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In Section S-1, we present detailed theoretical and simulation evidence about the claims
made in Remark 6. Additional simulation results are reported in Section S-2 that complement
those in Section 5, while Section S-3 presents simulation results for predictive regressions.
Section S-4 discusses our suggested method to further correct for possible heteroskedasticity
in the errors. The method is presented as well as simulations showing that further reductions
in MSE can be achieved. Section S-5 contains the preliminary lemmas and the proofs of the
results stated in Section 4.1 of the paper.

S-1 The Robustness of GLS

It is often argued that GLS may be less robust than OLS because a wrong specification
of the process for u; may lead GLS to have higher MSE than OLS. We show that this is
incorrect, in general. To have meaningful comparisons, we assume exogenous regressors so
that both OLS and GLS are consistent. Note first that GLS is consistent even when using
a misspecified model when the regressors are exogenous and pre-determined. Suppose you
assume that V(u) = %€, while the correct specification is V(u) = ¢2Q. Let Q! = D.D,
and Q7! = D'D. Then,
TX'Q  u =T1X'Q ' D e = T HHX)e 5 0,

since HX with H = (D71)’Q2! is simply a linear combination of all the regressors, which are
uncorrelated with the innovations at all leads and lags (and current value). We shall show
that when adopting a simple AR(1) specification, it is possible to obtain GLS estimates that
performs no worse than OLS, and most often much better, irrespective of the true data-
generating process for the errors, as long as it is stationary. For reasons that will become
clear, we apply an AR(1) GLS with some known value p, i.e., OLS applied to the regression

(10). We ignore the initial condition for simplicity. We have the following results about the
relative MSE of OLS and GLS.

Theorem A.l. Let u; be a zero mean stationary process and BGLS the estimate applying
OLS to (10) for a given value p. The scalar exogenous variable x; is jointly stationary with
Uy, both having at least finite second-order moments, and satisfies plimp_, Tt;llT_j TyTpqj =
R.(3), cory(j) = R.(j)/R:(1), with similar definitions for cor,(j). Also, hg,(0) is the
spectral density function at frequency zero of wyuy, Ew(l) = ffﬂ cos(A) hy (A hy (N)dA, and
Ruu(2) = J7_cos(2A) hy (A hy(N)dX with hy(X) and hy(X), the spectral density function of x,

and uy, respectively. Then, limTHoo(MSE(BGLS)/MSE(BOLS)) < 1lif
p? —2p(1+ p2)§zu(1)/hm(0) + p2]§m(2)/hm(0) < 2p%cory(1)* — 2p(1 + p?)cor,(1).
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The result in the previous Theorem, proved in Section S-1.1, is useful but opaque as far
as obtaining useful insights given the level of generality. The following corollary considers
the case with 7.7.d. regressors. While restrictive, the results allow important insights that
still apply with a serially correlated regressor.

Corollary A.1. Under the same conditions as in Theorem A.1, except that x; ~ i.i.d.(0,02),
limT%oo(MSE(ﬂGLS)/MSE(ﬂOLs)) <1 if

p/2(1+ p*))(1 + cor,(2)) < cory(1) when p >0,
p/(2(1+ p*))(1 + cory(2)) > cory(1) when p < 0.

A necessary condition for such inequalities to hold is that pcor,(1) > 0. To explore the
intuitive content, suppose that u, is an AR(1) process with parameter p, and p > 0. Then,

My oo (MSE(BaLs)/MSE(Bors)) <1 <= p(1+ p?) — 2p,(1 + p*) < 0.

If p = p,, the condition is trivially satisfied, as expected. Moreover, it is satisfied unless
pu < 0.27; in which case we need 0 < p < 2p,. As will transpire from the simulation results,
pcory, (1) > 0 is nearly also a sufficient condition unless cor,(1) is small. This is quite a
strong result. It says that applying GLS with an AR(1) specification will lead to an estimate
with lower MSE than OLS for a wide range of data-generating processes for u; by simply
quasi-differencing the data with a parameter p that has the same sign as cor, (1), the first-
order correlation coefficient of u,. If cor,(1) = 0, OLS performs better. This can occur with
serial correlation implying cor, (1) = 0 and cor,(j) # 0 for some j > 1. An example is an
M A(2) process of the form u; = e; + 6he;,_5. We view such cases as knife-edge ones. When
cor, (1) is small, the same results hold for a range given by 0 < p < 2p,,.

S-1.1 Proof of some results

Proof of Theorem A.1. The GLS estimator is the OLS estimator of the quasi-differenced
equation

(e — pyi—1) = (v — pri1)' B4ep, (t=2,..,T).
Let w; = u; — puy_1 and note that w; is a filter: w; = ¥(L)u, with (L) = (1 — pL). Let
A = Eluu/] so that

L —p
—p 1+p* —p 0
Al -0 1+p* —p
0 —p 1+p* —p
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Hence, the GLS estimator can be written as

BGLS — (X/Ale)le/Afly’
Bars — B = (X'A'X)IX'A .
The variance of the GLS estimator is
Var(fers) = (X'A'X) P XATTQATT X (XATIX)
The OLS estimator can be written as
Bors = (X'X)'X'y,
Bos — B = (X'X)'X'u.
with Var(Bors) = (X'X)'X'QX(X'X)"'. Since both estimators are consistent the limit
of their MSE is equivalent to the limit of their variance. We have,
limy_,eo TVar(Bors) = plimy (T ' X'X) 1T X'QX (T X' X) ™!
= R.(0)227h.,(0).

Note that h,,(0) is the spectral density function of the process z; = z;u;. By the Convolution
Theorem, we have,

hou(w) = / " e\l — A)dA,

—Tr

and thus

s

—T —T

since h,(—A) = h,(A). The asymptotic variance of the GLS estimator is

limr_eo TVar(Bars) = plimy (T XA X)) T XA QAT X (T X/ATIX) !
= (14 p*)Re(0) — 2pR (1)) 227 hyey- (0), (A1)

where z} = x; — pxy—; and v} = u; — pus—1. The spectral density function of x} is thus given

by

har(w) = (™) ho(w)
= (1= pe™™)(1 = pe)ha(w)
= (14 p* —2pcos(w))hy(w).

Analogously, the spectral density function of uy, is given by
B (W) = (1 + p* — 2pcos(w))hy(w).
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Hence, the spectral density function at frequency zero of the process z; = xju; is

hoeu (0) = /W B ()R (= \)dA

—Tr

— /7r (14 p? = 2pcos(N))?hy(A) Ry (N)dA

—Tr
™

= (14 2P ha(0) — 4p(1 + ) / cos(N) (A (A) A

—Tr

+4p? /7r c0S(A) %Ry (A) Ry (N)dA

—T
s

= (14 2P ha(0) — 4p(1 + ) / cos(N) (A (A) X

—Tr

1907 / " (14 cos(20) s (A (V) dA

= (20" + (14 p*))hau(0) = 4p(1 + p*) Reu(1) + 20° R (2).
Now, we can write equation (A.1) as
limy oo TVar(Bars) = ((1+p*)Re(0) = 2R, (1) 7227((20° + (1 + p°)%) i 0)
—4p(1+ p*) Ryu(1) + 20 Ry (2))

and the ratio of interest is

T (MSE(B:GLS)> _ limgo TVar(fous)
MSE(BoLs) limy oo TV ar(BoLs)
N R,(0)* (20* + (14 %)) heu(0) = 4p(1 + p*) Ruu(1) + 20*Reu(2)
(14 p?)R.(0) — 2pR,(1))2 hrzu (0) ’

and thus,

MSE(Bovs)
2+ (L ) = a1+ AT 4 21 < (0 47) = 2peon, (1)
iff p* — 2p(1 + p?) i::((é)) + p? f:(((?)) < 2p*cor,(1)? —2p(1 + p*)cor,(1).0

Proof of Corollary A.1: Note that if z; is i.i.d., its spectral density function is h,(w) =
(27)"'R,(0) for all w. Thus, using the results in Theorem A.1:

healw) = / " (VN = By 0) / " ha(VdA

= L RAO)R(0)
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and

Ra(1) = [ s = 1 (0) [ cost(aA = 5 RAO)R(0)
Rou(2) = /_ " 082N ) ha (M hu(V)dA = 5 (0) /_ " cos(2A ) (\)d\ = % (0)Ru(2)

limT_mo <MSE(BGL5)/MSE(BOL5)> <1
iff p* — 2p(1 + p*)cor, (1) + p*cor,(2) < 0
iff m(l + cory(2)) < cor,(1) when p >0,

iff 2<1—j_p2)(1 + cory(2)) > cory,(1) when p < 0.0

S-1.2 Simulations

We illustrate the issues discussed using simulations. We consider the following DGP:
Y = a+ By + uy,

where z; ~ i.i.d. N(0,1). We set (o, 5) = (0,1), without loss of generality. The sam-
ple size is T" = 200. For the errors u;, we consider the following specifications: 1) AR(1):
up = puts—1 + e pu = {—0.5,0.0,0.2,0.5,0.8}; 2) AR(2): w; = puitie—1 + puativ—o + €
(put, pu2) = {(1.34,-0.42),(0.5,-0.3),(—0.5,0.3), (0.0,0.3),(0.5,0.3)}; 3) MA(1): w =
e + e 1; 0 = {—0.7,—-04,0.5}; 4) ARMA(1,1): uy = pyus_1 + e; + Oe;_1; (pu,0) =
{(=0.5,—0.4), (0.2, —0.4), (0.2,0.5), (0.5,—0.4),(0.5,0.5), (0.8, —0.4), (0.8,0.5)}. Through-
out, e; ~ i.i.d. N(0,02) independent of z; for all ¢ and j so that the regressors are exogenous,
otherwise OLS would be inconsistent and the comparisons meaningless. We set 02 = 02 = 1.
For all cases, we consider a range of values for the parameters. These are chosen mostly arbi-
trarily, except for the first pair of the AR(2) case, which are typical estimates for detrended
U.S. real GDP; e.g., Blanchard (1981). In all cases, we adopt an AR(1) specification with
different values of the quasi-differencing parameter p. The results are presented in Table
S.1. The first column reports the value of cor, (1) and the main entries are the MSE of GLS
relative to the MSE of OLS for various value of p in the range (—0.9,0.9). We shall discuss
the purpose of the values reported in the last column later.

It is most instructive to start with the AR(1) case. When p, = 0, as expected OLS is best
and GLS has higher MSE. When p, = —0.5, GLS has lower MSE for all negative values of
p and, vice versa, when p, = 0.5,0.8, GLS has lower MSE for all positive values of p. When
pu = 0.2, a small value, things are more complex. Here, GLS is best when p € (0.1,0.4)
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but marginally worse than OLS when p € (0.5,0.9) (and, of course also worse when p is
negative). These results are what one would expect from Corollary A.1, in particular the
fact that when p, < 0.5 GLS is better when 0 < p < 2p,. The results for the other cases are
qualitatively similar and in accordance with the theory. When cor,(1) is “large”, GLS has
smaller MSE than OLS when the sign of the quasi-difference parameter is the same as the
sign of cor,(1). If cor,(1) is “small” GLS is better when p is in the vicinity of cor,(1). Of
special interest is the AR(2) case with (pu1, pu2) = (1.34, —0.42), which is roughly typical of
many macroeconomic time series given the strong serial correlation. In this case, the gains in
MSE reduction over OLS are of the order of 95% when p € (0.6,0.9). These are substantial
gains, which can be obtained by merely using an incorrect AR(1) process with a wide range
of values of p. This illustrates strong robustness to using GLS.

