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Broadband dispersion extraction using simultaneous
sparse penalization
Shuchin Aeron∗ , Sandip Bose, Henri-Pierre Valero and Venkatesh Saligrama

Abstract
In this paper we propose a broadband method to extract the dispersion curves for multiple overlapping dispersive
modes from borehole acoustic data under limited spatial sampling. The proposed approach exploits a first order
Taylor series approximation of the dispersion curve in a band around a given (center) frequency in terms of the
phase and group slowness at that frequency. Under this approximation, the acoustic signal in a given band can
be represented as a superposition of broadband propagators each of which is parameterized by the slowness pair
above. We then formulate a sparsity penalized reconstruction framework as follows. These broadband propagators
are viewed as elements from an overcomplete dictionary representation and under the assumption that the number
of modes is small compared to the size of the dictionary, it turns out that an appropriately reshaped support image
of the coefficient vector synthesizing the signal (using the given dictionary representation) exhibits column sparsity.
Our main contribution lies in identifying this feature and proposing a complexity regularized algorithm for support
recovery with an `1 type simultaneous sparse penalization. Note that support recovery in this context amounts to
recovery of the broadband propagators comprising the signal and hence extracting the dispersion, namely, the group
and phase slownesses of the modes. In this direction we present a novel method to select the regularization parameter
based on Kolmogorov-Smirnov (KS) tests on the distribution of residuals for varying values of the regularization
parameter. We evaluate the performance of the proposed method on synthetic as well as real data and show its
performance in dispersion extraction under presence of heavy noise and strong interference from time overlapped
modes.

I. I NTRODUCTION
In this work we consider the problem of dispersion extraction from borehole acoustic data. Dispersion refers to
a systematic variation of the propagation slowness (inverse of velocity) of waves. Analysis of dispersion reveals
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important mechanical properties of the rock formation surrounding the borehole and thus dispersion analysis is of
considerable interest to the geophysical and oilfield services community. A brief survey of borehole acoustic waves
and their use in mechanical characterization of the rock properties can be found in [1], [2]. Acoustic waves are
excited in the borehole by firing a source, e.g. monopole, dipole or quadrupole source, which produces modes with
the borehole as a waveguide. A schematic is shown in Figure 1. These borehole modes are dispersive in nature,
i.e. the phase slowness is a function of frequency. This function characterizes the mode and is referred to as a
dispersion curve. In the problem of dispersion extraction one is interested in estimating the dispersion curves of
each of the generated modes.
For the readers who are unfamiliar with the area it is useful to mathematically formalize the set-up and introduce
relevant notions and definitions. The relation between the received waveforms and the wavenumber-frequency (f −k)
response of the borehole to the source excitation is expressed via the following equation,
Z

∞Z ∞

s(l, t) =
0

S(f )Q(k, f )ei2πf t e−ikzl df dk

(1)

0

for l = 1, 2, ..., L and where s(l, t) denotes the recorded pressure at time t at the l-th receiver located at a distance
zl from the source; S(f ) is the source spectrum and Q(k, f ) is the wavenumber-frequency response of the borehole.

Typically the data is acquired in presence of noise (environmental noise and receiver noise) and interference which
we collectively denote by w(l, t). In this work we assume that the noise is incoherent additive noise process. Then
the noisy observations at the set of receivers can be written as,
y(l, t) = s(l, t) + w(l, t)

(2)

It has been shown that the complex integral in the wavenumber (k ) domain in Equation(1) can be approximated
by contribution due to the residues of the poles of the system response, [3],[1],[4]. Specifically,
Z

M (f )

∞

Q(k, f )e

−ikzl

dk ∼

0

X

qm (f )e−(i2πkm (f )+am (f ))zl

(3)

m=1

where qm (f ) is the residue of the m-th pole and respectively where km (f ) and am (f ) are the corresponding real
and imaginary parts of the poles and can be interpreted as the wavenumber and the attenuation as functions of
frequency. This means that we have
Z
s(l, t) =
0

(f )
∞M
X

Sm (f )e−(i2πkm (f )+am (f ))zl ei2πf t df

(4)

m=1

where Sm (f ) = S(f )qm (f ). Under this signal model, the data acquired at each frequency across the receivers can
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be written as,
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W(f )

In other words the data at each frequency is a superposition of M exponentials sampled with respect to the receiver
locations z1 , .., zL . We refer to the above system of equations as corresponding to a sum of exponentials model at
each frequency. M (f ) is the effective number of exponentials at frequency f .
At this point we would like to formalize the notion of mode and dispersion curve.
Definition 1.1: Mode: A mode is a waveform propagating along the borehole (acting as a waveguide) that
is characterized by its wavenumber km (f ) and attenuation am (f ) which are the real and imaginary parts of a
continuous locus of poles in the f − k domain, also known as the dispersion curve or characteristic of the mode,
governing the waveguide response to the mode. When excited by a source pulse a mode is transient and therefore
often time compact. It is customary to express the dispersion characteristics in terms of propagation parameters,
viz., phase slowness given by sφm =

km (f )
f

at frequency f and group slowness which is the derivative sgm = km (f )
0

at a frequency f .
In other words the modal dispersion is completely characterized in the (f −k) domain in terms of the wavenumber
response k(f ) as a function of frequency. Note that the associated propagation parameters, viz., phase slowness
and group slowness are not independent and obey the following relationship,
sgm = sφm + f

∂sφm
∂f

(6)

In theory the number of modes can be infinite but in practice only a few are significant, i.e. the model order M (f )
is finite and is small. A typical example of the array waveforms and corresponding dispersion curves of the modes
are shown in Figure 2.
Traditionally the problem of dispersion extraction has been treated in a narrow-band setting under the sum of
exponential model outlined above. For this model an algorithm to estimate the (f − k) response using a variation
of Prony’s polynomial method for estimation of signal poles at each frequency was proposed in [3]. In [5] a
modified Matrix Pencil method of [6] for harmonic retrieval was proposed therein for estimating the wavenumber
response at each frequency. These two methods, viz., Matrix Pencil method and Prony’s polynomial method, and
their variations exhibit similar performance. Under the sum of exponential model at each frequency the problem
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Fig. 1. Schematic showing the physical set-up for acquisition of waves in a borehole in a typical logging scenario. The window of acquisition
is usually limited by time or memory constraints and is chosen to incorporate the main signals of interest.

