The asymptotic variance of the GLS estimator is

limT→∞ TV ar(β̂GLS) = p limT→∞(T−1X ′Λ−1X)−1T−1X ′Λ−1ΩΛ−1X(T−1X ′Λ−1X)−1

= ((1 + ρ2)Rx(0)− 2ρRx(1))
−22πhx∗u∗(0), (A.1)

where x∗t = xt− ρxt−1 and u∗t = ut− ρut−1. The spectral density function of x∗t is thus given
by

hx∗(ω) = |ψ(e−iω)|2hx(ω)
= (1− ρe−iω)(1− ρeiω)hx(ω)

= (1 + ρ2 − 2ρ cos(ω))hx(ω).

Analogously, the spectral density function of u∗t , is given by

hu∗(ω) = (1 + ρ2 − 2ρ cos(ω))hu(ω).
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Hence, the spectral density function at frequency zero of the process z∗t = x∗tu
∗
t is

hx∗u∗(0) =

∫ π

−π
h∗x(λ)h

∗
u(−λ)dλ

=

∫ π

−π
(1 + ρ2 − 2ρ cos(λ))2hx(λ)hu(λ)dλ

= (1 + ρ2)2hxu(0)− 4ρ(1 + ρ2)

∫ π

−π
cos(λ)hx(λ)hu(λ)dλ

+4ρ2
∫ π

−π
cos(λ)2hx(λ)hu(λ)dλ

= (1 + ρ2)2hxu(0)− 4ρ(1 + ρ2)

∫ π

−π
cos(λ)hx(λ)hu(λ)dλ

+2ρ2
∫ π

−π
(1 + cos(2λ))hx(λ)hu(λ)dλ

= (2ρ2 + (1 + ρ2)2)hxu(0)− 4ρ(1 + ρ2)R̃xu(1) + 2ρ2R̃xu(2).

Now, we can write equation (A.1) as

limT→∞ TV ar(β̂GLS) = ((1 + ρ2)Rx(0)− 2ρRx(1))
−22π((2ρ2 + (1 + ρ2)2)hxu(0)

−4ρ(1 + ρ2)R̃xu(1) + 2ρ2R̃xu(2))

and the ratio of interest is

limT→∞

(
MSE(β̂GLS)

MSE(β̂OLS)

)
=

limT→∞ TV ar(β̂GLS)

limT→∞ TV ar(β̂OLS)

=
Rx(0)

2

((1 + ρ2)Rx(0)− 2ρRx(1))2
(2ρ2 + (1 + ρ2)2)hxu(0)− 4ρ(1 + ρ2)R̃xu(1) + 2ρ2R̃xu(2)

hxu(0)
,

and thus,

limT→∞

(
MSE(β̂GLS)

MSE(β̂OLS)

)
< 1

iff (2ρ2 + (1 + ρ2)2)− 4ρ(1 + ρ2)
R̃xu(1)

hxu(0)
+ 2ρ2

R̃xu(2)

hxu(0)
< ((1 + ρ2)− 2ρcorx(1)))

2

iff ρ2 − 2ρ(1 + ρ2)
R̃xu(1)

hxu(0)
+ ρ2

R̃xu(2)

hxu(0)
< 2ρ2corx(1)

2 − 2ρ(1 + ρ2)corx(1).□

Proof of Corollary A.1: Note that if xt is i.i.d., its spectral density function is hx(ω) =

(2π)−1Rx(0) for all ω. Thus, using the results in Theorem A.1:

hxu(ω) =

∫ π

−π
hx(λ)hu(λ)dλ = hx(0)

∫ π

−π
hu(λ)dλ

=
1

2π
Rx(0)Ru(0)
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and

R̃xu(1) =

∫ π

−π
cos(λ)hx(λ)hu(λ)dλ = hx(0)

∫ π

−π
cos(λ)hu(λ)dλ =

1

2π
Rx(0)Ru(1),

R̃xu(2) =

∫ π

−π
cos(2λ)hx(λ)hu(λ)dλ = hx(0)

∫ π

−π
cos(2λ)hu(λ)dλ =

1

2π
Rx(0)Ru(2).

Hence,

limT→∞

(
MSE(β̂GLS)/MSE(β̂OLS)

)
< 1

iff ρ2 − 2ρ(1 + ρ2)coru(1) + ρ2coru(2) < 0

iff
ρ

2(1 + ρ2)
(1 + coru(2)) < coru(1) when ρ > 0,

iff
ρ

2(1 + ρ2)
(1 + coru(2)) > coru(1) when ρ < 0.□

S-1.2 Simulations

We illustrate the issues discussed using simulations. We consider the following DGP:

yt = α + βxt + ut,

where xt ∼ i.i.d. N(0, 1). We set (α, β) = (0, 1), without loss of generality. The sam-
ple size is T = 200. For the errors ut, we consider the following specifications: 1) AR(1):
ut = ρuut−1 + et; ρu = {−0.5, 0.0, 0.2, 0.5, 0.8}; 2) AR(2): ut = ρu1ut−1 + ρu2ut−2 + et;
(ρu1, ρu2) = {(1.34,−0.42), (0.5,−0.3), (−0.5, 0.3), (0.0, 0.3), (0.5, 0.3)}; 3) MA(1): ut =

et + θet−1; θ = {−0.7,−0.4, 0.5}; 4) ARMA(1, 1): ut = ρuut−1 + et + θet−1; (ρu, θ) =

{(−0.5,−0.4), (0.2,−0.4), (0.2, 0.5), (0.5,−0.4), (0.5, 0.5), (0.8,−0.4), (0.8, 0.5)}. Through-
out, et ∼ i.i.d. N(0, σ2

e) independent of xj for all t and j so that the regressors are exogenous,
otherwise OLS would be inconsistent and the comparisons meaningless. We set σ2

x = σ2
e = 1.

For all cases, we consider a range of values for the parameters. These are chosen mostly arbi-
trarily, except for the first pair of the AR(2) case, which are typical estimates for detrended
U.S. real GDP; e.g., Blanchard (1981). In all cases, we adopt an AR(1) specification with
different values of the quasi-differencing parameter ρ. The results are presented in Table
S.1. The first column reports the value of coru(1) and the main entries are the MSE of GLS
relative to the MSE of OLS for various value of ρ in the range (−0.9, 0.9). We shall discuss
the purpose of the values reported in the last column later.

It is most instructive to start with the AR(1) case. When ρu = 0, as expected OLS is best
and GLS has higher MSE. When ρu = −0.5, GLS has lower MSE for all negative values of
ρ and, vice versa, when ρu = 0.5, 0.8, GLS has lower MSE for all positive values of ρ. When
ρu = 0.2, a small value, things are more complex. Here, GLS is best when ρ ∈ (0.1, 0.4)
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but marginally worse than OLS when ρ ∈ (0.5, 0.9) (and, of course also worse when ρ is
negative). These results are what one would expect from Corollary A.1, in particular the
fact that when ρu < 0.5 GLS is better when 0 < ρ < 2ρu. The results for the other cases are
qualitatively similar and in accordance with the theory. When coru(1) is “large”, GLS has
smaller MSE than OLS when the sign of the quasi-difference parameter is the same as the
sign of coru(1). If coru(1) is “small” GLS is better when ρ is in the vicinity of coru(1). Of
special interest is the AR(2) case with (ρu1, ρu2) = (1.34,−0.42), which is roughly typical of
many macroeconomic time series given the strong serial correlation. In this case, the gains in
MSE reduction over OLS are of the order of 95% when ρ ∈ (0.6, 0.9). These are substantial
gains, which can be obtained by merely using an incorrect AR(1) process with a wide range
of values of ρ. This illustrates strong robustness to using GLS.

The theoretical and simulation results suggest a very simple procedure to obtain a GLS
estimate that is (almost) never worse than OLS, subject to very minor random deviations.
First use a test for serial correlation at delay one; we use the LM test of Godfrey (1978). If
the test does not reject the null hypothesis of no serial correlation, then use OLS. This will
occur when coru(1) is “small”. If the test rejects, estimate coru(1) via the sample first-order
serial correlation of the OLS residuals. If it is positive (negative), use any positive (negative)
value of the quasi-differencing parameter ρ. To make clear that any value of ρ will do, in
the simulations we simply draw ρ from a Uniform distribution with support (0.1, 0.9) when
positive values are required and with support (−0.9,−0.1) when negative values are in order.
The results for the relative MSE of GLS over that of OLS are reported in the last column
of Table S.1 under the heading “hybrid”. They show that this hybrid-GLS procedure yields
more precise estimates for all cases, except for minor cases due to random variations when
coru(1) is “small”. An exception is when coru(1) = 0 and there is correlation at higher lags;
see the AR(2) case with (ρu1, ρu2) = (0.0, 0.3). We view this as a knife-edge case.