The theoretical and simulation results suggest a very simple procedure to obtain a GLS
estimate that is (almost) never worse than OLS, subject to very minor random deviations.
First use a test for serial correlation at delay one; we use the LM test of Godfrey (1978). If
the test does not reject the null hypothesis of no serial correlation, then use OLS. This will
occur when cor, (1) is “small”. If the test rejects, estimate cor,(1) via the sample first-order
serial correlation of the OLS residuals. If it is positive (negative), use any positive (negative)
value of the quasi-differencing parameter p. To make clear that any value of p will do, in
the simulations we simply draw p from a Uniform distribution with support (0.1,0.9) when
positive values are required and with support (—0.9, —0.1) when negative values are in order.
The results for the relative MSE of GLS over that of OLS are reported in the last column
of Table S.1 under the heading “hybrid”. They show that this hybrid-GLS procedure yields
more precise estimates for all cases, except for minor cases due to random variations when
cor,(1) is “small”. An exception is when cor,(1) = 0 and there is correlation at higher lags;
see the AR(2) case with (pu1, pu2) = (0.0,0.3). We view this as a knife-edge case.

Tables S.2-S.3 report corresponding results when z; is an AR(1) process given by x; =
Pei—1 + vy with v, ~ i.i.d. N(0,1), with p, = 0.5 and p, = 0.8. The results are qualitatively
similar.

Remark 1. In the hybrid procedure discussed above, we use the OLS residuals to construct
an estimate of cor,(1). From the results in Section 2.1, the OLS estimates of the parameters
are inconsistent when the regressors are not exogenous. Here, however, the regressors are
exogenous. When constructing a FGLS estimate, we do not need this hybrid procedure.

Remark 2. After the first draft of this paper was completed, we became aware of the work
by Koreisha and Fang (2001). They present exact bounds for the relative variance of OLS,
GLS and Feasible GLS allowing for misspecification of the process generating the errors when
constructing the FGLS estimate. The results depend on the covariance matrix of the errors,
the exact nature of the GLS structure used and the method to construct the FGLS estimate,
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the regressors and the sample size. The bounds are, however, not informative and quite
complex. Accordingly they resort to simulation experiments using approximate autoregressive
processes of order 1, 7 and 14 when T = 200 to construct the FGLS estimate. In the paper,
they report results for few selected cases, which do not allow addressing several of the issues
discussed above, e.g., the effect of the sign of the quasi-difference parameter, the strength of
the correlation in the errors. They wrongly conclude that GLS (constructed using an AR
misspecification) is always better than OLS. As shown above this is not the case.

S-2 Additional simulations related to Section 5

Tables S.4-S.7 present simulations results related to those presented in Section 5. The setup
is exactly the same, except that we set p, = 0, instead of p, = 0.8. The goal is simply to
show robustness of the results. They are indeed qualitatively similar. As in the paper, the
FGLS confidence intervals are based on the exogeneity-robust variance estimator AVar r of
Theorem 2 in the paper, and the median autoregressive order selected by the BIC is reported
in the last column of each table. The coverage rates are close to the nominal level, with the
same qualifications as discussed in Section 5 of the paper.

S-3 Simulations with predictive regressions

As discussed in Remarks 1 and 5, in the case of predictive regressions assuming rational
expectations, both OLS and GLS are consistent. We present the results of a small simula-
tion experiment to show that, with exogenous or non-exogenous regressors, FGLS delivers
substantially lower MSE and shorter confidence intervals than OLS, when the MA process
is invertible. The setup adopted corresponds to regression

/
Yirk = T3 + Upyn

with & = 2 so that the errors are M A(1). The data-generating process is similar to that
used above except that the regressors are lagged two periods so that y, = a + Bx;_o + wuy,
u = ey +0e,_1 and xp = pra4_1 +vi+ve,—1 with v, and e; independent 7.7.d.N (0, 1) variables.
We set (o, 8) = (0,1), p. = 0 and again v = 0 (exogenous regressors), v = 0.25 (weak
correlation) and v = 0.50 (strong correlation). We also consider § = —0.7, —0.4 and 0.5.
The results are presented in Table S.8. With v = 0, the results are similar to those
in Table 4. FGLS and GMA have much lower MSE than OLS and are nearly as efficient
as the infeasible GLS, especially when T = 500. The coverage rates for all methods are
near the nominal 95% level. Again, the length of the confidence intervals are shorter with
FGLS and GMA compared to OLS. With non-exogenous regressors, the results are broadly
similar, with one qualification: the coverage rates for FGLS show some under-coverage when
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v = 0.5, most notably when § = —0.7 (0.87 when 7" = 200 and 0.84 when 7" = 500), for the
reason discussed in Section 5 of the paper, namely that the implied autoregressive coefficients
decay slowly while the BIC selects a small order, so that the truncation of the autoregressive
approximation induces a bias. The coverage rates for GMA, which is tailored to the MA
structure, remain close to the nominal level. This is in line with our theoretical results.

S-4 Correcting for heteroskedasticity

In this section, we now consider a FGLS procedure for heteroskedasticity in the errors e;. We
describe the method suggested by Gonzélez-Coya and Perron (2024) based on an Adaptive
Lasso procedure to fit the skedastic function. Lasso is a non-parametric estimation method
first proposed by Tibshirani (1996). It selects regressors amongst a potentially large set w;
(j =1,...,d), where d can be very large, by imposing a ¢; penalty on their size. Lasso forces
the coefficients to be equally penalized. We can, however, assign different weights to different
coefficients. If the weights are data-dependent and properly chosen, this can enhance the
properties of Lasso, in particular when the irrelevant covariates are highly correlated with
the relevant ones. To that effect, Zou (2006) considered the adaptive Lasso given by

" = argming{(1/2){, (log(v7) — o —_y widy)* + {195 |61}, (A.2)

where @j = |q§j|*w, ¥ > 0 and QAﬁj is a root-T-consistent estimator of ¢;. Here, v; is some
process exhibiting heteroskedasticity, though no serial correlation, to be specified below. The
implementation of Adaptive Lasso to obtain a fit to the skedastic function is as follows. 1)
Compute the first-step estimate of ¢ as the solution to the Ridge regression problem:

¢ = argming {(1/2)1, (log(v7) — do —§_, wisy)* + Ny 63},

where A" is selected via cross-validation. 2) Compute the weights as J; = |Q§§id98|*w. The
Adaptive Lasso estimates are then

" = argming{(1/2){, (log(v7) — do —_y wid3)* + AL, 1677 |61},

where the two tuning parameters, \* and v are selected via the following K-cross-validation
method: a) Fix L possible values for ¢; we use L = 6 and ¢ = (0,0.25,0.5,0.75,1,2). b)
Fix a partition for the K-fold cross-validation, i.e., split the data into K roughly equal-
sized parts. We use K = 10. Let x : {1,...,T} — {1,..., K} be an indexing function
that indicates the partition to which observation ¢ is allocated to by the randomization. c)
For every v¢, compute the optimal cross-validated A\#* and the mean cross-validated error.
For the kth part, we fit the model to the other K — 1 parts of the data, and calculate the
prediction error of the fitted model when predicting the kth part of the data. We do this for
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k=1,...,K and combine the K estimates of the prediction error. Denote by f;*(w) the
fitted function, computed with the kth part of the data removed and using ¢f. Then the
cross-validation estimate of the prediction error is

CV(fi) = T4 "L (log(v}), ;™ (w)) |

where L(-) is a loss function; we use the MSE. Let A% be the value that minimizes CV(f;). d)
The cross-validated pair (A\*,4*) used is the one that minimizes CV (A3, 1¢) fori = 1,..., L.
Note that we do not have in mind any oracle model. The aim is to be agnostic about such
knowledge and to try to devise a method as robust as possible that allows a reduction in the
MSE. Since the skedastic function is, in general, not consistently estimated, there is a need
to further correct the variance estimate of the FGLS estimator using a Heteroskedasticity
Robust version. We denote the resulting fitted value of the skedastic function by 2.
Here, v; = é4, the residuals from applying the GLS regression

* *

ko . kX . %
(Z/t _jil P]Dyt—j) = (l’t —321 P?thj)/ﬂ + e, (t =kr+1,.., T)a (A-3)

Let BF,C denote the GLS estimate that corrects only for serial correlation and BF,CH, the
one that corrects for both serial correlation and heteroskedasticity. To be more precise,
we apply the following steps: a) Estimate by OLS the quasi-differenced regression (A.3)
to obtain the residuals éy; b) Estimate the model log(max{é},d°}) = ¢o —9_; 20, via
Adaptive Lasso, where § = 0.1 is some small positive number to avoid dealing with residuals
that are nearly zero. Note that z; may include some or all elements of z; or transformations
of them. Denote the predicted values from this model by v, = €%; ) BF_CH is the weighted
least squares (WLS) estimator of the quasi-differenced regression (A.3), with weights given
by €,2.

In order to construct confidence intervals for the parameter /3 of interest, introducing some
finite sample refinements can be beneficial. Here, we describe the particular form adopted,
following Miller and Startz (2019) and Rothenberg (1988). We focus on the estimate of the

asymptotic variance of the FGLS estimator:
Var(Bp_cn) = (T X' W X) ' OT ' X' W X) 1, (A.4)

where IV is a diagonal matrix with entries wy; = U;(w)? = €2, the predicted values obtained
from the procedure to fit the skedastic function v;(w), X is the matrix of regressors, ) =
T-IX'YF-CH X with XF~CH a diagonal matrix with ¢"* entry given by:

. 52 1 he o n
$F—CH _ Ctk—F—CH 44 LE-C 7 A5
tt (E%k)Q (1 . ht7F_CH)2 ]f f ( )
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where ép_cpg = [é1.7—cH, -, érr—cn|’ are the estimated residuals from the FGLS regression
correcting for serial correlation and heteroskedasticity, i.e., é;p—cny =y — Br—cnx;, with

* [N

v = (n _jil P;‘jyt—j)/(é?k)l/zv (A.6)
X ki

v o= (=L pPey) /(@) (A.7)

cif is an estimate of the degrees of freedom used in the estimation of the weights. For Lasso,
the number of nonzero coefficients is an unbiased estimate for the degrees of freedom (Zou
et al. (2007)). The confidence intervals for the kth coefficient is then obtained using Sp_c .
+ zl_a/gSE(BF_CHk),Where Z1—aj2 is the 1 — /2 quantile of the normal distribution and
SE(Brarsk) = (Var(Bp_cu))y’, with Var(Br_cy) defined in (A 4).