can also be viewed as the problem of estimating the source directions and subspace based array processing methods
like ESPRIT and MUSIC, [7],[8] can be employed here. It is worth pointing out that the Matrix Pencil (MP) based
method is similar to ESPRIT and hence is essentially a subspace based method. All of these methods are sensitive
to model order, the knowledge of signal subspace and to the noise, see [Chapter 16, [8]]. Schemes such as in [9]
based on Minimum Description Length (MDL), [10] were proposed to estimate the signal subspace and the model
order. Statistical tests based on Weighted Subspace Fitting (WSF) were proposed in [8] for estimating the number
of sources when the signal subspace is estimated using MDL principle. However these methods work fine under
some stationarity assumptions on the signal. In borehole acoustic applications however the signal is transient and
highly non-stationary and these methods are not applicable in general.
With respect to dispersion extraction the narrowband methods clearly have some disadvantages. First and foremost
these methods do not use the continuity of the dispersion curves and hence produce a scatter like plot in the (f − k)
plane. These dots require supervised labeling to obtain final dispersion curves of interest. Also they suffer from
the problem of aliasing, see figure 3. Moreover being narrowband these methods are less robust to noise as the
continuity of the dispersion curves, i.e. of the wavenumber response across frequencies is not exploited. In this work,
in contrast to the narrowband methods our aim will be to propose a broadband method for dispersion extraction.
First let us briefly review some previous broadband approaches in this context.
Among the broadband approaches several methods have been proposed for dispersion (or slowness) estimation.
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Fig. 2. Figure showing the array waveforms and modal dispersion curves governing the propagation of the acoustic energy. The plot on the
upper right shows the phase slowness as a function of frequency given by kmf(f ) and the lower right plot shows the corresponding group
(f )
. The task is to estimate these dispersion curves, in particular the phase and the group slowness given the
slowness plots given by dkm
df
received waveforms.

For non-dispersive modes, i.e. where the slowness is constant across frequencies in [11] a semblance based method
was proposed in the space-time domain for slowness estimation. This method exploited the time compactness of
the modes across the array and provides good results for time separated modes. The performance is poor when the
modes are overlapping in time. Under a similar set-up Capon method of [12] was applied in [13] for sonic velocity
logging. One can also use ML methods but the computational requirements are severe as one searches over all the
parameters. Moreover model order selection is a problem. Fast ML was proposed in [14] in the context of harmonic
retrieval problem for a narrowband set-up. There the idea is to perform successive estimation of the components
starting with extracting the component with the highest energy and so on. Fast ML method in principle can be
adapted to the broadband set-up in [13], however it is not suitable when the sources have comparable energy.
Homomorphic processing of borehole acoustic waves was proposed in [15] and was shown to yield smoother
estimates of the dispersion curves compared to Prony’s polynomial method. However the method proposed there
in is suitable only for single dominant mode. In [16] a broadband method based on linear approximation of the
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Fig. 3. Figure showing an example of narrowband processing of the array data in the f-k domain (2D FFT). Note the aliasing in wavenumber
(normalized to [0 1]) and other artifacts in dispersion extraction.

dispersion curves in the (f − k) domain was proposed. The method requires solving a high dimensional nonlinear, non-convex optimization problem which has a huge computational complexity. Special purpose dispersion
extraction methods such SPI [17] have been proposed but are applicable to one particular kind of mode, e.g. flexural
waves. More recently new broadband methods have been proposed that exploit the time-frequency localization of
the modes for dispersion extraction, see [18], [19]. Similar ideas that exploit the time frequency localization have
been considered before, e.g., the energy reassignment method of [20] that has been applied in [21] for analysis
of dispersion of Lamb waves and in [22] for improving the group velocity measurements. However most of these
methods are suitable only for cases where there is a significant time frequency separation of modes. In this work
we will move away from these approaches and present a broadband dispersion strategy that also works when there
is no time frequency separation of the modes.
A. Organization of the paper
The rest of the paper is organized as follows. In section II we will present the problem formulation in detail.
In section III we will present the broadband dispersion extraction framework and methodology in the frequencywavenumber (f-k) domain. In section IV we will show the performance of the method on a synthetic data set.
In section V we show the performance of the proposed methodology on a real data set. Finally we conclude and
provide future research directions in section VI.
II. P ROBLEM SET- UP
In this section we will present the problem formulation for dispersion extraction based on the sum of exponentials
model of Equation (4). Here we will make use of the local linear approximation to the dispersion curves and pose
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(a)

(b)

Fig. 4. (a) Schematic showing the piecewise linear approximation to the dispersion curve. Shown also are the dispersion parameters
corresponding to a first order Taylor series approximation in a band around f0 . (b) Shown in this figure is the effect of linear approximation
on the slowness dispersion compared with a quadratic approximation.

a broadband problem for dispersion extraction.
To make the ideas mathematically precise we assume that the wavenumber as a function of frequency, i.e. the
function(s) km (f ), can be well approximated by a first order Taylor series expansion in a certain band around a
given frequency of interest, i.e. the following approximation,
0

km (f ) ≈ km (f0 ) + km (f0 )(f − f0 ), ∀f ∈ F = [f0 − fB , f0 + fB ]

(7)

is valid in a band fB around a given center frequency f0 . In other words one can approximate the dispersion curve
as composed of piecewise linear segments over disjoint frequency bands. For each frequency band the dispersion
curve is parameterized by the phase and the group slowness. For attenuation we assume that it is constant over the
frequency band of interest
am (f ) ≈ am (f0 ), ∀f ∈ F

(8)

A schematic depiction of local linear approximation to a dispersion curve over disjoint frequency bands is shown
in Figure 4(a). In Figure 4(b) we compare the local linear approximation vs a local quadratic approximation. It can
be seen that the linear approximation holds quite good.
In the following, without loss of generality assume that the number of modes M (f ) is the same for all frequencies
in the band of interest. For sake of brevity we will denote this number by M in the following. Now note that under
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the linear approximation of the dispersion curve(s) for the modes, the exponential at a frequency f (sampled at
receiver locations zi , i ∈ {1, 2, .., L}) corresponding to a mode can be written in a parametric form as,


0
−i2π(k
m +km (f −f0 ))z1 −am (f0 )z1
e
e



0
−i2π(k
+k
(f
−f
))z
−a
(f
)z
e
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0
2
m
e m 0 2


vm (f ) = 
 , m = 1, 2, ..., M f, f0 ∈ F
..