Tables S.2-S.3 report corresponding results when xt is an AR(1) process given by xt =

ρxxt−1+ vt with vt ∼ i.i.d. N(0, 1), with ρx = 0.5 and ρx = 0.8. The results are qualitatively
similar.

Remark 1. In the hybrid procedure discussed above, we use the OLS residuals to construct
an estimate of coru(1). From the results in Section 2.1, the OLS estimates of the parameters
are inconsistent when the regressors are not exogenous. Here, however, the regressors are
exogenous. When constructing a FGLS estimate, we do not need this hybrid procedure.

Remark 2. After the first draft of this paper was completed, we became aware of the work
by Koreisha and Fang (2001). They present exact bounds for the relative variance of OLS,
GLS and Feasible GLS allowing for misspecification of the process generating the errors when
constructing the FGLS estimate. The results depend on the covariance matrix of the errors,
the exact nature of the GLS structure used and the method to construct the FGLS estimate,
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the regressors and the sample size. The bounds are, however, not informative and quite
complex. Accordingly they resort to simulation experiments using approximate autoregressive
processes of order 1, 7 and 14 when T = 200 to construct the FGLS estimate. In the paper,
they report results for few selected cases, which do not allow addressing several of the issues
discussed above, e.g., the effect of the sign of the quasi-difference parameter, the strength of
the correlation in the errors. They wrongly conclude that GLS (constructed using an AR
misspecification) is always better than OLS. As shown above this is not the case.

S-2 Additional simulations related to Section 5

Tables S.4-S.7 present simulations results related to those presented in Section 5. The setup
is exactly the same, except that we set ρx = 0, instead of ρx = 0.8. The goal is simply to
show robustness of the results. They are indeed qualitatively similar. As in the paper, the
FGLS confidence intervals are based on the exogeneity-robust variance estimator ÂV arR of
Theorem 2 in the paper, and the median autoregressive order selected by the BIC is reported
in the last column of each table. The coverage rates are close to the nominal level, with the
same qualifications as discussed in Section 5 of the paper.

S-3 Simulations with predictive regressions

As discussed in Remarks 1 and 5, in the case of predictive regressions assuming rational
expectations, both OLS and GLS are consistent. We present the results of a small simula-
tion experiment to show that, with exogenous or non-exogenous regressors, FGLS delivers
substantially lower MSE and shorter confidence intervals than OLS, when the MA process
is invertible. The setup adopted corresponds to regression

yt+k = x′tβ + ut+k

with k = 2 so that the errors are MA(1). The data-generating process is similar to that
used above except that the regressors are lagged two periods so that yt = α + βxt−2 + ut,
ut = et+θet−1 and xt = ρxxt−1+vt+γet−1 with vt and et independent i.i.d.N(0, 1) variables.
We set (α, β) = (0, 1), ρx = 0 and again γ = 0 (exogenous regressors), γ = 0.25 (weak
correlation) and γ = 0.50 (strong correlation). We also consider θ = −0.7, −0.4 and 0.5.

The results are presented in Table S.8. With γ = 0, the results are similar to those
in Table 4. FGLS and GMA have much lower MSE than OLS and are nearly as efficient
as the infeasible GLS, especially when T = 500. The coverage rates for all methods are
near the nominal 95% level. Again, the length of the confidence intervals are shorter with
FGLS and GMA compared to OLS. With non-exogenous regressors, the results are broadly
similar, with one qualification: the coverage rates for FGLS show some under-coverage when
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γ = 0.5, most notably when θ = −0.7 (0.87 when T = 200 and 0.84 when T = 500), for the
reason discussed in Section 5 of the paper, namely that the implied autoregressive coefficients
decay slowly while the BIC selects a small order, so that the truncation of the autoregressive
approximation induces a bias. The coverage rates for GMA, which is tailored to the MA
structure, remain close to the nominal level. This is in line with our theoretical results.

S-4 Correcting for heteroskedasticity

In this section, we now consider a FGLS procedure for heteroskedasticity in the errors et. We
describe the method suggested by González-Coya and Perron (2024) based on an Adaptive
Lasso procedure to fit the skedastic function. Lasso is a non-parametric estimation method
first proposed by Tibshirani (1996). It selects regressors amongst a potentially large set wtj
(j = 1, ..., d), where d can be very large, by imposing a ℓ1 penalty on their size. Lasso forces
the coefficients to be equally penalized. We can, however, assign different weights to different
coefficients. If the weights are data-dependent and properly chosen, this can enhance the
properties of Lasso, in particular when the irrelevant covariates are highly correlated with
the relevant ones. To that effect, Zou (2006) considered the adaptive Lasso given by

ϕ̂A = argminϕ{(1/2)Tt=1(log(v
2
t )− ϕ0 −d

j=1 wtjϕj)
2 + λdj=1ϑ̂j |ϕj|}, (A.2)

where ϑ̂j = |ϕ̂j|−ψ, ψ > 0 and ϕ̂j is a root-T -consistent estimator of ϕj. Here, vt is some
process exhibiting heteroskedasticity, though no serial correlation, to be specified below. The
implementation of Adaptive Lasso to obtain a fit to the skedastic function is as follows. 1)
Compute the first-step estimate of ϕ as the solution to the Ridge regression problem:

ϕ̂ridge = argminϕ{(1/2)Tt=1(log(v
2
t )− ϕ0 −d

j=1 wtjϕj)
2 + λrj=1

dϕ2
j},

where λr is selected via cross-validation. 2) Compute the weights as ϑ̂j = |ϕ̂ridgej |−ψ. The
Adaptive Lasso estimates are then

ϕ̂A = argminϕ{(1/2)Tt=1(log(v
2
t )− ϕ0 −d

j=1 wtjϕj)
2 + λAj=1

d|ϕ̂ridgej |−ψ |ϕj|},

where the two tuning parameters, λA and ψ are selected via the following K-cross-validation
method: a) Fix L possible values for ψ; we use L = 6 and ψc = (0, 0.25, 0.5, 0.75, 1, 2). b)
Fix a partition for the K-fold cross-validation, i.e., split the data into K roughly equal-
sized parts. We use K = 10. Let κ : {1, . . . , T} 7→ {1, . . . , K} be an indexing function
that indicates the partition to which observation t is allocated to by the randomization. c)
For every ψci , compute the optimal cross-validated λAi and the mean cross-validated error.
For the kth part, we fit the model to the other K − 1 parts of the data, and calculate the
prediction error of the fitted model when predicting the kth part of the data. We do this for
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k = 1, . . . , K and combine the K estimates of the prediction error. Denote by f̂−k
i (w) the

fitted function, computed with the kth part of the data removed and using ψci . Then the
cross-validation estimate of the prediction error is

CV(f̂i) = T−1
t=1

TL
(
log(v2t ), f̂

−κ(t)
i (w)

)
,

where L(·) is a loss function; we use the MSE. Let λAi be the value that minimizes CV(f̂i). d)
The cross-validated pair (λA∗, ψc∗) used is the one that minimizes CV(λAi , ψci ) for i = 1, . . . , L.
Note that we do not have in mind any oracle model. The aim is to be agnostic about such
knowledge and to try to devise a method as robust as possible that allows a reduction in the
MSE. Since the skedastic function is, in general, not consistently estimated, there is a need
to further correct the variance estimate of the FGLS estimator using a Heteroskedasticity
Robust version. We denote the resulting fitted value of the skedastic function by ṽ2t .