S-4.1 Simulation results with heteroskedasticity

We consider the linear model (1) with serially correlated and heteroskedastic errors. The
specifications are the same as in the text except that e, ~ N(0,v;(2)) or, equivalently,
e = /vt (2)er, where g, ~ i.i.d. N(0,1). We apply a FGLS accounting for heteroskedasticity
in the FGLS regression used to correct for serial correlation,

kX A kX A x
Yt _jil Pijt—g - (xt _jil pfl‘t—j),ﬂ + Ctk, (t - kT + ]-7 ceey T)a

This is then equivalent to applying OLS to the regression y; = ;8 + e—_r_cu, Where y;
and z} are defined by (A.6) and (A.7) and the estimate of 2, is constructed as outlined
in the previous section. We only consider a subset of the cases used earlier with 7" = 200.
These are: 1) AR(1): u; = 0.5u,_1 + v(2)Y%e; 2) AR(2): w; = 1.34u,y — 0.42u; 5 +
v(2)Y2e4; 3) MA): uy = vy(2)Y2e; + 0.5v,1(2)Y%e4_1; 4) ARMA(1,1): uy = 0.8u;_; +
v,(2)Y2e; — 0.4v,_1(2)"%¢,_1, where &, ~ d.i.d. N(0,1). We consider three specifications
for the skedastic function 14(-) as in Romano and Wolf (2017). These are, from weak to
strong heteroskedasticity: a) Power function: v4(z); = z7; b) Squared log function: v;(x), =
log(z,)]%; ¢) Exponential of a second-degree polynomial: v(z)s = exp (0.2z, + 0.222). The

2 cos(w), cos(2w), cos(3w)). We consider two cases: a) w; = z,

input matrix is W = (1, w, w
which assumes that we select the correct variable influencing the skedastic function; b)
wy = ¢z + (1 — ¢)gr with ¢ ~ U(1,4) and ¢ ~Bernouli(p) with p = 0.75. In this case, the
covariate used to model the skedastic function is not the same as the true one but is correlated
with it, the correlation being p. Note that in practice, one can include a vast set of potential
covariates. Hence, with the parsimonious set considered, the improvements obtained in terms
of MSE and length of the confidence intervals should be viewed as conservative.

The results are reported in Table S.9; the first panel for w; = x; and the second for
wy = ¢+ (1 —¢p)q. We present the MSE, bias and variance of the FGLS estimate as well as

the coverage rates and lengths of the confidence intervals obtained using the method discussed
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in the previous section. We present results for the OLS estimate, the FGLS estimate that
accounts only for serial correlation (F-C) and the FGLS estimate that accounts for both
serial correlation and heteroskedasticity (F-CH). This is done to gauge the extent of the
improvement provided by the correction for heteroskedasticity. Note that when using F-C,
we construct the confidence intervals that correct for serial correlation the same way as we
do for F-CH, i.e., applying the same correction for potential remaining heteroskedasticity.

When the covariate used is the correct one, we see important reduction in the MSE of
the F-CH estimate relative to F-C, more so as the heteroskedasticity is stronger. All esti-
mators are essentially unbiased, so that the reductions in the MSE come from a reduction
in variance. Since correcting for serial correlation via a FGLS procedure provides substan-
tially more precise estimates relative to OLS, needless to say that the same applies when
further correcting for heteroskedasticity. The coverage rates of the confidence intervals have
an exact size close to the nominal level. The OLS estimates also have good coverage rates
in most cases but can be sensitive to the strength of the serial correlation; e.g., the AR(2)
case. However, the lengths are substantially smaller using F-CH compared to OLS and to a
lesser extent compared to F-C.

The results in the bottom panel pertains to the case with an incorrect covariate, though
correlated with the correct one. The results are similar with the exception that the incre-
mental reductions in MSE and variance provided by the correction for heteroskedasticity are
smaller, as expected. Nevertheless, they are still important enough in magnitude. Hence,
using incorrect covariates to estimate the skedastic function can still lead to more precise
estimates, as long as there is some correlation between the two sets of covariates. The cov-
erage rate of the confidence intervals have an exact size close to the nominal level and the
lengths are much smaller than those with OLS and, to some extent, than with F-C.

We also performed simulation experiments with homoskedastic errors. The results were
then essentially equivalent to those obtained with F-C. This means that correcting for het-
eroskedasticity when it is not present has no detrimental effect on the precision of the esti-
mate, a result emphasized by Gonzalez-Coya and Perron (2024). Overall, the results show
that a further correction for heteroskedasticity can lead to more precise estimates and smaller
lengths of the confidence intervals compared to only correcting for serial correlation.
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S-5 Preliminary lemmas and proofs related to Section 4.1!

This section states and proves the preliminary lemmas underlying the results of Section 4.1
of the paper, and then proves Proposition 1, Theorems 1 and 2, and Corollary 1. Throughout
this section, references to Assumptions 1-5, Proposition 1, Theorems 1 and 2, Corollary 1 and
to equations numbered without a prefix are to the paper; lemmas and equations numbered
A x are those of this Supplement. The notation is that of Section 4.1; in addition, ¢ and C'
denote generic positive constants, not necessarily the same at each occurrence, 0, =j-i |pjl|
denotes the tail of the autoregressive coefficients, and A = p” — p*). All stochastic-order
bounds are derived from moment bounds that are uniform over £ < E}7®*; the paragraph
following Lemma A.2 explains how data-driven orders are accommodated.

Lemma A.1. (CLT for infeasible GLS.) Under Assumptions 1-3, VT (Bars—/f) N N(0,52Q71).

Proof. Write Bars — 8 = (X’Q7' X)) X'Q 'u = [(DX)'(DX)]"(DX)(Du).

Step 1: the whitening rows. The t-th row of D is (0¢/0@))(—¢t—1,4-1, ..., —1—1,1, 1), where
{é¢_1i}!Z] are the coefficients of the best linear predictor of u; given (u;_1, ..., u;) and O'(Qt) is
the corresponding prediction variance; this is what makes Var(Du) = ¢2DQD’ = o2I. Two
approximations connect these rows to the infinite-order weights a; = —p; (with ag = 1): (i)
truncation of the infinite past, with ¢-th error bounded in L' by a multiple of 7, =;>; |a;|; and
(ii) replacement of the finite-predictor coefficients by a, ..., a;_1, with L! error bounded, for ¢
beyond some fixed t,, by a multiple of ‘_1|¢;_1;— (—a;)| < c¢7; by Baxter’s inequality (Baxter
(1962)); the same inequality yields of, — o2 = O(77), hence |o./o() — 1| = O(7}). (For a

e

true AR(p) process, ¢;_1; = —a; exactly once t > p, and 7 = 0 for ¢t > p.) Consequently,
(Du)e = e +df,  (DX); =7, +df,  El|df|+ E|di|| < cm,

and ;7 =; i|a;| < oo by Assumption 2. Note that the approximation errors d; are not confined
to finitely many ¢; it is their cumulated size that is bounded. By the Cauchy-Schwarz and
Markov inequalities, the discrepancies satisfy

IT-H2(DX) (Du) = T, Faer]) = O,(T;m) = O,(T 17,

and similarly 7~Y(DX)(DX) = T; '%;2,4+0,(T~1). Since {(w}, e;)'} is jointly stationary and
ergodic (Assumption 3) and 7, is a measurable function of (z;, 7, 1,...) with E||Z;||* < oo,
the ergodic theorem gives T} 7,7, 5 Q.

!The authors gratefully acknowledge the use of a generative Al assistant (Anthropic Claude Fable 5) in a
supporting role during the preparation of this work. The tool was used to help replicate and independently
re-corroborate the numerical simulation results, and to assist with the formalization and checking of the
proofs in this section. It did not write any part of the main text, and no theoretical or empirical results
were derived directly from it; all proofs, derivations, and simulation outputs were formulated and verified
independently by the authors, who reviewed all Al-assisted output and take full responsibility for the content.
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Step 2: martingale CLT. The filtered score T; =;>¢ a;x¢—; is G;_j-measurable (this is
where the enlarged information set is essential, as x; depends on the contemporaneous x;
and is not ®;_;-measurable), and (22) gives E(e;|G;—1) = 0. Hence {Z;e;, G;} is a stationary,
ergodic, square-integrable martingale difference sequence with E[Zie;] =;>¢ a;E[zi_ie;] = 0
(the interchange justified by dominated convergence and the orthogonality conditions of
Assumption 3) and conditional second moment E[(Zie;)(ZTie:)'|Gi—1] = T T, E(€2|Gi1) =
07,7, whose mean is 02(). The martingale CLT for stationary ergodic martingale difference
sequences (Billingsley (1968), Theorem 23.1) gives T, *%e, 4N (0,02Q), and the result

follows by Slutsky’s theorem. Note that only pre-determinedness is used, not exogeneity. [J

Lemma A.2. (Order selection.) Let k. be the BIC-selected order over k € [0, kF*] with
kRax = | (T/InT)Y3], applied to the Durbin regression (14) with a common effective sample
(Ng and Perron (2005)). Under Assumptions 1-3 and 5: (i) if pj = 0 for j > p, then
Pk} = p) — 1, and Assumption 4 holds along k% with probability approaching one; (ii)
if 1p;] < ¢, for some X € (0,1) (e.g., invertible ARMA processes), then ki = O,(InT).
However, the BIC alone does not guarantee the tail condition in (23): since the BIC balances
the squared bias against the penalty, generically \/Tj>k}|pj] =p \/m — 00. The adjusted

order kr = max{ks, [(InT)*2|} satisfies Assumption 4 with probability approaching one.

Proof. (i) Write the BIC objective as In62, + kIn(T)/T, T = T — k™, where 62, is the
residual variance of the Durbin regression with k lags. Let o7 denote the population residual
variance of that regression; for k > p, 0 = 02, while 07 > o2 for k < p (under-fitting inflates
In 63’ .. by a positive constant in the limit). Over-fitting is ruled out because for each k£ > p the
difference In 6?7 ,—1In 67, is O,((k—p)/T)—a x*type improvement per extra (asymptotically
irrelevant) regressor—while the penalty increases by (k — p)In(7")/T'; standard exponential
tail bounds give P(3k € (p, k] : BIC(k) < BIC(p)) — 0; see Hannan and Deistler
(2012), ch. 5, for the classical argument. Hence P(k}. = p) — 1; along k% = p the tail in
(23) is exactly zero and p*/T — 0 trivially.

(ii) With |p;] < ¢, N, the bias term satisfies 07 —o2 = O(\?*), using the Baxter-type upper
bound O((;>k|p;])?), and the population trade-off between this term and the penalty kInT/T
is minimised at k£ < InT", whence k}. = O,(InT); cf. Hannan and Deistler (2012), ch. 6.6. For
the negative claim, note that at the balancing order the squared tail is of the same magnitude
pil)?2 < K*InT/T, so VT jsi|p;| < VE*InT diverges; this is the same

phenomenon documented by Ng and Perron (1995) for information-criterion lag selection in

as the penalty, (j>p-

unit-root autoregressions. For the adjusted order, eventually kr = [(InT)*?] > ki with
probability approaching one, and then k3./T = (InT)%2/T — 0 while

VT,

.7>]%T

1/2

;] < e (InT)2VTARTY = ¢ (In T)¥2q1/2- NI
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Data-driven orders. All stochastic-order bounds in Lemmas A.3 and A.4 and in the proofs
below are derived from moment bounds that are uniform over £ < £7**. Consequently, for
any (possibly data-driven) order k7 for which there exist deterministic sequences ky < ki <
kma with P(ky < kr < k) — 1 and such that Assumption 4 holds uniformly over [k7, kF],
all conclusions hold with k = k7. On an event of probability approaching one, every bound
applies simultaneously for all £ in the bracket. Lemma A.2 verifies this bracketing for the
BIC order under AR(p) errors, and for the adjusted BIC order under exponential decay.
We henceforth write k for either a deterministic sequence satisfying Assumption 4 or such a
data-driven order.