.




0
e−i2π(km +km (f −f0 ))zL e−am (f0 )zL

(9)

One can immediately see that over the set of frequencies f ∈ F , the collection of sampled exponentials (for a
fixed m) {vm (f )}f ∈F as defined above corresponds to a line segment in the f-k domain thereby parametrizing the
wavenumber dispersion of the mode in the band in terms of phase and group slowness. In the following we will
represent the band F by F which is a finite set of frequencies contained in F ,

F = f1 , f2 , ..., fNf

⊂ F : f0 ∈ F

(10)

Essentially in a time sampled system with finite samples the discrete set of frequencies in F are taken to be the
set of frequencies in the DFT of data y(l, t). Note that under the assumption that the noise w(l, t) is average white
Gaussian noise (AWGN) with variance σ 2 , it implies that the vector WF is distributed as zero mean Gaussian
with variance σ 2 I. Then under the linear approximation of dispersion curves in the band F , a broadband system
of equations in the band can be written as,
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where Y(fi ) and S(fi ) , i = 1, 2, ..., Nf are defined in equation 5, where VM (f ) = [v1 (f ), v2 (f )...vM (f )],
∀f ∈ F and WF = [WT (f1 )WT (f2 ), ...., WT (fNf )]T is the noise in band F . In words the data in a frequency

band is a superposition of exponentials at each frequency where the parameters of the complex exponentials are
linked by phase and group slowness and attenuation factor across the frequencies. We can therefore propose an
alternative representation based on collection of all the exponentials across the frequency for each mode like so,
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The matrix PF (m) corresponds to the matrix of exponentials for the wavenumber dispersion for mode m in the
band F , and the vector SF (m) is the vector of the mode spectrum for mode m in the band F . Then the signal
(without noise) in band F is a superposition of MF modes and can be written as
SF =

M
X

PF (m)SF (m)

(13)

m=1

Now note that under the piecewise linear approximation of the dispersion curves over disjoint sets of frequency
bands it is sufficient to consider the problem of dispersion extraction in each band with the dispersion curves
in the band parameterized by corresponding phase and group slowness. The entire dispersion curve can in turn
be obtained by combining the dispersion curves obtained in each of these bands. The problem of combining the
dispersion curves across the bands is important and is two fold; (a) It involves appropriate matching and smoothing
of the estimates of dispersion curves at the boundaries of the disjoint bands and; (b) Labeling of the modes across
bands, i.e. data (mode) association across bands. This is non-trivial in general and will be addressed in a separate
work. Therefore, in this work in the following we will focus on dispersion extraction in a band. To this end we
make the following assumption regarding the attenuation.
Assumption 2.1: Assume that for the given band the modal attenuation for each mode is negligible, i.e.
am (f0 ) ≈ 0 for all m = 1, 2, .., M . This assumption is not very restricting as in many cases the attenuation is mild.

Moreover ignoring the attenuation does not bias the wavenumber estimates. Extensions to handle attenuation is a
subject of future work and is beyond the scope of this paper. Therefore the results and methods presented in this
paper only extend to the cases with mild or little attenuation.
Problem Statement - Under the assumption 2.1 and given the data YF in the frequency band F we want to
estimate the model order M , the slowness dispersion curves of the modes as modeled by the wavenumber response
PF (m) in the band F , and the mode spectrum SF (m) for all m = 1, 2, ..., M .

At this point it is worth to point out two relevant pieces of work based for dispersion extraction based on local
linear approximation to the dispersion curves over disjoint frequency bands. In [16], for each band a variation of
minimum variance spectral estimator of [12] was proposed to jointly estimate the group and the phase slowness.
Although this was shown to be superior to the conventional beamforming estimator in achieving a higher resolution,
however it remains very sensitive to noise and model mismatch. To overcome this a Maximum-Likelihood (ML)
method based on the same linear approximation of the dispersion curves in disjoint frequency bands was proposed
in [23]. As pointed out before the resulting algorithm is combinatorial and non-convex in nature and therefore
suffers from a huge computational complexity. Thus there was a lack of balance of computational complexity vs
the estimation quality. The method proposed in this paper can be thought of as providing such a balance by suitable
convex relaxation of the ML type estimator.
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III. A SPARSE SIGNAL RECONSTRUCTION FRAMEWORK FOR DISPERSION EXTRACTION IN F - K DOMAIN
In this section we will introduce the framework used for dispersion extraction in a band for the broadband set-up
proposed in the previous section.
We begin by introducing the following notion of a broadband basis element in a band.
Definition 3.1: A broadband basis element PF (k(f0 ), k 0 (f0 )) (say in band F ) corresponding to a given phase
slowness

k(f0 )
f0

and group slowness k 0 (f0 ) is a block diagonal matrix ∈ CL·Nf ×Nf given by

Φ(f1 )


Φ(f2 )

0
PF (k(f0 ), k (f0 )) = 
..

.





Φ(fNf )










(14)

of sampled exponential vectors Φ(f ) given by

−i2π(k(f0 )+k0 (f0 )(f −f0 ))z1
e
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 e−i2π(k(f0 )+k (f0 )(f −f0 ))z2 
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0
e−i2π(k(f0 )+k (f0 )(f −f0 ))zL


(15)