Here, vt ≡ êtk, the residuals from applying the GLS regression

(yt −
k∗T
j=1 ρ̂

D
j yt−j) = (xt −

k∗T
j=1 ρ̂

D
j xt−j)

′β + ekt, (t = k∗T + 1, ..., T ), (A.3)

Let β̂F−C denote the GLS estimate that corrects only for serial correlation and β̂F−CH , the
one that corrects for both serial correlation and heteroskedasticity. To be more precise,
we apply the following steps: a) Estimate by OLS the quasi-differenced regression (A.3)
to obtain the residuals êtk; b) Estimate the model log(max{ê2tk, δ2}) = ϕ0 −d

j=1 ztjϕj, via
Adaptive Lasso, where δ = 0.1 is some small positive number to avoid dealing with residuals
that are nearly zero. Note that zt may include some or all elements of xt or transformations
of them. Denote the predicted values from this model by ṽt ≡ ẽ2tk; c) β̂F−CH is the weighted
least squares (WLS) estimator of the quasi-differenced regression (A.3), with weights given
by ẽ−2

tk .
In order to construct confidence intervals for the parameter β of interest, introducing some

finite sample refinements can be beneficial. Here, we describe the particular form adopted,
following Miller and Startz (2019) and Rothenberg (1988). We focus on the estimate of the
asymptotic variance of the FGLS estimator:

V ar(β̂F−CH) = (T−1X ′W̃−1X)−1Ω̂(T−1X ′W̃−1X)−1, (A.4)

where W̃ is a diagonal matrix with entries w̃tt = ṽt(w)
2 ≡ ẽ2tk, the predicted values obtained

from the procedure to fit the skedastic function vt(w), X is the matrix of regressors, Ω̂ =

T−1X ′Σ̂F−CHX with Σ̂F−CH a diagonal matrix with tth entry given by:

Σ̂F−CH
tt =

ê2tk−F−CH

(ẽ2tk)
2

(
1

(1− ht,F−CH)
2 + 4

ht,F−C

k
d̂f

)
, (A.5)
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where êF−CH = [ê1,F−CH , ..., êT,F−CH ]
′ are the estimated residuals from the FGLS regression

correcting for serial correlation and heteroskedasticity, i.e., êtF−CH = y∗t − β̂F−CHx
∗
t , with

y∗t = (yt −
k∗T
j=1 ρ̂

D
j yt−j)/(ẽ

2
tk)

1/2, (A.6)

x∗t = (xt −
k∗T
j=1 ρ̂

D
j xt−j)/(ẽ

2
tk)

1/2. (A.7)

d̂f is an estimate of the degrees of freedom used in the estimation of the weights. For Lasso,
the number of nonzero coefficients is an unbiased estimate for the degrees of freedom (Zou
et al. (2007)). The confidence intervals for the kth coefficient is then obtained using β̂F−CH,k

± z1−α/2SE(β̂F−CHk
),where z1−α/2 is the 1 − α/2 quantile of the normal distribution and

SE(β̂FGLS,k) := (V ar(β̂F−CH))
1/2
kk , with V ar(β̂F−CH) defined in (A.4).

S-4.1 Simulation results with heteroskedasticity

We consider the linear model (1) with serially correlated and heteroskedastic errors. The
specifications are the same as in the text except that et ∼ N(0, vt (z)) or, equivalently,
et =

√
vt (z)εt, where εt ∼ i.i.d. N(0, 1). We apply a FGLS accounting for heteroskedasticity

in the FGLS regression used to correct for serial correlation,

yt −
k∗T
j=1 ρ̂

D
j yt−j = (xt −

k∗T
j=1 ρ̂

D
j xt−j)

′β + etk, (t = k∗T + 1, ..., T ),

This is then equivalent to applying OLS to the regression y∗t = x∗tβ + etk−F−CH , where y∗t
and x∗t are defined by (A.6) and (A.7) and the estimate of ẽ2tk is constructed as outlined
in the previous section. We only consider a subset of the cases used earlier with T = 200.
These are: 1) AR(1): ut = 0.5ut−1 + vt(z)

1/2εt; 2) AR(2): ut = 1.34ut−1 − 0.42ut−2 +

vt(z)
1/2εt; 3) MA(1): ut = vt(z)

1/2εt + 0.5vt−1(z)
1/2εt−1; 4) ARMA(1, 1): ut = 0.8ut−1 +

vt(z)
1/2εt − 0.4vt−1(z)

1/2εt−1, where εt ∼ i.i.d. N(0, 1). We consider three specifications
for the skedastic function νt(·) as in Romano and Wolf (2017). These are, from weak to
strong heteroskedasticity: a) Power function: νt(x)1 = x2t ; b) Squared log function: νt(x)2 =
[log(xt)]

2; c) Exponential of a second-degree polynomial: νt(x)3 = exp (0.2xt + 0.2x2t ). The
input matrix is W = (1, w, w2, cos(w), cos(2w), cos(3w)). We consider two cases: a) wt = xt,
which assumes that we select the correct variable influencing the skedastic function; b)
wt = ϕxt + (1− ϕ)qt with qt ∼ U(1, 4) and ϕ ∼Bernouli(ρ) with ρ = 0.75. In this case, the
covariate used to model the skedastic function is not the same as the true one but is correlated
with it, the correlation being ρ. Note that in practice, one can include a vast set of potential
covariates. Hence, with the parsimonious set considered, the improvements obtained in terms
of MSE and length of the confidence intervals should be viewed as conservative.

The results are reported in Table S.9; the first panel for wt = xt and the second for
wt = ϕxt+(1−ϕ)qt. We present the MSE, bias and variance of the FGLS estimate as well as
the coverage rates and lengths of the confidence intervals obtained using the method discussed
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in the previous section. We present results for the OLS estimate, the FGLS estimate that
accounts only for serial correlation (F-C) and the FGLS estimate that accounts for both
serial correlation and heteroskedasticity (F-CH). This is done to gauge the extent of the
improvement provided by the correction for heteroskedasticity. Note that when using F-C,
we construct the confidence intervals that correct for serial correlation the same way as we
do for F-CH, i.e., applying the same correction for potential remaining heteroskedasticity.

When the covariate used is the correct one, we see important reduction in the MSE of
the F-CH estimate relative to F-C, more so as the heteroskedasticity is stronger. All esti-
mators are essentially unbiased, so that the reductions in the MSE come from a reduction
in variance. Since correcting for serial correlation via a FGLS procedure provides substan-
tially more precise estimates relative to OLS, needless to say that the same applies when
further correcting for heteroskedasticity. The coverage rates of the confidence intervals have
an exact size close to the nominal level. The OLS estimates also have good coverage rates
in most cases but can be sensitive to the strength of the serial correlation; e.g., the AR(2)
case. However, the lengths are substantially smaller using F-CH compared to OLS and to a
lesser extent compared to F-C.

The results in the bottom panel pertains to the case with an incorrect covariate, though
correlated with the correct one. The results are similar with the exception that the incre-
mental reductions in MSE and variance provided by the correction for heteroskedasticity are
smaller, as expected. Nevertheless, they are still important enough in magnitude. Hence,
using incorrect covariates to estimate the skedastic function can still lead to more precise
estimates, as long as there is some correlation between the two sets of covariates. The cov-
erage rate of the confidence intervals have an exact size close to the nominal level and the
lengths are much smaller than those with OLS and, to some extent, than with F-C.

We also performed simulation experiments with homoskedastic errors. The results were
then essentially equivalent to those obtained with F-C. This means that correcting for het-
eroskedasticity when it is not present has no detrimental effect on the precision of the esti-
mate, a result emphasized by González-Coya and Perron (2024). Overall, the results show
that a further correction for heteroskedasticity can lead to more precise estimates and smaller
lengths of the confidence intervals compared to only correcting for serial correlation.
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S-5 Preliminary lemmas and proofs related to Section 4.11

This section states and proves the preliminary lemmas underlying the results of Section 4.1
of the paper, and then proves Proposition 1, Theorems 1 and 2, and Corollary 1. Throughout
this section, references to Assumptions 1–5, Proposition 1, Theorems 1 and 2, Corollary 1 and
to equations numbered without a prefix are to the paper; lemmas and equations numbered
A.x are those of this Supplement. The notation is that of Section 4.1; in addition, c and C

denote generic positive constants, not necessarily the same at each occurrence, θk =j>k |ρj|
denotes the tail of the autoregressive coefficients, and ∆ = ρ̂D − ρ(k). All stochastic-order
bounds are derived from moment bounds that are uniform over k ≤ kmax

T ; the paragraph
following Lemma A.2 explains how data-driven orders are accommodated.

Lemma A.1. (CLT for infeasible GLS.) Under Assumptions 1-3,
√
T (β̂GLS−β)

d→ N(0, σ2
eQ

−1).