Lemma A.3. (Berk-type rate and linear representation, robust to non-exogeneity.) Under
Assumptions 1-5: (i) ||p” — p®| = O,(\/E/T) + O,(Vkjstlpjl) = O,(/k/T), and in
particular maxi<j<i |07 — p;| = Op(\/k/T); (i) VT (P — p®)) = 2];17;—1/2%7]{:% + Cr, with
1¢rll = Op(E*2/NT) + Oy (VAT jsilp;]) = 0,(1). The estimator is consistent whether or not
the regressors are exogenous, provided they are pre-determined.

Proof. By the Frisch-Waugh-Lovell theorem, p” equals the OLS coefficient vector from re-
gressing y; on the sample residuals &t,k of (Ye—1, -+, Ye—k)" on Wiy Since y;,_j = ;8 + u—j
and x;ﬂﬂ lies in the span of W, for 0 < j < k, residualising y;—; on W, is the same as
residualising w;—;; thus &t,k =Ui_1 — IQIIJ/VMC with f[k the sample projection coefficient, an
object computable from the data even though U;_; j is latent. Using u, = p(k)’Ut_l,k +ep+ 1y
and the sample orthogonality tz/zt,kWt’,k =0,

pP — p®) = (ﬂ_lﬁzt,kﬁg,k)_lﬂ_llﬁt,k(et + Tkt (A.8)

(a) The design. The Toeplitz covariance matrix of any finite stack of z-lags has eigen-
values in [27c,, 27C,| by Assumption 5(ii). These eigenvalue bounds carry over to ¥ as
follows. For the upper bound, 'y = E[U;14U;_,,] is a principal submatrix of such a
covariance matrix, s0 Apax(Lyx) < 27wC,; moreover, since vy is a projection residual,
a'Sra = min, Var(a'Up_1x — ¥Wix) < Var(a'Uy_1x) = a'Tyxa for every a € R¥. Hence
Y 2 Tur and Apax(2x) < 27C,. This comparison cannot deliver the lower bound, because
projection can only reduce the quadratic form: a lower bound on the eigenvalues of I, ;, im-
plies nothing for the smaller matrix ;. Instead, note that a’Yxa = Var(a'Ui—y  — a'TIy W, )
is the variance of a linear combination of z;, ..., 2z, whose coefficients on (u;_1, ..., u;_j) are
exactly the entries of a (the intercept does not affect variances). If ¢ denotes its full coef-
ficient vector, then ||c|| > ||al|, so that a’Sra > 27c,||c||* > 27mc,||al|* by Assumption 5(ii).
Thus 27wc. I < ¥, < 2xC.I uniformly in k. For the sample design, each entry of the joint
second-moment matrix of (U/_,,,W/,)" has sampling error of order O(T/?) in L?, uni-
formly over entries, by the covariance and cumulant summability of Assumption 5(i) (Berk
(1974), Lemma 3). Summing the squared sampling errors over the O(k?) entries bounds the
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Frobenius norm. Hence, writing S = ﬂ’lzﬁmk@,k for the sample counterpart of ¥, defined
in Section 4.1, and since the spectral norm of a matrix is bounded by its Frobenius norm,

126 = Skl < I8k = Zillr = Op(k/VT) = 0,(1) under k?/T — 0, (A.9)

where the passage from the raw second moments to the projected ones uses ||II, — II,|| =
O,(k/vT) (same entrywise bounds, plus the uniform eigenvalue bounds on the 1/-block)
and |/IIz|| = O(1). Hence the inverse in (A.8) is O,(1) in spectral norm. The rate in (A.9)
is k/v/T, not \/k/T; only 0,(1) is needed here.

(b) The score. Decompose T[lzﬂt,ket = T, "y e — (fIk — )Ty W, res. Both 1, and
W, i, are G,_j-measurable (they involve w1, ..., u;—; and x4, ..., 1, only), so by (22) and the
conditional moment restrictions of Assumption 3, both scores are martingale differences with
exact second moments: E||T, 'ty pes||> = T ro?tr(X)) = O(k/T) and likewise || T, ' W, pes|| =

O,(\/k/T). Hence,
Ty ower = T, ugen + Op(k/NT)O,(VE/T) = Oy(VR/T) + Op(k*?/T).

(¢) The truncation term. Each component satisfies
T genrial < (T3 1050 2T i) 2,

and E[r2,]V/2 < 0, E[u2]"/2, so || T Wy xrie]| = Op(Vkby)—note the factor vk from the grow-
ing dimension.

Combining (a)-(c) in (A.8) gives (i); the truncation contribution is o,(+/k/T) because
VT6), — 0 under Assumption 4. For (i), multiply (A.8) by v/T and collect the discrep-
ancies from the leading term X772y pei (1) (T My )t — ST 0 per has
norm O (k/\/_ )0,(VE) = 0,(k¥2/V/T), using (A.9) and [T, *Pyrerl| = O,(VE) from
(b): (2) S (00, — )T, 2 Wipe, = O,(k32/\/T); (3) the truncation part, vTO,(v/k6},).
All are op( ) under Assumption 4; this is the step for which the rate k*/T — 0 (rather
than k?/T — 0) and the strengthened tail condition are used. Crucially, step (b) uses only
pre-determinedness; exogeneity is not required. ]

Lemma A.4. (Consistency of the design and scale estimates) Under Assumptions 1-5
(with k as above), (i) (T — k), 15{95; = Q; (ii) 62, L 02 hence AVar in (27) satisfies
AVar B o2Q~'. Consequently, AVar consistently estimates the asymptotic variance of
\/T(BFGLS— B) whenever the orthogonality condition (25) holds, while under non-exogenous

regressors it estimates the leading term o2Q~' and omits the correction o?>Q'T*Q = 0 of
Theorem 1(11).

PT’OOf. (1) Write %t = j%/t —j<k AJZCt,] Then
(T — k);7'%%, = (T — k) '35 + R,
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with
IRl < 20| Al (T ey ) j<ill e + A1 Amax (T Xk X1 1),

where X, stacks (x}_,,...,2, ,). The first factor is O,(\/k/T)0,(Vk) = O,(k/v/T) and
the second O,(k/T)O,(1) = O,(k/T) (the stacked Gram matrix has O,(1) spectral norm
under Assumption 5), so || Rr| = O,(k/VT) = 0,(1) under k?/T — 0. Also (T—kz)t_lftft RS
E[T,7] = Q: the gap between T; and T, is sy =jox pj2_; with E||sy||> = O(62) — 0, and
T,'%,7 5 Q by the ergodic theorem. Note that this part uses only Lemma A.3(i).

(i) Expand €y = e; + Tk —j<k Djus—; — %;(BAFGLS — B); the squares and cross products
of the last three terms are 0,(1) in average by, respectively, Assumption 4 (E[rZ,] = O(6?)),
Lemma A.3(i) (|A[*Amax (T} Ur—1xU]_ x) = Op(k/T)), and the VT-consistency of fraLs
(Theorem 1(ii), whose proof relies only on part (i) of this lemma, so the argument is not

circular), while (T — k);'e? & o2 by the ergodic theorem. Slutsky’s theorem then gives
AVar 5 02Q". O

Proof of Proposition 1

From (18)-(19), write 7 = p; + A;, so that
T=1 =" Axy et = G — Ay
Tt = Tt —j=1 BjLt—j; Cht = Cht —j=1 DjUt—j-

. . . —1/2% « . o =~ ~ . .
Substituting into 7} / Tl and using €y, = ey + Ty, Ty = Ty + S With sp =jsp pTe—j, gives
five groups of terms:

“1/24 . —1/2~ —1/2~
T, e = T, Cxer + T, (e + Ske€r + SkiTie)
A\ - - N ~~ g
(A) (Trunc)
k -1/2 . k —-1/2x
- j:1Aj,I;t T—jCrt — j:1AjT;t TUt—j

(©) (B)
+,;Z—‘i_:11/2?:1kAiAjt1‘t—iut—jj’-

~

(D)

We treat each block in turn.

(Trunc). Since 74 = pjus_j has E[r2,]? < 0, E[u?]'/2, the Cauchy-Schwarz inequality
gives B||T, *Zrw| < VTE[|Z |2 V2E[r2]"? = O(VT6)) = o(1) by Assumption 4, and
the same bound applies to sye; and sgry:. Hence (Trunc)= o0,(1). The bound for ;sje;
is crude—being a martingale difference score it is in fact O,(6y)—but nothing sharper is
needed.

(C). Since €y = e; + iy, and z,_; is G;_1-measurable for every j > 0, each Tt_l/th_jet
is a martingale difference score with exact second moment o2 E||z;||?, uniform in j. By the
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Cauchy-Schwarz inequality,

—~1/2 —1/2
Liax DT P el < NANC_T e jed )2

= Oy(VE/T)O,(VE) = O,(k/VT) = 0,(1),
because k%/T — 0. The truncation part of (C) is bounded by
| AIVEmasx;< 1T 20 jrill = Op(V/RIT)OH(VEVTO,) = Oy (kby) = 0,(1)

by Assumption 4.

(D). For each regressor component m, let P,gm’ be the k£ x k matrix with entries (Pk(m))ij =
T, '@y ysusj. Its spectral norm is O,(1): the mean E[P,gm)] is a section of the cross-
covariance Toeplitz operator of (z,,,u), bounded by 27C, under Assumption 5(ii), and the
sampling fluctuation is O,(k/vT) = 0,(1) by the entrywise bounds of Assumption 5(i), as
in (A.9). Hence, componentwise, |(D),,| = [vVTA'PI™A| < VT|PM™|||A|2 = Op(VT - 1-
k/T) = O,(k/VT) = 0,(1), which holds already under k?/T — 0.