In the following we will also refer to a broadband basis element as a broadband propagator.
Under the Assumption 2.1 and from Equation 13 one can easily see that the data in a given band is a superposition
of broadband basis elements defined by 3.1. Under this set-up our methodology for dispersion extraction in a band
consists of the following.
1. Given the band F around a center frequency f0 , form an over-complete basis of broadband propagators
PF (k(f0 ), k 0 (f0 )) in the (f − k) domain spanning a range of group and phase slowness. This is described in

the next section.
2. Assuming that the broadband signal is in the span of the broadband basis elements from the over-complete
dictionary, the presence of a few significant modes in the band implies that the signal representation in the
over-complete basis is sparse. In other words that the signal is composed of a superposition of few broadband
propagators in the over-complete basis.
3. The problem of slowness dispersion extraction in the band can then be mapped to that of finding the sparsest
signal representation in the over-complete basis of broadband propagators.
To put simply we map the problem of dispersion estimation to that of finding the sparsest signal representation
in an over-complete basis of broadband propagators spanning a range of group and phase slowness. Before we go
into the precise mathematical development we would like to introduce some notation used in the rest of this paper.
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A. Notation
In the rest of the paper we will use the following notation. The vectors are denoted by small boldface letters,
e.g. x and the matrices are denoted by boldface capital letters, e.g. A with the i, j -th element denoted by Aij . The
same definition extends to higher dimensional arrays. For quantities related to dispersion we will use k 0 (f ) and
sg (f ) to denote group slowness interchangeably and

k(f )
f

and sφ to denote phase slowness interchangeably. We

will often use the following matrix operations.
•

Reshape(x, n1 , n2 ) for a vector x ∈ Cn1 .n2 ×1 is a n1 × n2 matrix with elements taken column by column from
x. Similarly Reshape(x, n1 , n2 , n3 ) for a vector x ∈ Cn1 .n2 .n3 ×1 is a 3-dimensional n1 × n2 × n3 array with

elements taken 3rd dimension wise first, and then taken 2nd dimension wise, i.e. the (i1 , i2 , i3 )-th element of
the matrix is populated according to i → (i1 , i2 , i3 ) : i = i1 + n2 (i2 − 1 + n3 (i3 − 1)), i1 = 1, 2, ..., n1 .
•

norms(A, p, dim) is the matrix (vector) of p-norms along the dimension dim. For example if A ∈ Cn1 ×n2 then
norms(A, 2, 1) is a vector of length n2 with i-th entry corresponding to the `2 norm of i-th column.

B. Over-complete basis of broadband propagators in a band
In order to construct the over-complete basis we pick a range of wavenumbers ki , i = 1, 2, ..., n1 at the center
0

frequency f0 and a range of group slowness kj , j = 1, 2, ..., n2 for the given band. Note that the range of
wavenumbers in turn can be picked from the range of phase slowness at the center frequency using the relation
sφi (f0 ) =

ki (f0 )
f0 .

In line with the broadband system given by Equation 11, the over-complete basis of broadband

propagators for acoustic signal representation in a band can be written as
h
i
ΦF = Ψ1 (F ) | Ψ2 (F ) | ... | ΨN (F ) ∈ CL.Nf ×N.Nf

(16)

0

where Ψi+n1 ·(j−1) (F ) = PF (ki (f0 ), kj (f0 )), N = n1 × n2 is the number of broadband basis elements in the
over-complete dictionary.
A pictorial representation of an over-complete basis of broadband propagators in the given band in the f-k domain
is shown in Figure 5. To this end we note the following trivial result.
Lemma 3.1: Any set of L broadband basis elements ΨΩ , Ω ⊂ {1, 2, .., N } , |Ω| = L contained in Φ are
linearly independent.
Proof: The proof follows by construction.

C. Problem set-up in the over-complete basis
In order to bring out the salient features of the problem formulation and dispersion extraction methodology we
make the following assumption for now.
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Fig. 5.

Figure showing a collection of broadband basis in a given band around the center frequency f0

Assumption 3.1: The broadband basis elements Pm (F ) corresponding to the M modes are contained in the
constructed over-complete basis Φ.
Note that this assumption is not critical for our method and we will indeed relax this assumption later on. Recall
that the signal in band F is a superposition of M modes and can be written as
SF =

M
X

PF (m)SF (m)

(17)

m=1

Under the assumption 3.1, let the set of broadband propagators ΨΩ (F ), for some Ω ⊂ {1, 2, ..., N } contained in
the dictionary Φ denote the basis elements corresponding to the true modes in SF . Let xF ∈ CN.Nf ×1 denote the
coefficient vector such that xF (Ω) = [SF (1), ..., SF (M )]T , i.e., the coefficient vector restricted to the true support
in the broadband basis is equal to the spectrum of the modes. Note that xF (Ω) ∈ CM.Nf ×1 . Then clearly the
coefficient vector xF synthesizes the signal SF , i.e., ΦF xF = SF . We will now point out some special properties
of this coefficient vector xF and relate them to modes and the corresponding dispersion parameters in the given
band. To this end let the support of a vector (matrix) be denoted by
Supp(x) = 1x6=0

(18)

where 1. denotes the indicator function the indicator function of the set in the subscript. In other words the vector
Supp(x) has a value 1 at places where x has a non-zero entry and zero otherwise. Then we make the following
observation regarding the structure of the support of the coefficient vector xF .
Remark 3.1: For the given band F if
A1. The number of modes M << N .
A2. The frequency support Supp(SF (m)) of each mode m is equal to Nf .
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(a)

(b)

Fig. 6. Schematic showing the column sparsity of the signal support in Φ. Sparsity of the number of modes in the band (a) implies a
column sparsity in mode representation in the broadband basis in the band (b).

then the reshaped vector - XF = Reshape(xF , Nf , N ) exhibits column sparsity. In other words the cardinality of
the column support- the number of columns with a non-zero entry - of XF is small.
A schematic representation of the structure of the sparsity of the column support of XF in the over-determined
basis of broadband propagators in a band is shown in Figure 6. The essence of this observation is that the broadband
basis elements corresponding to the column support of XF in the basis ΦF correspond to the slowness dispersion
parameters of the modes present in the data and the cardinality of the column support is related to the model order
in the band.
Under this observation the problem of dispersion extraction in the band F can be stated as follows. Given the

set of observations, Y = [Y(f1 )Y(f2 ) . . . Y(fNf )]T ∈ CL×Nf , at L receivers in a band F = f1 , f2 , ..., fNf
obeying the relation
YF = ΦF xF + WF , xF ∈ CN.Nf ×1

(19)

with respect to an over-complete basis ΦF ∈ CM.Nf ×n1 .n2 .Nf of broadband propagators; find xF such that the
corresponding XF exhibits column sparsity.
We now define measures or cost functions on column sparsity. The column sparsity is also known as simultaneous
sparsity in the literature, see [24] and references therein. As clear from its meaning, column sparsity is measured
in terms of the column support and one can measure the column support through the following,
J0,p (X) = ||norms(X, 1, p)||0 , p > 0