Proof. Write β̂GLS − β = (X ′Ω−1X)−1X ′Ω−1u = [(DX)′(DX)]−1(DX)′(Du).
Step 1: the whitening rows. The t-th row of D is (σe/σ(t))(−ϕt−1,t−1, ...,−ϕt−1,1, 1), where

{ϕt−1,i}t−1
i=1 are the coefficients of the best linear predictor of ut given (ut−1, ..., u1) and σ2

(t) is
the corresponding prediction variance; this is what makes V ar(Du) = σ2

eDΩD′ = σ2
eI. Two

approximations connect these rows to the infinite-order weights ai = −ρi (with a0 = 1): (i)
truncation of the infinite past, with t-th error bounded in L1 by a multiple of τt =i≥t |ai|; and
(ii) replacement of the finite-predictor coefficients by a1, ..., at−1, with L1 error bounded, for t
beyond some fixed t0, by a multiple of t−1

i=1|ϕt−1,i−(−ai)| ≤ c τt by Baxter’s inequality (Baxter
(1962)); the same inequality yields σ2

(t) − σ2
e = O(τ 2t ), hence |σe/σ(t) − 1| = O(τ 2t ). (For a

true AR(p) process, ϕt−1,i = −ai exactly once t > p, and τt = 0 for t > p.) Consequently,

(Du)t = et + dut , (DX)′t = x̃t + dxt , E|dut |+ E∥dxt ∥ ≤ c τt,

and tτt =i i|ai| <∞ by Assumption 2. Note that the approximation errors dt are not confined
to finitely many t; it is their cumulated size that is bounded. By the Cauchy-Schwarz and
Markov inequalities, the discrepancies satisfy

∥T−1/2(DX)′(Du)− T
−1/2
t x̃tet∥ = Op(T

−1/2
t τt) = Op(T

−1/2),

and similarly T−1(DX)′(DX) = T−1
t x̃tx̃

′
t+Op(T

−1). Since {(w′
t, et)

′} is jointly stationary and
ergodic (Assumption 3) and x̃t is a measurable function of (xt, xt−1, ...) with E∥x̃t∥2 < ∞,
the ergodic theorem gives T−1

t x̃tx̃
′
t

p→ Q.
1The authors gratefully acknowledge the use of a generative AI assistant (Anthropic Claude Fable 5) in a

supporting role during the preparation of this work. The tool was used to help replicate and independently
re-corroborate the numerical simulation results, and to assist with the formalization and checking of the
proofs in this section. It did not write any part of the main text, and no theoretical or empirical results
were derived directly from it; all proofs, derivations, and simulation outputs were formulated and verified
independently by the authors, who reviewed all AI-assisted output and take full responsibility for the content.
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Step 2: martingale CLT. The filtered score x̃t =i≥0 aixt−i is Gt−1-measurable (this is
where the enlarged information set is essential, as x̃t depends on the contemporaneous xt
and is not Φt−1-measurable), and (22) gives E(et|Gt−1) = 0. Hence {x̃tet,Gt} is a stationary,
ergodic, square-integrable martingale difference sequence with E[x̃tet] =i≥0 aiE[xt−iet] = 0

(the interchange justified by dominated convergence and the orthogonality conditions of
Assumption 3) and conditional second moment E[(x̃tet)(x̃tet)′|Gt−1] = x̃tx̃

′
tE(e

2
t |Gt−1) =

σ2
e x̃tx̃

′
t, whose mean is σ2

eQ. The martingale CLT for stationary ergodic martingale difference
sequences (Billingsley (1968), Theorem 23.1) gives T−1/2

t x̃tet
d→ N(0, σ2

eQ), and the result
follows by Slutsky’s theorem. Note that only pre-determinedness is used, not exogeneity.

Lemma A.2. (Order selection.) Let k∗T be the BIC-selected order over k ∈ [0, kmax
T ] with

kmax
T = ⌊(T/ lnT )1/3⌋, applied to the Durbin regression (14) with a common effective sample

(Ng and Perron (2005)). Under Assumptions 1-3 and 5: (i) if ρj = 0 for j > p, then
P (k∗T = p) → 1, and Assumption 4 holds along k∗T with probability approaching one; (ii)
if |ρj| ≤ cρλ

j for some λ ∈ (0, 1) (e.g., invertible ARMA processes), then k∗T = Op(lnT ).
However, the BIC alone does not guarantee the tail condition in (23): since the BIC balances
the squared bias against the penalty, generically

√
T j>k∗T |ρj| ≍p

√
k∗T lnT → ∞. The adjusted

order k̂T = max{k∗T , ⌈(lnT )3/2⌉} satisfies Assumption 4 with probability approaching one.

Proof. (i) Write the BIC objective as ln σ̂2
e,k + k ln(T̄ )/T̄ , T̄ = T − kmax

T , where σ̂2
e,k is the

residual variance of the Durbin regression with k lags. Let σ2
k denote the population residual

variance of that regression; for k ≥ p, σ2
k = σ2

e , while σ2
k > σ2

e for k < p (under-fitting inflates
ln σ̂2

e,k by a positive constant in the limit). Over-fitting is ruled out because for each k > p the
difference ln σ̂2

e,p− ln σ̂2
e,k is Op((k−p)/T )—a χ2-type improvement per extra (asymptotically

irrelevant) regressor—while the penalty increases by (k − p) ln(T̄ )/T̄ ; standard exponential
tail bounds give P (∃ k ∈ (p, kmax

T ] : BIC(k) < BIC(p)) → 0; see Hannan and Deistler
(2012), ch. 5, for the classical argument. Hence P (k∗T = p) → 1; along k∗T = p the tail in
(23) is exactly zero and p3/T → 0 trivially.

(ii) With |ρj| ≤ cρλ
j, the bias term satisfies σ2

k−σ2
e = O(λ2k), using the Baxter-type upper

bound O((j>k|ρj|)2), and the population trade-off between this term and the penalty k lnT/T
is minimised at k ≍ lnT , whence k∗T = Op(lnT ); cf. Hannan and Deistler (2012), ch. 6.6. For
the negative claim, note that at the balancing order the squared tail is of the same magnitude
as the penalty, (j>k∗ |ρj|)2 ≍ k∗ lnT/T , so

√
T j>k∗|ρj| ≍

√
k∗ lnT diverges; this is the same

phenomenon documented by Ng and Perron (1995) for information-criterion lag selection in
unit-root autoregressions. For the adjusted order, eventually k̂T = ⌈(lnT )3/2⌉ ≥ k∗T with
probability approaching one, and then k̂3T/T = (lnT )9/2/T → 0 while

k̂T
√
T j>k̂T |ρj| ≤ c (lnT )3/2

√
Tλ(lnT )

3/2

= c (lnT )3/2T 1/2−| lnλ|(lnT )1/2 → 0.
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Data-driven orders. All stochastic-order bounds in Lemmas A.3 and A.4 and in the proofs
below are derived from moment bounds that are uniform over k ≤ kmax

T . Consequently, for
any (possibly data-driven) order k̂T for which there exist deterministic sequences k−T ≤ k+T ≤
kmax
T with P (k−T ≤ k̂T ≤ k+T ) → 1 and such that Assumption 4 holds uniformly over [k−T , k

+
T ],

all conclusions hold with k = k̂T . On an event of probability approaching one, every bound
applies simultaneously for all k in the bracket. Lemma A.2 verifies this bracketing for the
BIC order under AR(p) errors, and for the adjusted BIC order under exponential decay.
We henceforth write k for either a deterministic sequence satisfying Assumption 4 or such a
data-driven order.

Lemma A.3. (Berk-type rate and linear representation, robust to non-exogeneity.) Under
Assumptions 1-5: (i) ∥ρ̂D − ρ(k)∥ = Op(

√
k/T ) + Op(

√
kj>k|ρj|) = Op(

√
k/T ), and in

particular max1≤j≤k |ρ̂Dj − ρj| = Op(
√
k/T ); (ii)

√
T (ρ̂D − ρ(k)) = Σ−1

k T
−1/2
t ψt,ket + ζT , with

∥ζT∥ = Op(k
3/2/

√
T ) +Op(

√
kT j>k|ρj|) = op(1). The estimator is consistent whether or not

the regressors are exogenous, provided they are pre-determined.