(B). Write T{laut_j = g; + 1;, where 7, collects two terms: (1) the bias E[spiu—;] =i=
piEzi—jus_;], which is O(6)) uniformly in j; and (2) the mean-zero sampling fluctuation,
with Eljn; — En;||* = O(T™!) uniformly in j < k by Assumption 5(i). Then

(B) = VIGA + VT, WT eyl < VTIA| Gl 1),

and (j<x|n;12)"? = O,(\/k/T) + O(Vk6y), so the remainder is O,(k/VT) + O,(kf)) =
0,(1). The leading term is O,(1): by Lemma A.3(ii), VTGA = GkZ,;lT[lﬂqﬂt,ket +
GiCr with ||GrCrll < |Gkllli¢r]l = op(1), and the main part has exact second moment
oktr(GpY G < 0?(2mce,)7Y|Grl|2 = O(1) by the martingale difference property, the con-
ditional moment restrictions of Assumption 3, and the uniform eigenvalue bounds. Here
we used the fact that, under Assumptions 2, 3 and 5(i), the g; are absolutely summable:
writing ¢; =;>0 a;E[x;—;u,—;] and noting that E[xr,_;u,_;] is a subvector of I',(i — j), ;||g;|| <
(ilaiD (nlIT=(R)[]) < oo; in particular supy, [|G|| < supy [|GllF < oo

Finally, (Tt_liﬁi)*l % Q7' by Lemma A.4(i), which uses only Lemma A.3(i) and As-
sumptions 4-5, so no circularity is involved. Collecting (A), (B) and the negligible blocks,
the identity (20) yields (24). B

Proof of Theorem 1

(i) If g; = 0 for all j then Gy = 0, so (24) reduces to \/T(BFGLS - B) = Q‘thfl/thet +
0p(1), exactly the expansion underlying Lemma A.1; the displayed form follows from (17).
Exogeneity implies (25) because g; =;>0 1>00:c1E[xi—ie;—j—i| = 0 when every Elx;_e;_ ;] =0
(the interchange of summation and expectation being justified by absolute summability).
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(ii) Substituting Lemma A.3(ii) into (24) and using ||Gr(r|| < ||Gkl|llI<r|l = 0,(1),
VT (Brais — B) = Q7'T; P (@ — GiSy e + 0p(1) = Q7T sy + 0, 1),

Both 7, and ¢, are G;_;-measurable, so {s;x, G} is, for each T, a square-integrable martin-
gale difference array (the dimension of v grows with 7'). We verify the two conditions of
the martingale CLT for arrays (Hall and Heyde (1980), Corollary 3.1), for fixed ¢ of the same
dimension as 3, writing b, = ¢/G} X" and noting ||b]|? < (27c,) 1 GLE ' Ghe = O(1).
Conditional variances. By the conditional moment restrictions of Assumption 3,

T E[(C510)%Gin] = 03[ Qe — 2b)0m + b Siby], (A.10)

with Q = T, '3}, m = T, M4y 175, S = T;lwt,kwgyk. Now (1) Q@ & @ (ergodic theorem);
(2) ||Ze—2k]| = Op(k/VT) = 0asin (A.9), so b, 3kby = U, Spbr40,(1) = ¢GrE0 Glhcto0,(1);
(3) ||E[Wux2y])|| = O(VkBy) — 0, because T, =F, a;x,_; — s and the first piece lies in the
span of W, which is orthogonal to ¢, in population. So E[i ;] = —E[¢xS},], each of
whose k rows is O(f) (and which vanishes exactly for a true AR(p) process once k > p);
the sampling fluctuation of 7 is Op(\/k’/_T ) by Assumption 5(i). Hence, using Assumption
(i),
T E[(514)%Gio1] 2 02 (Q +T%)e = dAc.

Lyapunov condition. By the conditional moment restrictions of Assumption 3 and the
c-inequality, E[(c'six)?] < 8ka(E[(dT)Y] + E[(bibir)?]). The first term is finite since
the L* norm of 7; is bounded by (;|a;|) times that of z;, which is finite; for the second,
E[0br)t] = 30, Zkbr)® + cumy(bjthix), and the summable-cumulant condition of As-
sumption 5(i) bounds |cumy(bj1 k)| < C||bg||* uniformly in k& (the projection coefficients
defining v, have uniformly bounded ¢;-norm per row and the quadruple sums converge
absolutely). Hence, sup, , E[(¢'s;)'] < oo and Ty *E[('syx)"] = O(T™') — 0, which im-
plies the conditional Lindeberg condition. The array CLT and the Cramér-Wold device then
give Tt_lﬂsuk N N(0,A), and Slutsky’s theorem completes the proof of (ii). If Gy = 0
(equivalently, under (25)) then s, = ¥;e; and A = ¢2Q), recovering part (i); the comparison
Q'AQ ! = ¢2Q7 ! is immediate from I'* = 0. Finally, note from (A.10) that the finite-k
variance of the effective score is

A = 02(Q — Gp Xy B[] — E[Zw), )50 Gy + GRSy ' G, (A.11)

whose cross terms are O(vVk6),) — 0 (exactly zero for AR(p) errors with k > p), yielding
the clean limit A = 0%(Q + I'*) used in the statement; for bounded operative orders, e.g.,
AR(p) errors with the BIC, the argument applies verbatim with I', in place of I'*, since the
conditional-variance step requires only that I', converge along the realized order sequence,
which is trivial when k£ = p eventually. B
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Proof of Theorem 2

Recall from (A.9) that |2 — || = O,(k/VT); since 3y, = 2me. I (part (a) of the proof of
Lemma A.3), on an event of probability approaching one Ay (3;) > mc., whence |37 =
O,(1) and
1= = S < IS S, = Sellll S = Op(k/VT). (A.12)
Step 1: convergence of G Using @ ; = up_j — :E;_j(BFGLS — () and a%t =7 —i<k Dy,
9j — 95 = Sﬂ_létut—j - gjz—igkﬁiﬂ_lﬂ—iut—j - (Tt_litl";_j)(BFGLS - 52.

~
nj & vj

For 7;: exactly as in block (B) of the proof of Proposition 1, (j<||n;]|*)/? = O,(/k/T) +
O(Vkb;,). For &;: for each regressor component m, the k-vector ((&;)m)j<x equals P,Em)/A
with P{"™ as in block (D) of that proof, so (j<x(&)2%)Y2 < [|PI[|A] = 0,(1)0,(v/k/T)
by Lemma A.3(i); summing over the components gives Op(\/k;/_T ). For v;: by the Cauchy-
Schwarz inequality, simultaneously for all j < k,

IT; el e < (T @) 2T )2 = Op(1),

because T, Y| Z,||2 = tr(Qr) = tr(Q) by Lemma A.4(i) and E||z,||? < oo; since VT (Bpars —
B) = O,(1) by Theorem 1(ii)—whose proof involves no variance estimation, so no circularity
arises—we get (j<i||v5]|2)"? = O,(VE)O,(T~?) = O,(\/k/T). Collecting,

1Gs, = Gill < 1Gx = Grlle = Op(VE/T) + O(VEG) = O, (VK/T), (A.13)
the tail term being dominated because vT0; — 0 under Assumption 4; in particular ||Gy| <
supy [Galr + 0,(1) = 0,(1).

Step 2: the correction. Decomposing

G50 G — GG = (Gr — GRS G + Gr(E0! — SN Gy + GRS (Gl — G
and using (A.12), (A.13), sup,, ||Gx|| < o0 and ||Z. ! < (27c.) 7,

IGKE: G — Tell = Op(VE/T) + Oy(k/VT) = Oy(k/VT) = 0,(1)
under Assumption 4, proving (i).

Step 3: assembly. By Lemma A4, Q' 5 Q7! and 62, 5 o2; moreover, ||| <
(27mc,) ! supy, ||Gy||%, which is O(1). Hence all products of the convergent factors converge,
giving (ii). For (ili)a): under (25), Gy = 0, so (A.13) gives ||Gk|| = O,(\/k/T), hence
1GLE1G < IECNGRN? = O,(k/T), and (i) reduces to AVarg % o2Q~". Part (iii)b)
is immediate from (ii): for AR(p) errors, P(k} = p) — 1 by Lemma A.2(i) and I'; =T,
eventually; when k& — 0o, Assumption 5(iii) gives 'y — I'*. B

Proof of Corollary 1

The result follows from Theorem 1, Lemma A.4, Theorem 2 and Slutsky’s theorem. B

A-19



References

Baxter, G., 1962. An asymptotic result for the finite predictor. Math. Scand. 10, 137-144.
Berk, K.N., 1974. Consistent autoregressive spectral estimates. Ann. Statist. 2, 489-502.
Billingsley, P., 1968. Convergence of Probability Measures. Wiley, New York.

Blanchard, O.J.; 1981. What is left of the multiplier accelerator? Amer. Econ. Rev. Pap.
Proc. 71, 132-143.

Godfrey, L.G., 1978. Testing against general autoregressive and moving average error models
when the regressors include lagged dependent variables. Econometrica 46, 1293-1302.

Gonzalez-Coya, E., Perron, P., 2024. Estimation in the presence of heteroskedasticity of
unknown form: a lasso-based approach. J. Econom. Methods 13, 29-48.

Hall, P., Heyde, C.C., 1980. Martingale Limit Theory and Its Application. Academic Press,
New York.

Hannan, E.J., Deistler, M., 2012. The Statistical Theory of Linear Systems. Wiley, New
York.

Koreisha, S.G., Fang, Y., 2001. Generalized least squares with misspecified serial correlation
structures. J. R. Stat. Soc. Ser. B 63, 515-531.

Miller, S., Startz, R., 2019. Feasible generalized least squares using machine learning.
Econom. Lett. 175, 28-31.

Ng, S., Perron, P., 1995. Unit root tests in ARMA models with data-dependent methods for
the selection of the truncation lag. J. Amer. Statist. Assoc. 90, 268-281.

Ng, S., Perron, P., 2005. A note on the selection of time series models. Oxf. Bull. Econ.
Stat. 67, 115-134.

Romano, J.P., Wolf, M., 2017. Resurrecting weighted least squares. J. Econometrics 197,
1-19.

Rothenberg, T.J., 1988. Approximate power functions for some robust tests of regression
coefficients. Econometrica 56, 997-1019.

Tibshirani, R., 1996. Regression shrinkage and selection via the Lasso. J. R. Stat. Soc. Ser.
B 58, 267-288.

Zou, H., 2006. The adaptive Lasso and its oracle properties. J. Amer. Statist. Assoc. 101,
1418-1429.

Zou, H., Hastie, T., Tibshirani, R., 2007. On the degrees of freedom of the Lasso. Ann.
Statist. 35, 2173-2192.