(20)

which is essentially the `0 norm of the vector composed of p norms of the columns of X. In this work we will focus
on the case when p = 2. The main reason for selecting p = 2 is because later on we will relax the J0,2 penalty
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to J1,2 penalty and heuristically speaking p = 2 measures the energy of the mode spectrum and thus penalizes
each mode in proportion to the square root of the energy. Then the problem of dispersion extraction in the above
framework can be stated as the following optimization problem
OPT0 :minimize J0,2 (XF )
subject to : YF = ΦF xF

(21)
(22)

We will now outline some sufficient conditions under which the solution to the above optimization problem is
unique and results in correct support recovery and hence correct dispersion extraction. To this end we have the
following Lemma.
Lemma 3.2: If the frequency support of each mode is Nf and the number of modes M ≤ L/2 then
1. Solution to OP T0 is unique
2. xF is supported on the right set of broadband basis elements.
Proof: The proof follows from Lemma 3.1 and along lines of Theorem 3 in [25]. See also [26].
In the presence of noise one typically solves the following,
minimize J0,2 (XF )

(23)

subject to : ||YF − ΦF xF ||22 ≤ 

(24)

where  is a parameter is chosen based on some prior knowledge of the noise variance. It is well known that the
above problem is equivalent to solving the following problem,
arg min ||YF − ΦF xF ||22 + λJ0,2 (XF )
xF

(25)

for some appropriately chosen value of λ. However note that imposing the J0,2 penalty poses a combinatorial
problem, which in general is very hard to solve. It was proposed in [27], [26] to relax the J0,2 -penalty to J1,2 penalty which is the closest convex relaxation to J0,2 -penalty. Motivated by the developments there, in this work
we will use the following convex relaxation to solve the sparse reconstruction problem,
OPT1 : arg min kYF − ΦF xF k2 + λJ1,2 (XF )
xF

(26)

Our proposed methodology is similar in spirit to that of [28] in that the sparsity penalty is the same. However
there are several key differences from the formulation there and the formulations analyzed in [24],[27], [26]. First
note that under a suitable permutation of the columns of the dictionary and corresponding rearrangement of the
coefficient vector xF one can convert column sparsity to row sparsity which is what is considered in all these papers.
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Fig. 7. Noisy data in a band containing two time overlapping modes. The in-band SNR is around 7 dB for the stronger mode and around
-3 dB for the weaker mode.

Now note that under this common setting, i.e. common simultaneous sparsity set-up, the over-complete dictionary
for each sparse column of row-sparse matrix is the same in [26] [24],[28] while in our setting it is different.
Therefore, fundamentally in order to analyze our problem the notion of coherence between the dictionary atoms
needs to be extended to the notion of the coherence between the broadband basis elements. This characterization
and subsequent analysis is beyond the scope of this work and will be dealt with in future.
We will now address two issues with the framework and the proposed methodology. These issues are,
1. Selection of regularization parameter λ in the optimization problem OPT1 . With respect to the optimization
problem OPT0 this parameter governs the sparsity of the solution and thus is critical for model order selection.
In the relaxed set up of OPT1 apart from governing the sparsity of the solution this parameter also affects the
spectrum estimates. This is due to solution shrinkage resulting from the `1 part of the J1,2 penalty.
2. Assumption 3.1 is not true in general. This has consequences for model order selection as well as for the
estimates of dispersion parameters.
In the following we will address the above issues and propose methods to handle them. We will start with the
selection of the regularization parameter. We will postpone the details of the implementation for solving the convex
optimization problem OPT1 to section IV. The interested reader can go to that section and come back for further
development of the ideas.
D. Selection of regularization parameter λ
In this work we propose a novel approach to select the regularization parameter λ in the optimization problem
OPT1 using tests between distribution of residuals. In this context we recognize that the J1,2 penalty plays two
roles. The first role is that of general regularization of the solution where it prevents the amplification of noise due
to ill-conditioning of the matrix Φ. The second role is that of model order selection which is essentially related

16

STEP 1. For a given band F , pick an increasing sequence of the regularization parameter
Λ = λ1 < λ2 < ... < λn . In practice it is sufficient to choose this sequence as Λ =
logspace(a0 , a1 , n), a0 , a1 ∈ R. This choice implies λ1 = 10a0 and λn = 10a1 . Both a0 and
a1 are chosen so as to cover the useful range of λ.
STEP 2. Find the sequence of solutions xλF , λ ∈ Λ by solving OPT1 and the corresponding
sequence of residual vectors Rλ = YF −ΦF xλF . Denote the empirical distribution of residuals
w.r.t. the solution xλF by CDFλ (r) where r denotes the variable for residual.
STEP 3. Conduct KS tests between the residuals 3a. Choose two reference distributions, viz., CDF1 (r) corresponding to the minimum
value λ1 of regularization parameter and CDFn (r) corresponding to the maximum value λn
of the regularization parameter.
3b. Find the sequence of KS-test statistics Di,n = supr |CDFn (r) − CDFi (r)|, i =
1, 2, ..., n and the corresponding p-value sequence Pi,n . Similarly find the sequence of KS-test
statistics Di,1 = supr |CDF1 (r) − CDFi (r)|, i = 1, 2, ..., n and the corresponding p-value
sequence Pi,1 .
STEP 4. Plot the sequences Di,n and Di,1 as a function of λi . The operating λ say λ∗ is then
taken as the point of intersection of these two curves. A similar operating point can also be
obtained by choosing the intersection point of the p-value sequences Pi,n and P1,i .
TABLE I
TABLE ILLUSTRATING THE STEPS FOR SELECTION OF THE REGULARIZATION PARAMETER USING KOLMOGOROV-S MIRNOV (KS) TEST
BETWEEN RESIDUALS .

to selection of the sparsest (and correct) basis for signal representation. In the context of finding sparse solutions
these two aspects go hand in hand. To this end we note the following points.
1. At a very low value of λ, the solution to OPT1 comes close to the Least Squares (LS)solution. This results
in over-fitting of the data and the residual is close to zero. Due to ill-conditioning of the matrix Φ the noise
contribution to the solution gets amplified and one observes many spurious peaks in the solution support.
2. As λ is increased the J1,2 penalty kicks in allowing less degrees of freedom for data fitting, thereby combating
noise and reducing the spurious peaks in the solution. Due to the sparsity imposed by the J1,2 penalty, at
a certain λ one hits the sparse signal subspace in the dictionary. However due to shrinkage in the solution
implied by the J1,2 penalty signal leakage occurs into the residual. This implies that as λ is increased (varied)
the distribution of the residual changes.
3. At very high values of λ we have no data fitting and the solution is driven to zero. Therefore at high values
of λ the distribution of the residual converges to the distribution of the data.
These observations are illustrated in Figure 8 for a synthetic data set in a band with two time-overlapping modes
as shown in Figure 7. These observations suggest the following strategy for selecting the regularization parameter.
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(a) Residual at λmin