Proof. By the Frisch-Waugh-Lovell theorem, ρ̂D equals the OLS coefficient vector from re-
gressing yt on the sample residuals ψ̂t,k of (yt−1, ..., yt−k)

′ on Wt,k. Since yt−j = x′t−jβ + ut−j
and x′t−jβ lies in the span of Wt,k for 0 ≤ j ≤ k, residualising yt−j on Wt,k is the same as
residualising ut−j; thus ψ̂t,k = Ut−1,k − Π̂kWt,k with Π̂k the sample projection coefficient, an
object computable from the data even though Ut−1,k is latent. Using ut = ρ(k)′Ut−1,k+et+rkt
and the sample orthogonality tψ̂t,kW

′
t,k = 0,

ρ̂D − ρ(k) = (T−1
t ψ̂t,kψ̂

′
t,k)

−1T−1
t ψ̂t,k(et + rkt). (A.8)

(a) The design. The Toeplitz covariance matrix of any finite stack of z-lags has eigen-
values in [2πcz, 2πCz] by Assumption 5(ii). These eigenvalue bounds carry over to Σk as
follows. For the upper bound, Γu,k = E[Ut−1,kU

′
t−1,k] is a principal submatrix of such a

covariance matrix, so λmax(Γu,k) ≤ 2πCz; moreover, since ψt,k is a projection residual,
a′Σka = minb V ar(a

′Ut−1,k − b′Wt,k) ≤ V ar(a′Ut−1,k) = a′Γu,ka for every a ∈ Rk. Hence
Σk ⪯ Γu,k and λmax(Σk) ≤ 2πCz. This comparison cannot deliver the lower bound, because
projection can only reduce the quadratic form: a lower bound on the eigenvalues of Γu,k im-
plies nothing for the smaller matrix Σk. Instead, note that a′Σka = V ar(a′Ut−1,k−a′ΠkWt,k)

is the variance of a linear combination of zt, ..., zt−k whose coefficients on (ut−1, ..., ut−k) are
exactly the entries of a (the intercept does not affect variances). If c denotes its full coef-
ficient vector, then ∥c∥ ≥ ∥a∥, so that a′Σka ≥ 2πcz∥c∥2 ≥ 2πcz∥a∥2 by Assumption 5(ii).
Thus 2πczI ⪯ Σk ⪯ 2πCzI uniformly in k. For the sample design, each entry of the joint
second-moment matrix of (U ′

t−1,k,W
′
t,k)

′ has sampling error of order O(T−1/2) in L2, uni-
formly over entries, by the covariance and cumulant summability of Assumption 5(i) (Berk
(1974), Lemma 3). Summing the squared sampling errors over the O(k2) entries bounds the
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Frobenius norm. Hence, writing Σ̂k = T−1
t ψ̂t,kψ̂

′
t,k for the sample counterpart of Σk defined

in Section 4.1, and since the spectral norm of a matrix is bounded by its Frobenius norm,

∥Σ̂k − Σk∥ ≤ ∥Σ̂k − Σk∥F = Op(k/
√
T ) = op(1) under k2/T → 0, (A.9)

where the passage from the raw second moments to the projected ones uses ∥Π̂k − Πk∥ =

Op(k/
√
T ) (same entrywise bounds, plus the uniform eigenvalue bounds on the W -block)

and ∥Πk∥ = O(1). Hence the inverse in (A.8) is Op(1) in spectral norm. The rate in (A.9)
is k/

√
T , not

√
k/T ; only op(1) is needed here.

(b) The score. Decompose T−1
t ψ̂t,ket = T−1

t ψt,ket − (Π̂k − Πk)T
−1
t Wt,ket. Both ψt,k and

Wt,k are Gt−1-measurable (they involve ut−1, ..., ut−k and xt, ..., xt−k only), so by (22) and the
conditional moment restrictions of Assumption 3, both scores are martingale differences with
exact second moments: E∥T−1

t ψt,ket∥2 = T−1σ2
etr(Σk) = O(k/T ) and likewise ∥T−1

t Wt,ket∥ =

Op(
√
k/T ). Hence,

T−1
t ψ̂t,ket = T−1

t ψt,ket +Op(k/
√
T )Op(

√
k/T ) = Op(

√
k/T ) +Op(k

3/2/T ).

(c) The truncation term. Each component satisfies

|T−1
t ψ̂j,t,krkt| ≤ (T−1

t ψ̂2
j,t,k)

1/2(T−1
t r2kt)

1/2,

and E[r2kt]1/2 ≤ θkE[u
2
t ]

1/2, so ∥T−1
t ψ̂t,krkt∥ = Op(

√
kθk)—note the factor

√
k from the grow-

ing dimension.
Combining (a)-(c) in (A.8) gives (i); the truncation contribution is op(

√
k/T ) because√

Tθk → 0 under Assumption 4. For (ii), multiply (A.8) by
√
T and collect the discrep-

ancies from the leading term Σ−1
k T

−1/2
t ψt,ket: (1) [(T−1

t ψ̂t,kψ̂
′
t,k)

−1 − Σ−1
k ]T

−1/2
t ψ̂t,ket has

norm Op(k/
√
T )Op(

√
k) = Op(k

3/2/
√
T ), using (A.9) and ∥T−1/2

t ψ̂t,ket∥ = Op(
√
k) from

(b); (2) Σ−1
k (Π̂k − Πk)T

−1/2
t Wt,ket = Op(k

3/2/
√
T ); (3) the truncation part,

√
TOp(

√
kθk).

All are op(1) under Assumption 4; this is the step for which the rate k3/T → 0 (rather
than k2/T → 0) and the strengthened tail condition are used. Crucially, step (b) uses only
pre-determinedness; exogeneity is not required.

Lemma A.4. (Consistency of the design and scale estimates.) Under Assumptions 1-5
(with k as above), (i) (T − k)−1

t
ˆ̃xt ˆ̃x

′
t

p→ Q; (ii) σ̂2
e,k

p→ σ2
e ; hence ÂV ar in (27) satisfies

ÂV ar
p→ σ2

eQ
−1. Consequently, ÂV ar consistently estimates the asymptotic variance of√

T (β̂FGLS − β) whenever the orthogonality condition (25) holds, while under non-exogenous
regressors it estimates the leading term σ2

eQ
−1 and omits the correction σ2

eQ
−1Γ∗Q−1 ⪰ 0 of

Theorem 1(ii).

Proof. (i) Write ˆ̃xt = ˇ̃xt −j≤k ∆jxt−j. Then

(T − k)−1
t
ˆ̃xt ˆ̃x

′
t = (T − k)−1

t
ˇ̃xt ˇ̃x

′
t +RT ,
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with
∥RT∥ ≤ 2∥∆∥ ∥(T−1

t
ˇ̃xtx

′
t−j)j≤k∥F + ∥∆∥2λmax(T

−1
t X̄t,kX̄

′
t,k),

where X̄t,k stacks (x′t−1, ..., x
′
t−k)

′. The first factor is Op(
√
k/T )Op(

√
k) = Op(k/

√
T ) and

the second Op(k/T )Op(1) = Op(k/T ) (the stacked Gram matrix has Op(1) spectral norm
under Assumption 5), so ∥RT∥ = Op(k/

√
T ) = op(1) under k2/T → 0. Also (T −k)−1

t
ˇ̃xt ˇ̃x

′
t

p→
E[x̃tx̃

′
t] = Q: the gap between ˇ̃xt and x̃t is skt =j>k ρjxt−j with E∥skt∥2 = O(θ2k) → 0, and

T−1
t x̃tx̃

′
t

p→ Q by the ergodic theorem. Note that this part uses only Lemma A.3(i).
(ii) Expand ẽkt = et + rkt −j≤k ∆jut−j − ˆ̃x

′
t(β̂FGLS − β); the squares and cross products

of the last three terms are op(1) in average by, respectively, Assumption 4 (E[r2kt] = O(θ2k)),
Lemma A.3(i) (∥∆∥2λmax(T

−1
t Ut−1,kU

′
t−1,k) = Op(k/T )), and the

√
T -consistency of β̂FGLS

(Theorem 1(ii), whose proof relies only on part (i) of this lemma, so the argument is not
circular), while (T − k)−1

t e2t
p→ σ2

e by the ergodic theorem. Slutsky’s theorem then gives
ÂV ar

p→ σ2
eQ

−1.

Proof of Proposition 1

From (18)-(19), write ρ̂Dj = ρj +∆j, so that

ˆ̃xt = ˇ̃xt −k
j=1 ∆jxt−j, êkt = ěkt −k

j=1 ∆jut−j.

Substituting into T−1/2
t

ˆ̃xtêkt and using ěkt = et+ rkt, ˇ̃xt = x̃t+skt with skt =j>k ρjxt−j, gives
five groups of terms:

T
−1/2
t

ˆ̃xtêkt = T
−1/2
t x̃tet︸ ︷︷ ︸

(A)

+T
−1/2
t (x̃trkt + sktet + sktrkt)︸ ︷︷ ︸

(Trunc)

− k
j=1∆jT

−1/2
t xt−j ěkt︸ ︷︷ ︸
(C)

− k
j=1∆jT

−1/2
t

ˇ̃xtut−j︸ ︷︷ ︸
(B)

+T
−1/2
i=1

k
j=1

k∆i∆jtxt−iut−j︸ ︷︷ ︸
(D)

.

We treat each block in turn.
(Trunc). Since rkt =j>k ρjut−j has E[r2kt]1/2 ≤ θkE[u

2
t ]

1/2, the Cauchy-Schwarz inequality
gives E∥T−1/2

t x̃trkt∥ ≤
√
TE[∥x̃t∥2]1/2E[r2kt]1/2 = O(

√
Tθk) = o(1) by Assumption 4, and

the same bound applies to sktet and sktrkt. Hence (Trunc)= op(1). The bound for tsktet
is crude—being a martingale difference score it is in fact Op(θk)—but nothing sharper is
needed.