A-20



8T'0 | 800 800 600 TII'0 €TI0 6T'0 620 S0 690 00T 8ET 08T €¢ 19¢C ¥6'¢c €€ Gre €9¢€ 09€ | 660 G'0'8°0
¢g'0 | 290 290 %90 €90 %90 <290 990 0L0 €80 00T el S8yl LLT G0C Lgc 9¥'e 19C ¢CL'C ¢LT | TVO 7'0-8°0
¥€0 | 9¢0 9¢0 Lg0 80 80 ¥€0 <¢¥0 9¢0 GL0 00T O0€T 99T L6'T T1€¢ 99¢ LLC €6C S0€ 80€ | G40 g'0'q'0
10T | ¢€'T @¢€T 8T 0¢T CSI'T €I'T 90T 660 860 00T 90T ¥I'T LgT OFT 19T 69T 9T 89T <CLT | L00 700 (I'T)VINUV
¥6'0 | 190 670 6V°0 6V0 TS0 €90 690 L90 180 00T €T 8T ¥LT 86T 1¢¢c 8€C 9r'c 69°¢c 09¢C | L90 g'0'zc’0
660 | ¢8T 08T GLT TILT 89T 8T €T 0T 80T 00T ¥60 ¥60 ¥60 80 00T SOT 80T 8O'T TIT'T | ¥I0- 7020
07’0 | c0'e L6'Cc €8¢ 69¢ 0S¢ Lcec V6T €9T 6¢T1 00T GL0 290 <Sv0 LEO ¥EO 0€0 0€0 600 00 | LS0- 7'0-¢0-
690 | €0 690 690 290 890 690 ¢L0 LL0 980 00T SI'T 8T KT 08T L6'T 80¢ 1T¢c 6¢¢c 8¢¢c | 0V0 g0
9.0 | Te¢ 60¢ 60C 96T 16T 69T 19T €€T GI'T 00T 680 1I80 8L0 GL0 9.0 6.0 640 080 ¥80 | ¥E0- ¥°0- (IvVIn
090 | S¥'¢ 6¢C ¢€¢c ¢c'c 60c 88T V9T ¢l TI¢T 00T €80 ¢L0 ¥90 190 L90 990 830 LG0 990 | L¥O- L0-
1.0 | OF'0 6€0 6€0 8€0 6€0 TIvr0 Lv0 830 6,0 00T TE€ET L9T €0¢ 8€c L9C 16C 80'E€ 0C€ 9¢¢€ | 890 €0'6°0
GO'T | 96T <©9'T 8y'1T ¢v'1T €€T1T Pl PI'T S0°T 00T 00T SOT GI'T LT I¥VT €8T P91 <CLT LLT €01 0 €00
LT0 | 00 %00 G0°0 900 600 ¥I0 G20 ¢F0 290 00T TPVT G8T T€C €LC 60€ 8€€ 69¢ €L¢ 08¢ | ¥60 | ¢ro-7eT (2)av
¢r'o | €€ LT'E 90°€ 68¢C 99¢ 9€c¢ <¢oc 99T T1€T 00T 9.0 650 67V0 ¥P0 €0 €V0 ¥PO G¥V0 9¥°0 | 1L°0- €0'60-
¥L0 | ¥9°0 ¥9°0 ¥9°0 ¥9°0 P90 990 290 940 980 00T SI'T 8T 69T 8LT G6'T 60¢C¢ 61'c G¢¢c 6¢¢C | 80 €0-¢"0
€60 | ¥¢0 €20 ¢¢0 ¢9¢0 ¢¢0 6¢0 80 ¢¢0 ¢cLo 00T ¥veET <¢LT O0T'c 09¢ LLe 90€ ¢Coe ¢C€¢ Tre 80 80
68°0 | 190 €90 690 <¢90 090 <90 990 TIL0 €80 00T o'l 91T €LT 86T 6I'c S€¢ 19¢ ¢9¢ 19¢ g0 g0
10T | IT'T OT'T 60T ¥OT 10T 960 ¢G60 ¢60 660 00T OT'T ¥eT G€T €ST ¥9T 9LT ¥8T T6T 7T6'1 ¢0 Al (Dyv
10°T | 19T 8¥'T SP'T 8€T T1€T ¢¢'T vI'T L0T 10T OOT ¢OT 90T SI'T 92T ¢&€T €1 Tvrl o6v'1T P8l 0 0
090 | L8¢ ¢gc 8¥c 1€¢ ¢SI'ec L6'T TILT 99T ¢¢'T 00T €80 120 990 690 190 190 €90 €90 990 | 90- g0-

T Q

pml 60 80 20 90 g0 70 €0 ¢ 10 00 TO- ¢0- €0- ¥0- 90 90 L0 &0 60 m

- c

d

0= %d ‘00g = I ‘STO 03 SAIIR[aI §T5) JO 1011y perenbg uesly [eondwy -d 1ejeurered yim §TH-(T)YY :T°S O[qRL,



gc’o | v000 ¥0°'0O 900 600 910 L0 <0 090 080 00T S8I'T PET 9T 99T ¥9T 69T €LT GLT 9L°T | 660 G'0'8°0
I7°0 | 60 820 820 80 1€0 80 090 6990 ¢80 00T 9T'T T€T VT ¢C8T 89T €9T L9T 69T O0LT | V0 7'0-8°0
¥0 | 1€°0 T1€0 T€0 €€0 L0 S¥0 9¢°0 040 980 00T VLT 9¢T 9€T ¥v1 6VT PST 99T 83T 69T | G470 g'0'q'0
90'T | ¢6'T ¥RT O0LT €91 7ve€T1 LT'T 6SOT 660 860 00T ¥OT OT'T ST'T 61T ¢G¢'T G¢1T ACT 8T 8CT | L00 7'0-6’0  (I'T)VINUV
990 | G990 ¥9°0 <¢90 090 090 €90 690 8L0 680 00T TII'T TI¢T 66T S€ET OVT €T SPT LVT 8V'T | L90 g'0'zc’0
66'0 | L9°€ 09'€ Tc'€ €8¢ 8E€C 66T 8T 0€T TII'T 00T ¢G60 €60 €60 €60 960 960 960 L60 L60 | ¥I'0- 7020
70 | ¢¢°6 8L8 96, P89 ¢¢¢ ¢<¢¥v 60€ <CI'c 9T 00T TL0 €90 €¥0 80 9€0 ¥E€0 ¥E€0 €L0 €€0 | L90- 7'0-¢0-
98°0 | 4660 G660 060 G980 080 8L0 640 P80 7160 00T 60T LI'T €T 6T €€T 9T 8ET 6€T 0OVl | 0V0 g0
LLO | LO0S €8V 1PV ¥8E 0c€ 9¢¢ 86T €9°T TI¢T 00T 830 1I80 8L0 2LL0 9.0 LLO0 LLO LLO P80 | 7€°0- ¥°0- (IvVIn
96'0 | 899 G€9 6.9 <¢O¢ VIV Gce Gyc 08T €€T 00T 620 290 690 990 €90 €90 190 190 190 | L¥0- L0-
07’0 | 060 620 620 6¢0 ¢&0 6£0 TS0 990 €80 00T 9T'T O0€T ¢eP'T 19T 8IT €9T 99T 89T 69T | 890 €0'6°0
10T | 8T'¢  80¢ 16T 69T 91T ¥#¢'T 60T 00T 860 00T GOT TI'T AT'T ¢&'T 9¢T 6¢1T T€T ¢<C€T €ET 0 €00
920 | 00 %00 900 600 9T0 220 TF0 090 080 00T ST'T €T 9T 99T €91 89T gLT ¥LT GLT | ¥60 | ¢Vo-7¢T (2)av
¢9'0 | 6€'8 G6°L 6T°'L 919 L6 08¢ 9L¢C 96T LET 00T 8LO L90 €90 090 090 7190 190 €90 90 | 1L0- €060~
€60 | LOOT ¥#0°T 00T %60 680 980 G980 880 €60 00T LOT €I'T 6I'T €T L¢T 61T 1I€T ¢CET €E€T | 8E0 €0-¢"0
ge'0 | 020 610 00 ¢c0 9¢0 G0 80 P90 ©80 00T 9I'T T€ET CrT ¢9T 8T €9T L9T 69T O0LT 80 80
99°0 | ¢L0 0.0 290 %90 ¢<¢90 %90 690 LLO 880 00T TII'T @'l O0€T LET vl 9T 8T 09T 19T g0 g0
60T | 9¢°'T 09T 1IPT 8T CSI'T ¥O'T 460 ¥60 960 00T <SOT TII'T 9T'T 1T ¥»¢1T L&'T 8CT 61T O0€1 ¢0 co (Mav
10T | 8¢ 8¢ TI'¢c 8T €9T Ovl T¢T 60T <01 00T TO0T €0T 90T 60T oI't €I'T SI't SI'T 9T'T 0 0
¢L0 | 809 LLG GTS VeV €LE ¢ec I¢e 99T ST 00T 980 LL0 VL0 €40 ¢TL0 €L0 €L0 €L0  €L0 | G0 g0-

T Q

pml 60 80 20 90 g0 70 €0 ¢ 10 00 TO- ¢0- €0- ¥0- 90 90 L0 &0 60 m

- c

d

‘G0 = % ‘00g = I ‘STO 03 9AIYR[DI §TY) JO 1011y parenbg ueayy [eotardusg

‘¢S Sl9BL




60 | S0°0 90°0 010 61°0 €0 6V0 ¥90 640 160 00T 20T €I'T AT'T 02T ¢¢'T €21 Vo1 G¢'T ST | 660 g'0'8°0
8¥'0 | 0€0 L2°0 .20 1€°0 0’0 €90 .90 080 160 00T 20T @er't 91T 6I'T 1T €21 %1 V&1 ¥¢'1 | ¢vo 7'0-8°0
09°0 | 670 70 gav'o 970 €40 ¢90 €L0 €80 €60 o00T 90T orrt ¥rr 9t 8I'T 61T 02T O0¢T T¢'T | G40 g'0'g'0
€T'T | LV'E y0'€ e 88T S¥'T 8T'T ¥0O'T 660 860 00T <0T ¥OT 90T 80T 60T OT'T OT'T TI'T TI'T | L0O 700 (I'T)VINUV
180 | 8I'T 20T €6°0 ¢80 2.0 8.0 ¢80 880 960 00T 60T 80T TII'T €I'T PI'T ST'T 91T 9I'T  9I'T | LS0 g'0'zc’0
L6°0 | 298 87°L 06'G 0€'v 106 I1°'¢ 99T ¢G¢'T 80T 00T 960 960 960 G960 660 G660 660 660 960 | ¥I'0- 7'0-C°0
¢g'0 | 9 €¥'0€  8¥'€c T¥PI9T  090T 099 68€ ¢C€¢ 8yl 00T ¥»L0 190 %90 090 6V0 8¥'0 L¥0 L¥V0 L¥VO | LG0- 7'0-¢0-
ET'T | 781 791 8¢'T 4 86'0 160 060 ¢60 960 00T ¥OT 90T 60T OT'T ¢<¢I'T €I'T €I'T ¥I'l ¥#I'T | OFO g0
G8°0 | 6LET  €6'TT  €E6 899 ¢gy  00€ ¥0e 8Y'T  LT'T 00T 160 480 G980 ¥80 ¥80 P80 7¥80 ¥80 ¥80 | ¥E€0- ¥°0- (IvVIn
090 | P¢’9c 08'Tc 9691 00¢T 16L 00¢ €rI'¢ T10C 9¢€T 00T 080 690 €90 690 2L90 990 690 690 G690 | L¥vO- L0-
¢80 | ¢€0 0€°0 6¢°0 €€0 ¢r'o v§'0 890 080 160 00T 20T @er't 91T 6I'T TI¢T ¢¢'T €21 ¥e'T ¥¢'T | 890 €0'6°0
€0°T | 6€°€ 96°C 9€'C 6L°T LT ¢I'T 00T 960 L6°0 00T €0°T 90T 8O'T OT'T SI'T €I'T €I'T ¥I'T ¥I'T 0 €00
8¢'0 | ¥0°0 ¥0°0 90°0 60°0 91°0 .20 Tr0 090 080 00T S8T'T €T 9FT 99T €9T 89T TLT LT GLT | ¥6°0 | Tv0-7€T (2)av
180 | 8€'I¢ OFV'8T CCVI  L6'6 169 607 8¢¢ TILT ¥¢T 00T 880 €80 180 080 080 080 080 180 180 | IL0- €060~
Ge'T | G€'C 01°C QLT €V'1 61°'T ¥0'T 860 L6°0 860 00T <0T ¥0OT 90T L0T 80T 80T 60T 60T 60T ]| 80 €0-¢"0
9¥7'0 | ¢¢’0 (a4 €20 620 0¥’'0 €50 .90 080 160 00T 20T @er't 91T 6I'T 1T ¢&'T €T ¥eT ¥C'1 80 80
¢80 | 70T ¥6°0 180 €L°0 0.0 €L0 640 L8O ¥60 00T ST 60T <¢r't ¥I'T 9I'T AT'T S8I'T 8I'T 8I'T g0 g0
8C'T | ¥L'¢ [qieé 86T 9¢'T gc'T  L0T 660 L6°0 860 00T €0T ¢G0T 20T 80T 60T OT'T TII'T TII'T TII'T ¢0 0 (Dyv
00T | 197 1% ye'e Sv'e €8T IP'T 8I'T 90T TOT 00T 00T TOT 20T €0T ¥%0T SOT GOT GOT 90T 0 0
G680 | L8VI L8CI 9001 8T'.L €8%v LT'¢ ¢l'c 19T SI'T 00T 160 2L80 980 ¥80 ¥80 P80 ¥80 ¥80 ¥80 | 90- g0-