(b) Residual at an intermediate λ

(c) Residual at high λ

(d) Residual at λmax

Fig. 8. An example showing the behavior of the residual as a function of λ. In (c) Note the mode leakage, i.e. the leakage of modal energy
into the residual due to shrinkage of the coefficients. In (d) note more modal leakage into the residual and residual appears to look like the
data - See Figure 7. The Kolmogorov-Smirnov (KS) test is used to detect changes in the distribution of the residuals as a function of λ.

Vary λ over a range and detect changes in distribution of the residuals and select an operating λ that mitigates
noise and minimizes the signal leakage into the residual while still finding the right signal subspace. In this work
we propose to use the Kolmogorov-Smirnov (KS) test between empirical distributions of the residuals to detect
these changes and find an operating range of λ. Given a data sample of the residual R1 , ..., Ri , ..., RNs , where
Ns = Nf .L is the number of samples, define the empirical distribution function as follows,
Ns
1 X
CDF (r) =
1Ri ≤r
Ns

(27)

i=1

Then the KS test statistic for CDF (r) with respect to a reference distribution CDFref (r) is given by
D = sup |CDF (r) − CDFref (r)|

(28)

r

The properties of the KS test statistic D, its limiting distribution and the asymptotic properties can be found
in [29],[30]. Essentially the KS statistic is a measure of how similar two distributions are. In order to apply the
KS-test to our problem we perform the steps shown in table I. The intersection point of the test curves qualitatively
signifies the tradeoff between over-fitting and under-fitting of the data. In addition note that as the solution sequence
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Fig. 9.

An example of the KS test statistic sequence and the p-value sequence for determining the operating λ.

Xλ starts hitting the right signal subspace in the over-determined basis the rate of change of distribution of the

residual as implied by the change in the test statistic, is more rapid due to mode leakage into the residual. In
particular one can choose an entire range of λ around the point of intersection. The solutions for this range of λ
exhibit stability in terms of getting to the right signal support. For the problem at hand one can perform the KS
tests between residuals either in the frequency domain or in the time domain. Since the modes are time compact it
is useful to compare the distributions of the residuals in the space time domain. An example of the KS test-curves
for distribution of residuals in time domain and the corresponding operating range of λ is shown in Figure 9.
E. Issue of dictionary mismatch with the underlying true parameter values
The Assumption 3.1 is not true in general and in this section we will relax this assumption and address the
consequences. A schematic depiction of the dictionary mismatch with respect to the true modal dispersion is shown
in Figure 10. Recall that the signal in the band F denoted by SF is a superposition of M broadband propagators
in the band,
SF =

M
X

PF (m)SF (m)

(29)

m=1

Let ŜF be the best and unique `2 M 0 -term approximation to SF in the constructed over-complete dictionary Φ.
Note that in general the value of M 0 depends on the quantization of the parameter space and M 0 ≥ M . To this
end let xF ∈ CN.Nf ×1 denote the coefficient vector that synthesizes the signal ŜF , i.e. ΦF xF = ŜF . It is easy to
show the following,
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Fig. 10. Schematic showing the discretization of the parameter space of phase and group slowness in a band and the mismatch of the
dictionary with respect to the true modes in the data.

Lemma 3.3: Given  > 0 there exists an N - the number of quantization points, and a quantization of the
slowness parameter domain (phase and group slowness) such that
kŜF (N ) − SF k ≤ 

(30)

,i.e. under appropriate quantization the signal can be well represented in the over-complete basis.
One can then model this mismatch as an additive error in the equation without model mismatch,
YF = ΦF xF + (SF − ŜF (N )) + WF , xF ∈ CNf .N ×1
|
{z
}

(31)

W̃F

where now the coefficient vector xF ∈ CN.Nf ×1 corresponds to the representation for the approximate signal
ŜF . Thus in the presence of dictionary mismatch the problem of dispersion extraction maps to that of finding the

dispersion parameters of the best `2 approximation to the signal in the over-complete basis of broadband propagators.
Sparsity in the number of modes M in SF still translate to sparsity in the representation M 0 of the approximation
ŜF in the over-complete basis ΦF and we still employ the sparse reconstruction algorithm OPT1 for dispersion

extraction. However this affects the model order selection and dispersion estimates. In order to understand this in
our context we introduce the following notation.
Xcolnorm = norms(XF , 2, 1)

(32)
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STEP 1. Pick a certain number of peaks say Np corresponding to the largest values in
ModIm(XF ).
Step 2. Perform a k-means clustering of the peak points in the phase and the group slowness
domain.
STEP 3. Declare the resulting number of clusters as the model order.
STEP 4. Mode consolidation 4a. The mode spectrum corresponding to each cluster is obtained by summing up the
estimated coefficients corresponding to the points in the cluster.
4b. The corresponding dispersion estimates are taken to be the average over the dispersion
parameters corresponding to the cluster points.
TABLE II
TABLE ILLUSTRATING THE STEPS FOR MODEL ORDER SELECTION AND MODE CONSOLIDATION IN THE PHASE AND GROUP SLOWNESS
DOMAIN ((f − k) PROCESSING ).