(C). Since ěkt = et + rkt, and xt−j is Gt−1-measurable for every j ≥ 0, each T
−1/2
t xt−jet

is a martingale difference score with exact second moment σ2
eE∥xt∥2, uniform in j. By the
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Cauchy-Schwarz inequality,

∥j≤k∆jT
−1/2
t xt−jet∥ ≤ ∥∆∥(kj=1∥T

−1/2
t xt−jet∥2)1/2

= Op(
√
k/T )Op(

√
k) = Op(k/

√
T ) = op(1),

because k2/T → 0. The truncation part of (C) is bounded by

∥∆∥
√
kmaxj≤k ∥T−1/2

t xt−jrkt∥ = Op(
√
k/T )Op(

√
k
√
Tθk) = Op(kθk) = op(1)

by Assumption 4.
(D). For each regressor component m, let P̄ (m)

k be the k×k matrix with entries (P̄ (m)
k )ij =

T−1
t xm,t−iut−j. Its spectral norm is Op(1): the mean E[P̄

(m)
k ] is a section of the cross-

covariance Toeplitz operator of (xm, u), bounded by 2πCz under Assumption 5(ii), and the
sampling fluctuation is Op(k/

√
T ) = op(1) by the entrywise bounds of Assumption 5(i), as

in (A.9). Hence, componentwise, |(D)m| = |
√
T∆′P̄

(m)
k ∆| ≤

√
T∥P̄ (m)

k ∥∥∆∥2 = Op(
√
T · 1 ·

k/T ) = Op(k/
√
T ) = op(1), which holds already under k2/T → 0.

(B). Write T−1
t

ˇ̃xtut−j = gj + ηj, where ηj collects two terms: (1) the bias E[sktut−j] =i>k

ρiE[xt−iut−j], which is O(θk) uniformly in j; and (2) the mean-zero sampling fluctuation,
with E∥ηj − Eηj∥2 = O(T−1) uniformly in j ≤ k by Assumption 5(i). Then

(B) =
√
TGk∆+

√
T j≤k∆jηj, |

√
T j≤k∆jηj| ≤

√
T∥∆∥(j≤k∥ηj∥2)1/2,

and (j≤k∥ηj∥2)1/2 = Op(
√
k/T ) + O(

√
kθk), so the remainder is Op(k/

√
T ) + Op(kθk) =

op(1). The leading term is Op(1): by Lemma A.3(ii),
√
TGk∆ = GkΣ

−1
k T

−1/2
t ψt,ket +

GkζT with ∥GkζT∥ ≤ ∥Gk∥∥ζT∥ = op(1), and the main part has exact second moment
σ2
etr(GkΣ

−1
k G′

k) ≤ σ2
e(2πcz)

−1∥Gk∥2F = O(1) by the martingale difference property, the con-
ditional moment restrictions of Assumption 3, and the uniform eigenvalue bounds. Here
we used the fact that, under Assumptions 2, 3 and 5(i), the gj are absolutely summable:
writing gj =i≥0 aiE[xt−iut−j] and noting that E[xt−iut−j] is a subvector of Γz(i− j), j∥gj∥ ≤
(i|ai|)(h∥Γz(h)∥) <∞; in particular supk ∥Gk∥ ≤ supk ∥Gk∥F <∞.

Finally, (T−1
t

ˆ̃xt ˆ̃x
′
t)

−1 p→ Q−1 by Lemma A.4(i), which uses only Lemma A.3(i) and As-
sumptions 4-5, so no circularity is involved. Collecting (A), (B) and the negligible blocks,
the identity (20) yields (24). ■

Proof of Theorem 1

(i) If gj = 0 for all j then Gk = 0, so (24) reduces to
√
T (β̂FGLS − β) = Q−1T

−1/2
t x̃tet +

op(1), exactly the expansion underlying Lemma A.1; the displayed form follows from (17).
Exogeneity implies (25) because gj =i≥0 l≥0aiclE[xt−iet−j−l] = 0 when every E[xt−iet−j−l] = 0

(the interchange of summation and expectation being justified by absolute summability).
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(ii) Substituting Lemma A.3(ii) into (24) and using ∥GkζT∥ ≤ ∥Gk∥∥ζT∥ = op(1),
√
T (β̂FGLS − β) = Q−1T

−1/2
t (x̃t −GkΣ

−1
k ψt,k)et + op(1) = Q−1T

−1/2
t st,k + op(1).

Both x̃t and ψt,k are Gt−1-measurable, so {st,k,Gt} is, for each T , a square-integrable martin-
gale difference array (the dimension of ψt,k grows with T ). We verify the two conditions of
the martingale CLT for arrays (Hall and Heyde (1980), Corollary 3.1), for fixed c of the same
dimension as β, writing b′k = c′GkΣ

−1
k and noting ∥bk∥2 ≤ (2πcz)

−1c′GkΣ
−1
k G′

kc = O(1).
Conditional variances. By the conditional moment restrictions of Assumption 3,

T−1
t E[(c′st,k)

2|Gt−1] = σ2
e [c

′Q̂c− 2b′km̂+ b′kΣ̂kbk], (A.10)

with Q̂ = T−1
t x̃tx̃

′
t, m̂ = T−1

t ψt,kx̃
′
tc, Σ̂k = T−1

t ψt,kψ
′
t,k. Now (1) Q̂ p→ Q (ergodic theorem);

(2) ∥Σ̂k−Σk∥ = Op(k/
√
T ) → 0 as in (A.9), so b′kΣ̂kbk = b′kΣkbk+op(1) = c′GkΣ

−1
k G′

kc+op(1);
(3) ∥E[ψt,kx̃′t]∥ = O(

√
kθk) → 0, because x̃t =k

i=0 aixt−i − skt and the first piece lies in the
span of Wt,k, which is orthogonal to ψt,k in population. So E[ψt,kx̃′t] = −E[ψt,ks′kt], each of
whose k rows is O(θk) (and which vanishes exactly for a true AR(p) process once k ≥ p);
the sampling fluctuation of m̂ is Op(

√
k/T ) by Assumption 5(i). Hence, using Assumption

5(iii),
T−1
t E[(c′st,k)

2|Gt−1]
p→ σ2

ec
′(Q+ Γ∗)c = c′Λc.

Lyapunov condition. By the conditional moment restrictions of Assumption 3 and the
cr-inequality, E[(c′st,k)4] ≤ 8κ4(E[(c

′x̃t)
4] + E[(b′kψt,k)

4]). The first term is finite since
the L4 norm of x̃t is bounded by (i|ai|) times that of xt, which is finite; for the second,
E[(b′kψt,k)

4] = 3(b′kΣkbk)
2 + cum4(b

′
kψt,k), and the summable-cumulant condition of As-

sumption 5(i) bounds |cum4(b
′
kψt,k)| ≤ C∥bk∥4 uniformly in k (the projection coefficients

defining ψt,k have uniformly bounded ℓ1-norm per row and the quadruple sums converge
absolutely). Hence, supt,k E[(c′st,k)4] < ∞ and T−2

t E[(c′st,k)
4] = O(T−1) → 0, which im-

plies the conditional Lindeberg condition. The array CLT and the Cramér-Wold device then
give T−1/2

t st,k
d→ N(0,Λ), and Slutsky’s theorem completes the proof of (ii). If Gk = 0

(equivalently, under (25)) then st,k = x̃tet and Λ = σ2
eQ, recovering part (i); the comparison

Q−1ΛQ−1 ⪰ σ2
eQ

−1 is immediate from Γ∗ ⪰ 0. Finally, note from (A.10) that the finite-k
variance of the effective score is

Λk = σ2
e(Q−GkΣ

−1
k E[ψt,kx̃

′
t]− E[x̃tψ

′
t,k]Σ

−1
k G′

k +GkΣ
−1
k G′

k), (A.11)

whose cross terms are O(
√
kθk) → 0 (exactly zero for AR(p) errors with k ≥ p), yielding

the clean limit Λ = σ2
e(Q + Γ∗) used in the statement; for bounded operative orders, e.g.,

AR(p) errors with the BIC, the argument applies verbatim with Γp in place of Γ∗, since the
conditional-variance step requires only that Γk converge along the realized order sequence,
which is trivial when k = p eventually. ■
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Proof of Theorem 2

Recall from (A.9) that ∥Σ̂k − Σk∥ = Op(k/
√
T ); since Σk ⪰ 2πczI (part (a) of the proof of

Lemma A.3), on an event of probability approaching one λmin(Σ̂k) ≥ πcz, whence ∥Σ̂−1
k ∥ =

Op(1) and
∥Σ̂−1

k − Σ−1
k ∥ ≤ ∥Σ̂−1

k ∥∥Σk − Σ̂k∥∥Σ−1
k ∥ = Op(k/

√
T ). (A.12)

Step 1: convergence of Ĝk. Using ût−j = ut−j −x′t−j(β̂FGLS −β) and ˆ̃xt = ˇ̃xt−i≤k∆ixt−i,

ĝj − gj = (T−1
t

ˇ̃xtut−j − gj)︸ ︷︷ ︸
ηj

− i≤k∆iT
−1
t xt−iut−j︸ ︷︷ ︸
ξj

− (T−1
t

ˆ̃xtx
′
t−j)(β̂FGLS − β)︸ ︷︷ ︸

νj

.