T Q

ml 60 80 20 90 g0 70 €0 ¢ 10 00 TO- ¢0- €0- ¥0- 90 90 L0 &0 60 m

- c

d

'R0 = % ‘00g = I ‘STO 0% dAI1YR[DI §TY) JO 011y parenbg ueayy [eotardusg

€S Sl9BL




T ¢r'o €10 9¢0| 960 G0 000| OI'0O OT0 OT'0 S¥P0| 8OO0 ¢80 P00 ¢C91¢ | 010 TIIT°0 OT'0 G901 80
T GT'0 G10 8I0| %0 060 T0OO0| PI'O STO0 €TI0 ¢c0| ST'0 €€¢ ¢00 Q6T | ¥I'0O 020 €I'0 8I'V a0
T LT'0 ST°0 9T°0| €°0 ¢60 TS0 | TZ¢0 ST'0 ST0 LT°0| I€0 99T 900~ L8L 120 020 ST'0 6.0 0 go=+
0 91°0 910 910| ¥6'0 <60 V60| LT'0O 6T°0 LT'0O LT0| PI'0- OT'0- ST°0- GT°0- | AT'0 61°0 AT°0 ATO 0
T GI'0 G910 ®T°0| 960 060 T00| PI'O STO0O €TI0 ¢c¢0 | 1I¢0- OVc 8I'0- 8T'0¢-| ¥I'0 120 €TI0 6CT Gq'0-
T €r'0 €10 80| 960 G660 9¢0| ¢I'0 ¢ro ¢ro c¢so0| ¢00 91°0 TO00- 0981 | ¢I'0 ¢I'0 ¢I'0 86'¢ 80
T ¢T’'0o G1o 0c¢0| S0 960 90| 910 910 ST'0 920 | SO0 ¥P0O TO0- S99IT | 9T'0 910 SIT'0 <T91 a0 N
! LT°'0 LTO ATO| #6°'0 %60 1I80| 020 610 8IT°'0 020 | OT'0 <20 €00- 997 0c’0 61°0 8T0 1I¥O0 c0 gz0=+4 n__:
0 LT°0 AT0O LTO| 90 #60 S60| 6I°'0 020 6I'0C 6I'0| €0°0- T0O0- S0°0- G00-| 610 0¢0 610 610 0 S
! GI'0o 910 020 | 960 G660 v&O| 9T0 910 GT'0 G0 | IT0- 190~ 60°0- ¢8TI-| 9T°'0 9T°0 ST'0O 991 Gq'0-
T ¥Io ¥%ro 6¢o| ¥60 960 960| €10 <¢I'0 ¢ro 40| S00 SO0 €00 ¥IO €I'0 ¢I'0 ¢ro €90 80
T 91’0 91°'0 0C0| S0 960 960| 91°'0 910 910 4Lg0O| TOO 000 000 TOO-| 9T0 910 910 LTO g0
T LT°'0 LT°0O S8T0| 960 960 96°0| 610 610 61°0 0Z0| 000 T00- TO0- 000 6T°0 6I°0 6T°0 0CO0 ¢0 0=+
0 8T°'0 8T'0 LT°0| 960 G660 S60| 0cO 0c0O 6I'0 610 000 000 000 000 0¢c’0 020 610 610 0
T 91°'0 91T°0 0g0| 960 G660 G60| ALT0 AT0O 9T0 80| 100 100 TOO SO0 LT°0 AT°0 9T°0 8C0 a0
! 0c0 020 O0V0o| ¥6°'0 G960 €T°0| L0 920 G20 €I'T| 80 ST'T 9T0 601¢ | L0 L0 G20 080T 80
! €¢0 €20 80| ¥6'0 €60 ¢Cc0| L0 80 ¢&0 990 OVO ¥PLC ¢C€I'0 ¢CL6T | L&0 SP0 ¢&0 SPv g0
T 92’0 v¢'0 G20 | 880 €60 LLO0| €90 <SP0 80 <cv0| L8T 99T 800~ GL'L G9'0 8¥'0 80 <01 0 go=+
0 g¢o ¢9¢0 vco0| ¥v6'0 €60 v60| ¥wO0 LVO I¥FO0 I¥O0 | GC0- ¢I'0- ¢€0- ¢&0-| ¥Wwo Ly0 1Iv0o 1IvO0 0
T €¢0 €20 60| ¥6°0 T60 020| 660 OVO0 ¥e€0 850 | €V0- €8¢ ¥P0- 1€0¢-| 660 Q0 P00 ILV Gq'0-
! 120 120 €0 | 960 <60 ¢90| 620 620 60 TI€T| 9T'0 80 600 9¥'8T | 620 6¢0 6C0 CLV 80
! ¥¢0 v¢0 1€0| ¥6°0 ¥6'0 890 | IF0 OV0 860 ¥9°0| ¢c0 TL0 900 L9'IT 7’0 1¥V0 8€0 86'T g0 ~
T L0 920 Lg0| €60 ¥60 630| €90 8¥'0 9¥0 670 | 160 €¥0 600~ L¥VV ¥¢'0 870 9¥'0 690 ¢0 qgo=+4 F
0 L¢’0 L0 LCO| ¥6°0 ¥6°0 ¥6°0| 050 <50 8¥'0 80| ¢00- S00 900- 900-| 050 ¢S50 80 8¥0 0 8
T ¥¢0 v¢0 T1€0| ¥6°0 ¥60 2L90| Tv¥0 1I¥V0 6£0 G9°0| ¢¢’0- <¢L0O- 0c¢0- S6°TII-| IF0 1I¥V0 6€0 8OC Gq'0-
T ¢¢0 ¢eco svo| v6'0 960 ¥60 | ¢&0 ¢e0 T1€0 LET | €00- ¢00- ¢00- TIT10-| ¢80 ¢ce0 160 LE'T 80
T gc’0 G¢0 ¢ceo0| 960 960 ¥v60| ¢v0 1IV0O IPF0 L90| 00O 610 6I°0 T1¢0 ¢ro 1I¥V0 IvVo 190 SN0
T Lc’0 Lg0 8¢0| ¥6'0 ¥60 ¥60| 190 090 6V0 €90| 1000- TO0- TO0- <00 160 090 6¥V'0 €90 ¢0 0=+
0 8¢'0 8¢'0 Lg0| ¥6'0 ¥6'0 ¥60| ¢50 €90 ¢&0 <¢g0 | 900- 900- L00- L00-| €90 €90 ¢90 ¢90 0
T ¢c0 G¢o c¢ceo| ¥6°0 960 ¥60| ¢r0 ¢v0 <¢v'0 890 | 9000 900 S00 600 ¢v'0 ¢ro ¢ro 890 Gq'0-
4PN | STOA 0D STO | SIOd 0D SI0|SIHAd 0D SID STI0|STOHd 0D §ID SI0 | SIOHd 0D SID  ST10 | (DYV
18uar] a8eIaA0)) 9OURLIBRA serqg ASIN

‘suoryedr[dor ssoqor NI AQ PoJOd[ES IOPIO Fe[ OAISSOIFOIONR URIPOUWL o) ST Y ‘PO “dIBAY IOJRUI)SO dOURLIBA
ISTIOI-A}TOULB0Xe 9} UO Pase( dIe SYIFUS] PUR S[RAIUI S0UPYU0D G5 00 A SUI[eds oY) 910Joq @og@E@/\._'mwﬁm = SN e}
os ‘suoryeor[dal ssoIdR g — ¢ JO 9dURLIRA 91} PUR URAUI 91[) dIe ddURLIRA pue seiqg (00T Aq pordimur ore sumniod ¢ si) 0 = *d
UM osed (T )YV E@>~E5<oo:o@mqoo JO YISUe] pue 9IeY OFRIOAO)) ‘VOURLIBA ‘I01If polenbg ueopy [eoundwo ‘serq :§°'Q 9[qR],



Table S.5: Bias, empirical Mean Squared Error, Variance, Coverage Rate and Length of Confidence Intervals,
AR(2) case with p; = 0. (First 3 columns are multiplied by 100). Bias and Variance are the mean and the
variance of 3 — (3 across replications, so that MSE = Bias?+ Variance before the scaling by 100. FGLS
confidence intervals and lengths are based on the exogeneity-robust variance estimator AVargr. Med. k is the
median autoregressive lag order selected by BIC across replications.