i.e., Xcolnorm ∈ RN ×1 is the column norm of the reshaped vector XF . We further reshape Xcolnorm as
Reshape(Xcolnorm , n1 , n2 ) and obtain a modulus image of XF in phase and group slowness domain over the range
of values chosen. Note that the support of the modulus image corresponds to the broadband signal support and the
corresponding dispersion parameters can be read from the image, e.g. see Figure 11. For sake of exposition we
will denote this modulus image by ModIm(XF ).
The result of the dictionary mismatch with respect to the true dispersion parameters of the modes is that due to
approximate signal representation of the true signal in the over-complete basis, in the solution to the optimization
problem OPT1 , we obtain clustered set of peaks in the modulus image of the column norm of the solution XF .
These clustered set of points correspond to the set of phase and group slowness points that are closest to the true
phase and group slowness points. The mode clusters can also form due to very high level of coherence between
the broadband basis elements. Therefore we need to do clustering for model order selection. For this we choose
the k -means clustering algorithm as implemented in MATLAB function [31] to do the clustering and follow the
steps as outlined in table II.
In summary so far we have provided a framework for dispersion extraction in terms of reconstruction of a
sparse set of features in an over-complete basis of broadband propagators in the f-k domain. We have developed
the algorithmic tools for solving the problem posed in this framework, viz., (a) the J1,2 penalized reconstruction
algorithm OPT1 ; (b) the KS tests between sequences of residuals in the time domain and; (c) mode clustering for
model order selection in the quantized parameter space of phase and group slowness. A flowchart showing various
steps of the proposed dispersion extraction methodology in the (f − k) domain is shown in Figure 12.
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Fig. 11. An example showing the mode clusters in the phase and group slowness domain due to dictionary mismatch corresponding to 6
largest peaks in the modulus image .

F. Using Continuous Wavelet Transform (CWT)
In this work instead of finding a set of disjoint frequency bands for dispersion extraction we make use of
continuous wavelet transform (CWT) and extend the broadband dispersion extraction methodology as proposed
above in the (f − k) domain in a straightforward manner to the CWT domain where the linear approximation is
assumed to be valid in the effective band Fa around the center frequency fa of the analyzing wavelet at given scale,
see Figure 13. Then one can do the processing at appropriately chosen scales so that their effective bandwidths
don’t overlap significantly and then combine the estimated curves across scales to obtain the entire dispersion curve.
In particular in the CWT domain at scale a the signal is composed of superposition of modes with spectrum
shaped according to the spectrum of the analyzing wavelet at scale a, i.e., in the effective band Fa at scale a the
overall signal can be written as
SaF =

M
X

PaF (m)SaF (m)

(33)

m=1

where PaF (m) is the broadband propagator corresponding to mode m in band Fa and SaF (m) is the mode spectrum
of the CWT coefficients of mode m at scale a.
Let Yl (a, b) denote the array of CWT coefficients of the array data y(l, t) at scale a. Let
Ya (f ) = [Y1 (a, f ), .., Yl (a, f ), .., YL (a, f )]T

denote the Fourier transform the array of CWT coefficients for f ∈ Fa . Then one can write,
YFa = SaF + WFa

(34)

where YFa = [Ya (f1 ), Ya (f2 ), . . . , Ya (fNf )]T . Let ΦaF denote the over-complete basis of broadband propagators
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Fig. 12.

The flow of the processing in a band for dispersion extraction in the (f − k) domain.

in the (f − k) domain in the effective band Fa at scale a. In this case the complex exponentials composing the
basis are constructed with respect to the reference receiver, i.e.


−i2π(k(fa )+k(fa )0 (f −fa ))(z1 −z0 )
e




 e−i2π(k(fa )+k0 (fa )(f −fa ))(z2 −z0 ) 


Φa (f ) = 

..


.




0
−i2π(k(f
a )+k (fa )(f −fa ))(zL −z0 )
e

(35)

Then similarly to the broadband processing framework proposed earlier we have,
YFa = ΦaF xaF + WFa

(36)

where xaF is the vector of coefficients to be estimated corresponding to the modes contained in the CWT of the data
at scale a. By construction the estimate x̂aF of the coefficients corresponds to the Fourier transform of the CWT of
mode waveforms at scale a at the reference receiver. This fact will be used later on for space time processing and
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Fig. 13. Schematic showing the first order Taylor series approximation to the dispersion curve in a band around the center frequency fa
of the mother wavelet at scale a.

to reduce interference. In order to solve for this problem we solve the following optimization problem,
arg min
||YFa − ΦaF xaF ||2 + λa J1,2 (XaF )
a
xF

(37)

For selection of the regularization parameter λa we repeat the steps proposed earlier for the broadband processing
of the data in the (f − k) domain. This step is followed by a model order selection and a mode consolidation step.
IV. E VALUATION ON SYNTHETIC DATA
We will now present the dispersion extraction results using the above approach for a two mode synthetic problem
with considerable time overlap. For the continuous wavelet transform we use Morlet wavelet [32] which has shown
to be promising for geophysical applications. The mother wavelet is given by
−t2

g(t) = e 2σ2 ejω0 t

(38)

Although not strictly admissible this wavelet is practically admissible for ω0 ≥ 5 [33]. Since the envelope is
Gaussian this wavelet has good time frequency localization properties. For the simulations we use ω0 = 2π and
σ 2 = 1. The algorithm that is used to implement the Continuous Wavelet Transform using the Morlet wavelet is

detailed in [34] that uses symmetry properties of the transform for a faster implementation.
We now come to the details of the implementation for the broadband f-k processing of the CWT data at a given
scale a. Recall that the f-k processing at a given scale consists of solving the optimization problem.
OPT1 : arg min
||YFa − ΦaF xaF ||2 + λa J1,2 (XaF )
a
xF

(39)
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in a given band Fa at scale a in the (f − k) domain. For a fixed value of λa in order to numerically find the
solution to OPT1 we use CVX which is a general purpose convex optimization toolbox for MATLAB developed at
Stanford University. We will not go into the details of the implementation and the reader is referred to [35],[36].
The effective band Fa at scale a is chosen based on the effective spread of the Gaussian envelope of the analyzing
wavelet at the particular scale. Note that at higher frequencies, i.e. lower scales the effective band is larger and
vice-versa. For our experiments we choose the center frequency as fa =

2π
a

Hz and effective band Fa is taken to

be the set of discrete frequencies (DFT) contained in the set
Fa ⊂ [0.67fa 1.33fa ]

(40)

Note that at low frequencies the frequency resolution of the CWT is good but the time resolution is bad and
vice-versa. Therefore the effective time support in the space-time processing is taken as the effective time support
of the analyzing wavelet at that scale. In this work we will compare the results with the existing state of the art
method for multi-mode dispersion extraction which essentially employs the modified matrix pencil (MP) method
of [5] followed by a post processing for mode association across the frequencies.
a) Computational complexity of the algorithm: The optimization program OPT1 solved as a Semi Definite
Program using well known interior point method, see [37], is known to have a worst-case computational complexity
that is polynomial in the number of constraints, 2L × Nf (the factor of 2 comes due to the variables being complex)
with the number of iterations scaling with square root of the variable size 2N and logarithmic with respect to the
inverse of the error accuracy required. This implies that practically for a fixed desired accuracy error and the fixed
parameters L and Nf the computational complexity is polynomial in N . This is in stark contrast to the combinatorial
complexity (in the problem size N ) for the ML broadband formulation of [23].