For ηj: exactly as in block (B) of the proof of Proposition 1, (j≤k∥ηj∥2)1/2 = Op(
√
k/T ) +

O(
√
kθk). For ξj: for each regressor component m, the k-vector ((ξj)m)j≤k equals P̄ (m)′

k ∆

with P̄
(m)
k as in block (D) of that proof, so (j≤k(ξj)

2
m)

1/2 ≤ ∥P̄ (m)
k ∥∥∆∥ = Op(1)Op(

√
k/T )

by Lemma A.3(i); summing over the components gives Op(
√
k/T ). For νj: by the Cauchy-

Schwarz inequality, simultaneously for all j ≤ k,

∥T−1
t

ˆ̃xtx
′
t−j∥F ≤ (T−1

t ∥ˆ̃xt∥2)1/2(T−1
s ∥xs∥2)1/2 = Op(1),

because T−1
t ∥ˆ̃xt∥2 = tr(Q̂k)

p→ tr(Q) by Lemma A.4(i) and E∥xt∥2 < ∞; since
√
T (β̂FGLS −

β) = Op(1) by Theorem 1(ii)—whose proof involves no variance estimation, so no circularity
arises—we get (j≤k∥νj∥2)1/2 = Op(

√
k)Op(T

−1/2) = Op(
√
k/T ). Collecting,

∥Ĝk −Gk∥ ≤ ∥Ĝk −Gk∥F = Op(
√
k/T ) +O(

√
kθk) = Op(

√
k/T ), (A.13)

the tail term being dominated because
√
Tθk → 0 under Assumption 4; in particular ∥Ĝk∥ ≤

supk ∥Gk∥F + op(1) = Op(1).
Step 2: the correction. Decomposing

ĜkΣ̂
−1
k Ĝ′

k −GkΣ
−1
k G′

k = (Ĝk −Gk)Σ̂
−1
k Ĝ′

k +Gk(Σ̂
−1
k − Σ−1

k )Ĝ′
k +GkΣ

−1
k (Ĝk −Gk)

′

and using (A.12), (A.13), supk ∥Gk∥ <∞ and ∥Σ−1
k ∥ ≤ (2πcz)

−1,

∥ĜkΣ̂
−1
k Ĝ′

k − Γk∥ = Op(
√
k/T ) +Op(k/

√
T ) = Op(k/

√
T ) = op(1)

under Assumption 4, proving (i).
Step 3: assembly. By Lemma A.4, Q̂−1

k

p→ Q−1 and σ̂2
e,k

p→ σ2
e ; moreover, ∥Γk∥ ≤

(2πcz)
−1 supk ∥Gk∥2F , which is O(1). Hence all products of the convergent factors converge,

giving (ii). For (iii)a): under (25), Gk = 0, so (A.13) gives ∥Ĝk∥ = Op(
√
k/T ), hence

∥ĜkΣ̂
−1
k Ĝ′

k∥ ≤ ∥Σ̂−1
k ∥∥Ĝk∥2 = Op(k/T ), and (ii) reduces to ÂV arR

p→ σ2
eQ

−1. Part (iii)b)
is immediate from (ii): for AR(p) errors, P (k∗T = p) → 1 by Lemma A.2(i) and Γk = Γp
eventually; when k → ∞, Assumption 5(iii) gives Γk → Γ∗. ■

Proof of Corollary 1

The result follows from Theorem 1, Lemma A.4, Theorem 2 and Slutsky’s theorem. ■
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Table S.5: Bias, empirical Mean Squared Error, Variance, Coverage Rate and Length of Confidence Intervals,
AR(2) case with ρx = 0. (First 3 columns are multiplied by 100). Bias and Variance are the mean and the
variance of β̂ − β across replications, so that MSE = Bias2+ Variance before the scaling by 100. FGLS
confidence intervals and lengths are based on the exogeneity-robust variance estimator ÂVarR. Med. k is the
median autoregressive lag order selected by BIC across replications.