MSE Bias Variance Coverage Length
AR(2) OLS GLS FGLS| OLS GLS FGLS|OLS GLS FGLS|OLS FGLS |OLS FGLS | Med. k
0.5,-0.3 0.65 038 0.39 | 0.01 0.03 0.02 |065 038 0.39 [094 094 |031 0.24 2
-0.5,0.3 1.14 038 039 | 0.12 0.06 0.05 |1.14 038 0.39 |094 0.95 |041 0.24 2
7=0 1.34,-0.42 | 5.33 0.17 0.17 | 0.20 -0.01 0.00 |5.33 0.17 0.17 [ 094 095 | 0.8 0.16 2
0,0.3 0.56 047 0.49 | -0.05 -0.03 -0.04 | 0.56 047 049 [094 095 |0.29 0.27 2
0.5,0.3 1.12 038 039 | -0.04 0.01 0.00 |1.12 0.38 0.39 | 094 094 |0.40 0.24 2
0.5,-0.3 196 0.36 039 | 11.60 0.09 0.26 |0.61 0.36 0.39 |0.67 0.95 |0.30 0.24 2
= -0.5,0.3 2.55 035 0.39 |-12.06 -0.23 0.04 | 1.09 035 0.39 [0.78 094 | 040 0.24 2
T v=025 1.34,-042|14.20 0.16 0.17 | 30.23 0.08 0.08 | 5.06 0.16 0.17 | 0.72 0.95 | 0.85 0.16 2
& 0,0.3 0.54 044 048 | -0.21 -0.10 -0.03 | 0.54 044 048 |094 095 |0.28 0.26 2
0.5,0.3 231 036 039 | 11.27 0.03 -0.09 | 1.04 036 0.39 [0.79 094 |0.39 0.24 2
0.5,-0.3 443 031 0.39 | 1984 0.12 045 | 050 031 0.38 |0.18 094 |0.27 0.23 2
-0.5,0.3 5.08 030 0.42 |-20.29 -0.18 0.35 [ 096 030 042 |0.44 092 |0.38 0.24 2
v=05 1.34-042|30.60 0.14 0.15 | 51.36 0.12 0.17 |4.22 0.14 0.15 | 0.25 0.94 | 078 0.15 2
0,0.3 049 037 047 | -0.25 -0.09 0.10 | 049 037 047 [094 094 |0.27 0.26 2
0.5,0.3 459 030 042 | 19.11 -0.02 -0.41 | 0.94 0.30 0.42 |0.47 092 |037 0.24 2
0.5,-0.3 0.26 0.15 0.15 | 0.00 0.00 0.00 |0.26 0.15 0.15 [0.95 095 |0.20 0.15 2
-0.5,0.3 0.45 0.15 0.15 | 0.03 0.05 0.05 |045 0.15 0.15 |[0.95 095 |0.26 0.15 2
=0 1.34,-0.42 | 2.18 0.07 0.07 | 0.06 0.00 0.00 |218 0.07 0.07 |095 095 | 057 0.10 2
0,0.3 0.22 018 0.19 | -0.04 -0.01 -0.01 |0.22 0.18 0.19 [095 0.95 |0.18 0.17 2
0.5,0.3 0.45 0.15 0.15 | 0.11 0.03 0.03 | 045 0.15 0.15 094 095 |0.26 0.15 2
0.5,-0.3 1.62 0.14 0.15 | 11.76 0.03 0.08 | 0.24 0.14 0.15 |0.32 095 |0.19 0.15 2
= -0.5,0.3 1.85 0.14 0.15 |-11.91 -0.04 0.03 | 044 0.14 0.15 |0.56 095 |0.26 0.15 2
Lﬁ) v=0.25 1.34,-042|11.63 0.06 0.07 | 30.97 0.04 0.04 |2.05 0.06 0.07 |0.41 0.95 |0.56 0.10 2
& 0,0.3 0.22 0.17 0.18 | -0.11 -0.08 -0.03 | 0.22 0.17 0.18 [0.94 0.95 |0.18 0.17 2
0.5,0.3 1.74 0.14 0.15 | 11.51 -0.03 -0.05 | 0.42 0.14 0.15 | 0.58 0.95 | 0.25 0.15 2
0.5,-0.3 418 0.12 0.14 | 1997 0.09 0.16 | 020 0.12 0.14 |0.00 0.95 |0.17 0.15 2
-0.5,0.3 440 0.12 0.15 |-20.02 -0.05 0.07 | 039 0.12 0.15 |0.08 095 |0.24 0.15 2
v=05 1.34,-042|29.66 0.05 0.06 | 52.80 0.08 0.08 | 1.78 0.05 0.06 | 0.01 0.94 | 0.51 0.09 2
0,0.3 0.19 0.15 0.18 | -0.04 0.00 0.10 | 0.19 0.15 0.18 | 094 094 |0.17 0.16 2
0.5,0.3 423 012 0.15 | 19.63 0.02 0.00 | 0.38 0.12 0.15 |0.08 094 |0.24 0.15 2
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Table S.7: Bias, empirical Mean Squared Error, Variance, Coverage Rate and Length of Confidence In-
tervals, ARMA(1,1) case with p, = 0. (First 3 columns are multiplied by 100). Bias and Variance are the
mean and the variance of B — B across replications, so that MSE = Bias?+ Variance before the scaling by
100. FGLS confidence intervals and lengths are based on the exogeneity-robust variance estimator AVarg.
Med. k is the median autoregressive lag order selected by BIC across replications.

MSE Bias Variance Coverage Length
ARMA(1,1) | OLS GLS FGLS| OLS GLS FGLS|OLS GLS FGLS|OLS FGLS|OLS FGLS | Med. k&
-0.5,-0.4 1.05 0.26 028 | -0.11 0.01 0.01 |[1.05 0.26 0.28 [0.94 095 | 040 0.20 2
0.2,-0.4 0.54 049 0.51 | -0.05 -0.06 -0.06 | 0.54 0.49 0.51 |[0.94 0.95 | 0.28 0.27 1
0.2,0.5 0.78 031 0.34 | 0.02 -0.03 -0.04 |0.78 031 034 [094 095 |0.34 0.22 2
vy=0 0.5,-0.4 0.52 051 0.52 | -0.14 -0.12 -0.13 | 0.52 0.51 052 | 094 094 | 0.28 0.28 0
0.5,0.5 1.17 0.22 0.23 | -0.08 0.05 0.04 |1.17 0.22 0.23 |[094 095 |0.41 0.19 3
0.8,-0.4 0.73 043 045 | -0.05 -0.07 -0.08 | 0.73 0.43 045 | 094 094 |0.33 0.25 2
0.8,0.5 2.82 0.16 0.17 | -0.08 -0.05 -0.05 | 2.82 0.16 0.17 [0.94 095 |0.64 0.16 3
-0.5,-0.4 561 0.25 0.31 |-21.44 -0.33 -1.27 | 1.01 0.25 0.29 |041 0.93 |0.38 0.20 2
0.2,-0.4 0.73 046 0.56 | -4.80 -0.19 -1.33 | 049 046 054 |[0.89 0.93 |0.27 0.27 1
= 0.2,0.5 338 030 0.37 | 1629 020 145 [0.72 030 0.35 |[0.49 093 |0.32 0.22 2
Cﬁ] v=0.25 0.5-04 0.52 047 0.52 2.12 -0.17 096 | 048 047 0.51 [094 094 | 027 0.27 0
&~ 0.5,0.5 6.49 021 0.26 | 2321 0.10 1.29 |1.11 0.21 0.24 |037 0.94 |0.40 0.19 3
0.8,-0.4 149 0.40 046 | 898 -0.13 -0.71 | 0.68 0.40 0.46 | 0.80 0.93 |0.32 0.25 2
0.8,0.5 11.66 0.15 0.19 | 30.00 0.16 1.26 |2.67 0.15 0.18 |0.52 093 |0.62 0.16 3
-0.5,-0.4 14.12 0.21 0.37 |-36.43 -0.57 -2.40 | 085 0.21 0.31 |0.01 0.90 |0.35 0.20 2
0.2,-0.4 1.08 039 069 | -8.15 -0.34 -2.65 |0.41 039 0.62 |0.74 0.87 | 0.25 0.26 1
0.2,0.5 836 0.25 0.44 | 2787 0.29 267 |059 025 037 [0.04 090 |0.29 0.22 2
v=0.5 0.5-0.4 0.56 040 0.57 | 3.79 -0.09 1.98 | 041 040 0.53 |0.90 0.91 |0.25 0.25 0
0.5,0.5 16.61 0.18 0.33 | 39.62 0.30 264 |[092 0.17 0.26 |0.01 090 |0.37 0.18 2
0.8,-0.4 3.02 034 0.50 | 1556 0.04 -1.18 |0.60 0.34 049 |046 091 |0.30 0.24 2
0.8,0.5 27.95 0.13 0.26 | 50.74 0.25 236 | 220 0.13 0.20 |0.04 0.88 |0.57 0.15 3
-0.5,-0.4 0.43 0.10 0.10 | 0.01 0.03 0.01 |043 0.10 0.10 [0.94 095 |0.25 0.13 3
0.2,-0.4 0.21 0.19 0.20 0.01 -0.01 -0.01 [0.21 0.19 0.20 |{0.95 0.95 |0.18 0.17 1
0.2,0.5 0.31 0.12 0.13 0.01 0.01 0.01 {031 0.12 0.13 {094 095 |0.21 0.14 3
vy=0 0.5,-0.4 0.20 0.19 0.19 | -0.04 -0.03 -0.04 | 0.20 0.19 0.19 [0.95 0.95 |0.18 0.17 1
0.5,0.5 0.47 0.09 0.09 | -0.08 0.05 0.05 | 047 0.09 0.09 |[0.95 0.95 |0.27 0.12 3
0.8,-0.4 0.29 0.17 0.17 | -0.05 0.00 0.00 | 0.29 0.17 0.17 |0.95 0.95 |0.21 0.16 2
0.8,0.5 1.12 0.06 0.06 033 0.03 0.03 |1.12 0.06 0.06 |095 0.95 |0.41 0.10 3
-0.5,-0.4 489 0.10 0.11 |-21.21 -0.05 -0.72 | 0.39 0.10 0.11 |0.07 094 |0.24 0.13 2
0.2,-04 042 0.18 0.20 | -4.72 -0.06 -0.54 | 0.19 0.18 0.20 | 081 094 |0.17 0.17 1
= 0.2,0.5 296 0.11 0.14 | 16.37 0.00 0.77 |0.28 0.11 0.13 |0.12 094 |0.21 0.14 3
Lﬁ v=0.25 0.5-0.4 0.25 0.19 0.22 236 0.04 074|019 0.19 0.22 091 093 |0.17 0.17 1
&~ 0.5,0.5 592 0.08 0.10 | 23.42 0.07 0.78 | 0.43 0.08 0.09 |0.05 094 |0.26 0.12 3
0.8,-0.4 1.15 0.16 0.17 | 9.33 0.03 -0.05 | 0.28 0.16 0.17 | 0.56 0.95 | 0.20 0.16 2
0.8,0.5 10.23 0.06 0.07 | 30.24 0.05 0.69 | 1.09 0.06 0.07 [0.15 094 | 040 0.10 3
-0.5,-0.4 13.36  0.08 0.14 |-36.08 -0.23 -1.48 | 0.34 0.08 0.12 | 0.00 0.91 |0.22 0.12 2
0.2,-0.4 081 0.15 0.23 | -8.06 -0.14 -1.11 |0.16 0.15 0.22 |049 0.92 |0.16 0.17 1
0.2,0.5 8.07 0.10 0.16 | 27.98 0.11 1.60 | 0.24 0.09 0.13 | 0.00 0.92 |0.19 0.14 3
v=0.5 0.5,-0.4 0.32 0.16 0.27 | 395 0.00 1.33 |0.17 0.16 0.25 |0.83 0.88 |0.16 0.16 0
0.5,0.5 16.23 0.07 0.13 | 39.82 0.13 1.51 | 0.38 0.07 0.10 | 0.00 0.89 |0.24 0.11 3
0.8,-0.4 2.73 0.14 0.18 | 1575 -0.03 -0.18 | 0.25 0.14 0.18 | 0.09 0.94 |0.19 0.16 2
0.8,0.5 27.38 0.05 0.09 | 5145 0.10 1.30 |0.91 0.05 0.08 |0.00 0.89 |0.37 0.10 3
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