A. Synthetic Data
In order to test our method we use the synthetic data set with two modes whose (f − k) response (2-D FFT) is
shown in Figure 14(a)-(b). Shown in Figure 14(c)-(d) are the CWT maps of the modes at the first receiver. Note
that the modes are close to each other in time as evidenced by the CWT maps. Note the difference in the effective
spectral support of the two modes. This is usually the case in practice for real field data. In Figure 14(e) we show
the array waveforms for the superposition of two modes in additive noise. The SNR is −10 dB with respect to
the total energy of both the modes across the array and for the entire time window of acquisition. In Figure 14(f)
we show the noisy CWT map of the superposed waveforms at receiver 1. Note that there is no time frequency
separation here and the modes cannot be separated by methods proposed in [19], [22].
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(a)

(b)

(c)

(d)

(e)

(f)

Fig. 14. (a) The (f − k) dispersion of the modes. (b) Individual mode spectrum. (c) CWT map of mode 1 at receiver 1. (d) CWT map of
mode 2 at receiver 1. (e) Array waveforms with two modes superposed in space time plus AWGN noise. (f) CWT map of the array data at
receiver 1.
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(a)

(b)

Fig. 15. (a) Figure showing the frequency spectrum of the modes. Note the frequency overlap. (b) Figure showing the data in the band
3.7 kHz - 5.2 kHz. Note the significant time overlap in the modes.

Fig. 16. Dispersion Extraction results in the given band. The thin solid lines are the true dispersion curves for the two modes. The
pentagrams are the estimates of the phase slowness at the center frequency of 4.5 kHz as obtained using the proposed method. The thick
dashed lines are the corresponding estimated dispersion curves in the band. The blue and green circles are the dispersion curves obtained
using the narrowband Matrix Pencil method of [5]. Note the superior performance of the proposed method over the Matrix Pencil based
method.

B. Comparison of the proposed method with Matrix Pencil (MP)
We will now compare the broadband dispersion extraction methodology in the (f − k) domain as proposed in
section III with the narrow band matrix pencil (MP) approach proposed in [5] for dispersion extraction. In order
to compare we consider the noisy synthetic data described above and consider a band [3.7 5.2] kHz. We further
artificially scale one mode to be 10-dB below the other one, see Figure 15 (a). This results in an in band SNR of
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(a)

(b)

Fig. 17. (a) Extracted dispersion curves for phase slowness in frequency bands. The solid lines denote the true underlying dispersion curves
for the two modes. The extracted curves are shown by solid lines marked with circles. (b) Extracted group slowness in frequency bands.

7 dB for the stronger mode and an SNR of −3 dB for the weaker mode. The noisy CWT data in the given band is

shown in Figure 15(b). The results of the two processing schemes , viz., narrowband matrix pencil (MP) method
and the sparsity penalized broadband dispersion extraction method are shown in Figure 16. Note that although MP
based method has reasonable estimates for the stronger mode it completely looses the weaker mode. Also note that
the dispersion curves extracted using the MP method are less smooth compared to that obtained from the broadband
f-k processing.
C. Overall dispersion extraction: Synthetic data
We now show the performance of the overall methodology using both the hybrid methodology of section III-F
using both the (f − k) processing and t-z processing. For sake of brevity we will not show the mode consolidation
and extracted CWT coefficients at each scale. Shown in Figure 17(a) are the phase slowness dispersion curves of
two modes with the corresponding group slowness estimates in each band shown in Figure 17(b) Note that the
group estimates are less robust than the phase slowness estimates especially at low frequencies where the curvature
in the dispersion curve is more.
V. E VALUATION ON REAL DATA
Next we present illustration of the performance of the proposed methodology on a real data frame. The data
considered is a typical dipole sonic logging while drilling (LWD) data where there is a weaker formation flexural
mode significantly time-frequency overlapped with a much stronger interfering tool mode. In Figure 18(b) we show
the performance of the proposed methodology on slowness dispersion extraction on one such frame shown in Figure
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18(a). Again note the superior performance of the method compared to the current industry standard multi-mode
processing method based on the matrix pencil method proposed in [5].

(a)

(b)

Fig. 18. (a) Noisy dipole data acquired at a given depth. (b) Dispersion extraction results using the proposed broadband dispersion extraction
and the currently commercially used matrix pencil approach . Note the superior performance of the method especially in band around 4 kHz
and 6 kHz where the matrix pencil based approach fails to even detect the weaker mode.

VI. C ONCLUSION AND FUTURE DIRECTIONS
In this work we presented and evaluated a broadband dispersion extraction methodology for automatic dispersion
extraction. Synthetic examples show its superior performance over other methods in presence of heavy noise and
interference. However there are several theoretical and computational challenges that need to be addressed for
the proposed broadband methodology. On the theoretical side, signal reconstruction using simultaneous sparse
penalization has been considered and analyzed in [24],[26]. In particular they consider row sparsity and use the
notion of coherence between dictionary atoms as a primary tool to analyze the simultaneous sparse set-up. Under a
suitable permutation of the columns of the dictionary and corresponding rearrangement of the coefficient vector xF
we can convert column sparsity to row sparsity considered in all these papers. Now note that under this common
simultaneous sparsity set-up, the over-complete dictionary for each sparse column of row-sparse matrix is the same
in [26],[24], while in our setting it is different. Therefore, fundamental to analyzing our problem is the need to extend
the notion of coherence between the dictionary atoms to that of coherence between the broadband basis elements.
On the computation side even though the optimization problem OPT1 is convex, in practice the computational
requirements become severe with the number of broadband basis elements chosen. It can be clearly seen that this
number also affects the reliability of the dispersion estimates. Therefore there is a tradeoff between computational
resources and estimation quality. This characterization and subsequent analysis will be dealt with in future.
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