MSE Bias Variance Coverage Length

AR(2) OLS GLS FGLS OLS GLS FGLS OLS GLS FGLS OLS FGLS OLS FGLS Med. k

T
=

2
0
0

γ = 0

0.5,-0.3 0.65 0.38 0.39 0.01 0.03 0.02 0.65 0.38 0.39 0.94 0.94 0.31 0.24 2

-0.5,0.3 1.14 0.38 0.39 0.12 0.06 0.05 1.14 0.38 0.39 0.94 0.95 0.41 0.24 2

1.34,-0.42 5.33 0.17 0.17 0.20 -0.01 0.00 5.33 0.17 0.17 0.94 0.95 0.88 0.16 2

0,0.3 0.56 0.47 0.49 -0.05 -0.03 -0.04 0.56 0.47 0.49 0.94 0.95 0.29 0.27 2

0.5,0.3 1.12 0.38 0.39 -0.04 0.01 0.00 1.12 0.38 0.39 0.94 0.94 0.40 0.24 2

γ = 0.25

0.5,-0.3 1.96 0.36 0.39 11.60 0.09 0.26 0.61 0.36 0.39 0.67 0.95 0.30 0.24 2

-0.5,0.3 2.55 0.35 0.39 -12.06 -0.23 0.04 1.09 0.35 0.39 0.78 0.94 0.40 0.24 2

1.34,-0.42 14.20 0.16 0.17 30.23 0.08 0.08 5.06 0.16 0.17 0.72 0.95 0.85 0.16 2

0,0.3 0.54 0.44 0.48 -0.21 -0.10 -0.03 0.54 0.44 0.48 0.94 0.95 0.28 0.26 2

0.5,0.3 2.31 0.36 0.39 11.27 0.03 -0.09 1.04 0.36 0.39 0.79 0.94 0.39 0.24 2

γ = 0.5

0.5,-0.3 4.43 0.31 0.39 19.84 0.12 0.45 0.50 0.31 0.38 0.18 0.94 0.27 0.23 2

-0.5,0.3 5.08 0.30 0.42 -20.29 -0.18 0.35 0.96 0.30 0.42 0.44 0.92 0.38 0.24 2

1.34,-0.42 30.60 0.14 0.15 51.36 0.12 0.17 4.22 0.14 0.15 0.25 0.94 0.78 0.15 2

0,0.3 0.49 0.37 0.47 -0.25 -0.09 0.10 0.49 0.37 0.47 0.94 0.94 0.27 0.26 2

0.5,0.3 4.59 0.30 0.42 19.11 -0.02 -0.41 0.94 0.30 0.42 0.47 0.92 0.37 0.24 2

T
=

5
0
0

γ = 0

0.5,-0.3 0.26 0.15 0.15 0.00 0.00 0.00 0.26 0.15 0.15 0.95 0.95 0.20 0.15 2

-0.5,0.3 0.45 0.15 0.15 0.03 0.05 0.05 0.45 0.15 0.15 0.95 0.95 0.26 0.15 2

1.34,-0.42 2.18 0.07 0.07 0.06 0.00 0.00 2.18 0.07 0.07 0.95 0.95 0.57 0.10 2

0,0.3 0.22 0.18 0.19 -0.04 -0.01 -0.01 0.22 0.18 0.19 0.95 0.95 0.18 0.17 2

0.5,0.3 0.45 0.15 0.15 0.11 0.03 0.03 0.45 0.15 0.15 0.94 0.95 0.26 0.15 2

γ = 0.25

0.5,-0.3 1.62 0.14 0.15 11.76 0.03 0.08 0.24 0.14 0.15 0.32 0.95 0.19 0.15 2

-0.5,0.3 1.85 0.14 0.15 -11.91 -0.04 0.03 0.44 0.14 0.15 0.56 0.95 0.26 0.15 2

1.34,-0.42 11.63 0.06 0.07 30.97 0.04 0.04 2.05 0.06 0.07 0.41 0.95 0.56 0.10 2

0,0.3 0.22 0.17 0.18 -0.11 -0.08 -0.03 0.22 0.17 0.18 0.94 0.95 0.18 0.17 2

0.5,0.3 1.74 0.14 0.15 11.51 -0.03 -0.05 0.42 0.14 0.15 0.58 0.95 0.25 0.15 2

γ = 0.5

0.5,-0.3 4.18 0.12 0.14 19.97 0.09 0.16 0.20 0.12 0.14 0.00 0.95 0.17 0.15 2

-0.5,0.3 4.40 0.12 0.15 -20.02 -0.05 0.07 0.39 0.12 0.15 0.08 0.95 0.24 0.15 2

1.34,-0.42 29.66 0.05 0.06 52.80 0.08 0.08 1.78 0.05 0.06 0.01 0.94 0.51 0.09 2

0,0.3 0.19 0.15 0.18 -0.04 0.00 0.10 0.19 0.15 0.18 0.94 0.94 0.17 0.16 2

0.5,0.3 4.23 0.12 0.15 19.63 0.02 0.00 0.38 0.12 0.15 0.08 0.94 0.24 0.15 2
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Table S.7: Bias, empirical Mean Squared Error, Variance, Coverage Rate and Length of Confidence In-
tervals, ARMA(1,1) case with ρx = 0. (First 3 columns are multiplied by 100). Bias and Variance are the
mean and the variance of β̂ − β across replications, so that MSE = Bias2+ Variance before the scaling by
100. FGLS confidence intervals and lengths are based on the exogeneity-robust variance estimator ÂVarR.
Med. k is the median autoregressive lag order selected by BIC across replications.

MSE Bias Variance Coverage Length
ARMA(1,1) OLS GLS FGLS OLS GLS FGLS OLS GLS FGLS OLS FGLS OLS FGLS Med. k

T
=

2
0
0

γ = 0

-0.5,-0.4 1.05 0.26 0.28 -0.11 0.01 0.01 1.05 0.26 0.28 0.94 0.95 0.40 0.20 2
0.2,-0.4 0.54 0.49 0.51 -0.05 -0.06 -0.06 0.54 0.49 0.51 0.94 0.95 0.28 0.27 1
0.2,0.5 0.78 0.31 0.34 0.02 -0.03 -0.04 0.78 0.31 0.34 0.94 0.95 0.34 0.22 2
0.5,-0.4 0.52 0.51 0.52 -0.14 -0.12 -0.13 0.52 0.51 0.52 0.94 0.94 0.28 0.28 0
0.5,0.5 1.17 0.22 0.23 -0.08 0.05 0.04 1.17 0.22 0.23 0.94 0.95 0.41 0.19 3
0.8,-0.4 0.73 0.43 0.45 -0.05 -0.07 -0.08 0.73 0.43 0.45 0.94 0.94 0.33 0.25 2
0.8,0.5 2.82 0.16 0.17 -0.08 -0.05 -0.05 2.82 0.16 0.17 0.94 0.95 0.64 0.16 3

γ = 0.25

-0.5,-0.4 5.61 0.25 0.31 -21.44 -0.33 -1.27 1.01 0.25 0.29 0.41 0.93 0.38 0.20 2
0.2,-0.4 0.73 0.46 0.56 -4.80 -0.19 -1.33 0.49 0.46 0.54 0.89 0.93 0.27 0.27 1
0.2,0.5 3.38 0.30 0.37 16.29 0.20 1.45 0.72 0.30 0.35 0.49 0.93 0.32 0.22 2
0.5,-0.4 0.52 0.47 0.52 2.12 -0.17 0.96 0.48 0.47 0.51 0.94 0.94 0.27 0.27 0
0.5,0.5 6.49 0.21 0.26 23.21 0.10 1.29 1.11 0.21 0.24 0.37 0.94 0.40 0.19 3
0.8,-0.4 1.49 0.40 0.46 8.98 -0.13 -0.71 0.68 0.40 0.46 0.80 0.93 0.32 0.25 2
0.8,0.5 11.66 0.15 0.19 30.00 0.16 1.26 2.67 0.15 0.18 0.52 0.93 0.62 0.16 3

γ = 0.5

-0.5,-0.4 14.12 0.21 0.37 -36.43 -0.57 -2.40 0.85 0.21 0.31 0.01 0.90 0.35 0.20 2
0.2,-0.4 1.08 0.39 0.69 -8.15 -0.34 -2.65 0.41 0.39 0.62 0.74 0.87 0.25 0.26 1
0.2,0.5 8.36 0.25 0.44 27.87 0.29 2.67 0.59 0.25 0.37 0.04 0.90 0.29 0.22 2
0.5,-0.4 0.56 0.40 0.57 3.79 -0.09 1.98 0.41 0.40 0.53 0.90 0.91 0.25 0.25 0
0.5,0.5 16.61 0.18 0.33 39.62 0.30 2.64 0.92 0.17 0.26 0.01 0.90 0.37 0.18 2
0.8,-0.4 3.02 0.34 0.50 15.56 0.04 -1.18 0.60 0.34 0.49 0.46 0.91 0.30 0.24 2
0.8,0.5 27.95 0.13 0.26 50.74 0.25 2.36 2.20 0.13 0.20 0.04 0.88 0.57 0.15 3

T
=

5
0
0

γ = 0

-0.5,-0.4 0.43 0.10 0.10 0.01 0.03 0.01 0.43 0.10 0.10 0.94 0.95 0.25 0.13 3
0.2,-0.4 0.21 0.19 0.20 0.01 -0.01 -0.01 0.21 0.19 0.20 0.95 0.95 0.18 0.17 1
0.2,0.5 0.31 0.12 0.13 0.01 0.01 0.01 0.31 0.12 0.13 0.94 0.95 0.21 0.14 3
0.5,-0.4 0.20 0.19 0.19 -0.04 -0.03 -0.04 0.20 0.19 0.19 0.95 0.95 0.18 0.17 1
0.5,0.5 0.47 0.09 0.09 -0.08 0.05 0.05 0.47 0.09 0.09 0.95 0.95 0.27 0.12 3
0.8,-0.4 0.29 0.17 0.17 -0.05 0.00 0.00 0.29 0.17 0.17 0.95 0.95 0.21 0.16 2
0.8,0.5 1.12 0.06 0.06 0.33 0.03 0.03 1.12 0.06 0.06 0.95 0.95 0.41 0.10 3

γ = 0.25

-0.5,-0.4 4.89 0.10 0.11 -21.21 -0.05 -0.72 0.39 0.10 0.11 0.07 0.94 0.24 0.13 2
0.2,-0.4 0.42 0.18 0.20 -4.72 -0.06 -0.54 0.19 0.18 0.20 0.81 0.94 0.17 0.17 1
0.2,0.5 2.96 0.11 0.14 16.37 0.00 0.77 0.28 0.11 0.13 0.12 0.94 0.21 0.14 3
0.5,-0.4 0.25 0.19 0.22 2.36 0.04 0.74 0.19 0.19 0.22 0.91 0.93 0.17 0.17 1
0.5,0.5 5.92 0.08 0.10 23.42 0.07 0.78 0.43 0.08 0.09 0.05 0.94 0.26 0.12 3
0.8,-0.4 1.15 0.16 0.17 9.33 0.03 -0.05 0.28 0.16 0.17 0.56 0.95 0.20 0.16 2
0.8,0.5 10.23 0.06 0.07 30.24 0.05 0.69 1.09 0.06 0.07 0.15 0.94 0.40 0.10 3

γ = 0.5

-0.5,-0.4 13.36 0.08 0.14 -36.08 -0.23 -1.48 0.34 0.08 0.12 0.00 0.91 0.22 0.12 2
0.2,-0.4 0.81 0.15 0.23 -8.06 -0.14 -1.11 0.16 0.15 0.22 0.49 0.92 0.16 0.17 1
0.2,0.5 8.07 0.10 0.16 27.98 0.11 1.60 0.24 0.09 0.13 0.00 0.92 0.19 0.14 3
0.5,-0.4 0.32 0.16 0.27 3.95 0.00 1.33 0.17 0.16 0.25 0.83 0.88 0.16 0.16 0
0.5,0.5 16.23 0.07 0.13 39.82 0.13 1.51 0.38 0.07 0.10 0.00 0.89 0.24 0.11 3
0.8,-0.4 2.73 0.14 0.18 15.75 -0.03 -0.18 0.25 0.14 0.18 0.09 0.94 0.19 0.16 2
0.8,0.5 27.38 0.05 0.09 51.45 0.10 1.30 0.91 0.05 0.08 0.00 0.89 0.37 0.10 3
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